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hat You Should Learn

Verify that two matrices are inverses of each
other.

Use Gauss-Jordan elimination to find the
Inverses of matrices.

Use a formula to find the inverses of 2 x 2
matrices.

Use inverse matrices to solve systems of linear
equations.



The Inverse of a Matrix



Solve ax = b.

To solve this equation for x, multiply each side of the
equation by a=t (provided that a # 0 ).

ax=>b
(ata)x =a~'b
()x =a~tb
X =a'b

The number a-1is called the multiplicative inverse of a
because a—ta = 1.



sl he Inverse of a Matrix

Definition of the Inverse of a Square Matrix
Let A be an n x n matrix and let I, be the n x n identity matrix. If there exists a
matrix A~ ! such that

AA"' =1 =A"'A

then A~! is called the inverse of A. The symbol A~! is read “A inverse.”




Show that B is the inverse of A, where

— 1 —2
A:[ ! 2} and B:[ ]
—1 | 1 —1

Solution:
To show that B Is the inverse of A, show that AB = | = BA,

as follows.
[—1+2 2—2]
—14+1 2—-1

Sl I |



xample 1 — Solution

1 —2][
BA

1 —1
—1 + 2
-1+ 1

-1 2
-1 1
2 — 2|
2 — 1]

As you can see, AB = | = BA.

cont’d



Finding Inverse Matrices



swlinding Inverse Matrices

If a matrix A has an inverse, A is called invertible
(or nonsingular);

otherwise,

A Is called singular.

A nonsguare matrix cannot have an inverse.



5555535ii:~~xample 2 — Finding the Inverse of a Matrix

1 4
Find the inverse of A = [_1 _3]
Solution:

To find the inverse of A, try to solve the matrix equation
AX = | for x.

A X |
[ 1 4} [x“ x| [1 0]
-1 =3 Xo1 Xoo | 70 1,
[ X, + 4x,, X, T4x,| |1 O]
— X1 — Xy —X12 — 33X | B 0 1|




cont’d

Xy t+ 4X21 =1 Linear system with two variables,
Xq1 and Xy.
X113 = 3Xp; =0
X1o+ 4X55 =0 Linear system with two variables,
n :
—X15 — 33Xy = 1 X1, and Xy,

Solve the first system using elementary row operations to
determine that x,; = -3 and x,; = 1.

From the second system you can determine that x,, = -4
and X,, = 1.
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cont’d

Therefore, the inverse of A is

X=A1 _ [_3 _4}
o1

Check:
AA-T :[ | 4}[—3 —4} _ 1 0]
—1 =3 11 0 1]
A4 — [—3 —4][ | 4} _ 10 /
1 1]L—-1 =3 0 1
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Inding Inverse Matrices
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" inding Inverse Matrices

Separately, you can solve them simultaneously by adjoining
the identity matrix to the coefficient matrix to obtain

A I

[1 4 11 0}
-1 -3 0 1l

This “doubly augmented” matrix can be represented as
[A:].
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4R, + R, —

R, +R,—

4

1 0]
0 1
I 0]
11
-3 -4
L




Inding Inverse Matrices

Finding an Inverse Matrix

Let A be a square matrix of order n.

1. Write the n x 2n matrix that consists of the given matrix A on the left and the
n % n identity matrix / on the right to obtain [A : T].

2. If possible, row reduce A to [ using elementary row operations on the entire
matrix [A } I]. The result will be the matrix [/ : A~']. If this is not possible,
A 1s not invertible.

3. Check your work by multiplying to see that AA~! =1 = A~ 'A,
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The Inverse of a 2 x 2 Matrix
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sl he Inverse of a 2 x 2 Matrix

This simple formula, which works only for 2 x 2 matrices, is
explained as follows. If Ais a 2 x 2 matrix given by

el

then A is invertible if and only if ad — bc # 0. Moreover, if
ad — bc # 0, the inverse Is given by

Al = | [ d —D
ad — bc

—c CJ . Formula for inverse of matrix A

The denominator ad — bc is called the determinant of the
2 X 2 matrix A.
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.:é.i;:és;;:,\xample 4 — Finding the Inverse of a 2 x 2 Matrix

If possible, find the inverse of each matrix.

3 —1 B 3 —1
a.A—[_2 2} b.B—[_6 2}

Solution:
a. For the matrix A, apply the formula for the inverse of a
2 x 2 matrix to obtain

ad —bc = (3)(2) - (-1)(-2)
=4.
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1 2 | Substitute for a, b, c, d, and the
A T4 ) 3 determinant.
Bl 17
= ? j Multiply by the scalar ﬁ
2 4

b. For the matrix B, you have

ad — bc = (3)(2) — (-1)(-6)
=0

which means that B is not invertible.

cont’d
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Systems of Linear Equations
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iSystems of Linear Equations

A System of Equations with a Unique Solution

If A is an invertible matrix, the system of linear equations represented by
AX = B has a unique solution given by

X =A"B.
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.‘ii.‘i:‘::;:uxample 5 — Solving a System Using an Inverse Matrix

You are going to invest $10,000 in AAA-rated bonds,
AA-rated bonds, and B-rated bonds and want an annual
return of $730. The average yields are 6% on AAA bonds,
7.5% on AA bonds, and 9.5% on B bonds. You will invest
twice as much in AAA bonds as in B bonds. Your
Investment can be represented as

( X + y + z = 10,000
1 0.06x + 0.075y + 0.095z = 730
g X — 2Z = 0

where X, y, and z represent the amounts invested in AAA,
AA, and B bonds, respectively. Use an inverse matrix to
solve the system.
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sk xample 5 — Solution

Begin by writing the system in the matrix form AX = B.

1 1 1 X 10,000 |
0.06 0.075 0.095||y|= 730
_1 0 -2 11z i O_

Then, use Gauss-Jordan elimination to find A1,

15  —200 -2
A"l =|-215 300 35
75 —100 —15




sk xample 5 — Solution

cont’d

Finally, multiply B by A-1 on the left to obtain the solution.

15 =200 -2 |[10,000
X=A"1B=|-215 300 35 730
75 —100 —1.5]] 0

4000 |

= | 4000

12000 |

The solution of the system is x = 4000, y = 4000, and
z = 2000. So, you will invest $4000 in AAA bonds, $4000 in
AA bonds, and $2000 in B bonds.
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