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Abstract

In this paper, we study some properties of Fredholm-type fractional integro-differential
equations. For obtaining the results, ¥-Hilfer fractional derivative and 1) Riemann—
Liouville integral operator are used. The existence and uniqueness of solution are studied
using fixed point theorem and - fractional Bielecki-type norm, and the properties such
as estimates and continuous dependence of solution are studied using 1-fractional

Gronwall type of inequalities.
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1Introduction

In this paper, we are concerned with the Fredholm-type 1/-Hilfer fractional integro-
differential equation of the type

b
u®) =m0+ [ ¥ OGO v s (b, "D dr,
(1)

for0 < a < b < oo, whereg € C(A? x R" x R",R,)andg € C(A, R, );here, R
denotes the set of real numbers, Ry = [0, co0) denotes the given subset of R, R"™ denotes
the n-dimensional Euclidean space and A = [a, b](0 < @ < b < 00) denotes a finite
interval on R* and C[a, b] denotes the space of continuous function on A .

https://link.springer.com/article/10.1007/s43036-020-00114-1 2/25


https://beta.springernature.com/pre-submission?journalId=43036
https://beta.springernature.com/pre-submission?journalId=43036
https://link.springer.com/10.1007/s40314-021-01686-1?fromPaywallRec=false
https://link.springer.com/10.1007/s40314-021-01686-1?fromPaywallRec=false
https://link.springer.com/10.1007/s40314-021-01686-1?fromPaywallRec=false
https://link.springer.com/10.1007/s40314-021-01686-1?fromPaywallRec=false
https://link.springer.com/10.1007/s40314-021-01686-1?fromPaywallRec=false
https://link.springer.com/10.1007/s40314-021-01686-1?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-020-00355-x?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-020-00355-x?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-020-00355-x?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-020-00355-x?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-020-00355-x?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-020-00355-x?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-020-00355-x?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-020-00355-x?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-023-00555-1?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-023-00555-1?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-023-00555-1?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-023-00555-1?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-023-00555-1?fromPaywallRec=false
https://link.springer.com/10.1007/s11868-023-00555-1?fromPaywallRec=false

6/16/24, 12:21 PM Properties of some $$\psi$$ -Hilfer fractional Fredholm-type integro-differential equations | Advances in Operator Theory
During last few decades, theory of fractional calculus has attracted lot of attention due to
its applications in various fields [2, 8, 9]. Since then, various definitions of fractional
calculus have appeared in the literature [6]. Recently [1, 13], the authors have proved
some fractional Gronwall-like inequality using 1 and 1-Hilfer fractional definitions and
its applications in proving some properties of Cauchy’s type of problems. The 1)-fractional
calculus is more generalization of various fractional derivative and integral operators. In
and its properties using 1-Hilfer fractional operators. Various results on stability
properties can be found in [5, 11, 12]. Recently in [15, 16], authors have obtained the

interesting results by investigating the Leibniz rule for 1/-Hilfer fractional derivative.

Motivated by the above work in this paper, we have investigated the existence and
uniqueness and other properties such as estimate and continuous dependence of
Fredholm type of integro-differential equations using 1/-Hilfer fractional and 1)
fractional integral definitions. The good deal of information of various types of fractional

differential and integral equations can be found in [6, 9].
2 Preliminaries

Now, we give some basic definitions and lemmas which are needed in proving our further

results.

The fractional integrals of a function with respect to another function are defined as
follows [6, 91:

Definition 2.1

[1,6].Let A = [a, b] be an interval, & > 0, f an integrable function defined on A and
¥ € C'(A) an increasing function such that ¢/ (z) # Oforallz € A, then fractional
derivative and integral of f are given by

NS S P
12} f(z) F(a)aj«p (6) () — ¥ ()" F () .

Similarly, right fractional integral and right fractional derivative are given by

https://link.springer.com/article/10.1007/s43036-020-00114-1 3/25
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1@ = 1y [¥ OWE - p @) O

In [10], authors have defined 1-Hilfer fractional derivative as follows:

Definition 2.2

Letn — 1 < a < nwithn € N, A = [a, b] be the interval such that
—o0 <a<b<ooandy,y € C" (A, R) two functions such that 9 is increasing and
Y (z) # 0, forall z € A. The 9-Hilfer derivative (left sided and right sided)

H Dgf”/’ (.) of a function of order cvand type 0 < S < 1 is defined by

a,B; B(n—a); 1 d " 1-8)(1—-a):
g fla) = (s ) B @)

and

: —o): 1 d\".1-8(1-a):
HDa,ﬂﬂ/J — Iﬂ(n RN I(l B(1—a)p .
b— f(z) b— ¥ (z) dz b— (z)

In particularwhen 0 < a < 1and 0 < 8 < 1, we get

Hpofi gy — 1 [ 2) — (£))7-e1 DY
DI f(e) = / ($(z) — ()BT £ ()

withy =a+ (1 — a),and ]D)Z’j_/’ (.) is 1p-Riemann—Liouville fractional derivative.
Now as in [14], we define the (a, 1, £)-Bielecki type of norm:

For to, ¥ D2P¥ 1o (t) € C(A), denote

https://link.springer.com/article/10.1007/s43036-020-00114-1 4/25
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w(t)], = [w(t)] + [F D3 ¥ ro(2)|.

(2)

Let B be the space of continuous functions tv, Dgf"/"w (t) € C(A) which fulfill the
following condition: There exists K > 0 such that

w(t)], < KEq (§(% (t) — ¢(a))”),
(3)

for t € A where £ is positive constant and F,, is one-parameter Mittag—Leffler function

as given in [14] . In space B, we define the norm

- (),
ols = tei’{ B €0 (0) — % (@)%) }
(4)

Then, clearly (B, ||. || z) is a Banach space. From Eq. (3), we have

w|p < K.

(5)

In [13], the authors have proved the following Gronwall’s inequality for 1/-Hilfer operator
as follows:

Lemma 2.1

[13, Thm 3, p 92]. Let u, v be two integrable functions and g continuous, with domain [a, b].
Let ¢ € C|a, b] be an increasing function such that ¢ (t) # 0 fort € [a, b]. Assume that

1. uand v are nonnegative,

https://link.springer.com/article/10.1007/s43036-020-00114-1 5125
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2. g is nonnegative and non-decreasing.

u(t) < (t) + g(t) / ¥ (P () — (1) u(r) dr,
(6)

then

¢ 00 k
ut)) <o)+ [ 3 0TSy w0 - o) ar
k=1

(7)
fort € [a,b].
Now, we give the lemma proved in [10]

Lemma 2.2
[10, Thm 5,p 78).If f € C™ [a,b],n — 1 < a < mand 0 < B < 1, then

Tk
[P H Db Z (¢ ¥ (a)) [n—k] [(1-B)(n—a)se

Lemma 2.3

[10, Thm 7, p 80]. Let f € Cla,b],a > 0and 0 < 8 < 1, we have
gV I3 f(2) = f(z) and DYV I f(x) = f(a).
3 Existence and uniqueness

Now, our following theorem is concerned with the existence of unique solution of Eq. (1).

https://link.springer.com/article/10.1007/s43036-020-00114-1 6/25
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Theorem 3.1

Assume that the following holds:

(i) thefunction g in Eq. (1) and its Hilfer fractional derivative with respect to t satisfy the
condition

|g (t77-7 QI’Q2) — 9 (tﬂ',ﬁ,ﬁﬂ <a (taT) [l(ﬂ - E' + |Q2 - @H )
(8)

D58 g (¢, 7, a1, 0) — DGl g (¢, 7, @, @)
<ec (t7 T) [|QI - ﬁ| + |Q2 - El] ’

(9)

anda < s <t < bye (t,7),c (t,7) € C (A%, RY).

(ii) there exists nonnegative constants A1, Ay such that \; + Ay < 1 and

b
1 / a—1
e / W (D)@ () — ¥ (1) o1 (t7) Ba (€ (¥ (7) — ¥ (a))) dr
<SME, (¥ (1) —¥(a))),

(10)

b
1 / a—1
e / W (D)@ () — ¥ (1) o2 (t,7) Ba (€ (¥ (7) — ¥ (a))) dr

< X Eq (E(4 (1) —9(a)))
(1)

fort € A where isasgivenin (3).

(iii) there exists nonnegative constants Az, A4 such that

https://link.springer.com/article/10.1007/s43036-020-00114-1 7125
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o ()] + ﬁ
< M Ea (6(( () — % (@))),

(12)

b
/ ¥ (7 (£) — 9 (7))* g (¢,7,0,0) dr

b
1D (0] + gy [ ¥ @O () 1D (67,0,0)|ar

< MEo (§((% () — ¥ (a))%)),
(13)

where 10, g are as defined in (1) and ¢ as in (3). Then, Eq. (1) has a unique solution u(t)
in B.

Proof
Letu(t) € Band define the operator T as

b
(T4) (6) = w(t) + o [ (DO — ()"

g (t, r,u(r), I DZP¥y (7')) dr.

(14)

Now taking - Hilfer fractional derivative of (14) with respect to t, we have

. ) 1
H pnaBsy H nopiy
D,m7T ) t) =Dy vo(t) +
( u) (®) ®) I'(a)

b
[¥ 060 -6 @)D (ru(r), FDE () dr.

https://link.springer.com/article/10.1007/s43036-020-00114-1 8/25
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(15)

We show that T'u maps B into itself.

since (Tw), (2 D2P*¥)(Tu) are continuous on A from (14) and hypotheses, we have

b
(@) < IO+ 77 [¥ OGO =) o (670(), 7D (7))

a
—g(¢,7,0,0) +g(t,7,0,0)|dr < [ro(t)|
b

+ % / W (1)@ (6) = (1)* g t,7,0,0)| dr

e / Y ()@ )~ Y ) e (67 [u (2)] dr
< NEL () - $(0))
+ s i / ¥ D)W O — ()" e (67 Ba (0 (0) — ¥ (@)*)
< [As + M K] Eqy (E((¢ (1) —%(a))?)),

(16)

and

https://link.springer.com/article/10.1007/s43036-020-00114-1 9/25
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’HDg,ﬂﬂ/) (Tu) (t)‘ ’HDa,ﬂﬂ/«‘,w(t)l
o / ¥ (D)@ (6) (1) |70 (1,7, (r), T DFFu ()
—HDgﬁd’ (t,'r,O,O)—|—HD3ﬁ¢ (t,T,0,0)‘dT

b
< D8 (t) + 1o / ¥ (1)@ ®) - ¥ () [T D5 (¢,7,0,0)|dr

o / ¥ (1) () =% (1) ea (t,7) u (1) dr

< MEa (¢ () — % (a)%))
b
+ |u|EF:a) / W (P (B) — (7)™ (8,7) B (€ (% () — 9 (a))))

< [A+ K] By (§((% (£) — ¥ (a))?)) -
(17)

From (16) and (17), we have

|(Tw) (&)] + [F DA (Tw) (8)| = |(Tw) (2)],
< s+ A+ KM+ X)] Bo (§((# () — ¥ (a))?)) -
(18)

From (18), it follows that T'u € B. This proves that T maps B into itself.

Now, we prove that the operator T is a contraction map. Let u, v € B from (14) and (15)

and hypotheses, we have

https://link.springer.com/article/10.1007/s43036-020-00114-1 10/25
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1 b
(Tw) () = (T0) )] < oy / ¥ (D@ ®) = ()" |o (t.7,u(7), DI u(r)
( ,v(r),2DS ’wv('r))’d’r
1
I'(

b
=T / ()@ (B) (1) er (8,7) [u (7) — v ()| dr

< |u_v|s

b
o / ¥ (1)@ () — % ()" e (2, 7) B (6 (1) — % (@)°)

< |u—vl, M Eq (6% (£) — ¥ (a))%),

(19)

and

7 DAY (Tu) (t) — # DgP (Tw) (¢)|

)i

Dy (t,7,u(r), Dy u(r))

—Dg’ﬁ"/’g (t, 7,0 (7) ,HDg’ﬁ"/"v (7')) ‘ dr

(1)* ez (8,7) [u(r) — v (7)],dr

b
< lu—vlp gy [ WO =¥ ) e (60 B (€06 () = 9 (@)")
< Ju—vlphaBa (€4 () — $ (@)").

(20)

From (19) and (20), we have

|Tu— T’U|8 < ()\1 —|—)\2) |u— ’U|E.

https://link.springer.com/article/10.1007/s43036-020-00114-1 11/25



6/16/24, 12:21 PM Properties of some $$\psi$$ -Hilfer fractional Fredholm-type integro-differential equations | Advances in Operator Theory
Since A; + A2 < 1 from Banach fixed theorem gives that T has a unique fixed point in B,

the fixed point is also a solution of (1).

Now, our next theorem gives the uniqueness of solutions of (1) without existence part:

Theorem 3.2

Assume that function g in (1) and its 1-Hilfer fractional derivative with respect to t satisfy the

condition

|g (taTaQ17q2) - E(taTa(_h,@N < p(t) dl (T) [|QI —ﬁl + |Q2 _ﬁl]?
(21)

202y (b7 a1, 0) — D (670, ®)| < p () d2 (1) llay — @l + gz — @)

(22)

where p,dy,ds € ¢(A,Ry), d(t) =max(d;t,dst) and p(t) = p(t)d(t). Then Eq. (1)

has at most one solution on A.

Proof

Let u(t) and v(t) be two solutions of Eq. (1), then we have

https://link.springer.com/article/10.1007/s43036-020-00114-1 12/25



6/16/24, 12:21 PM Properties of some $$\psi$$ -Hilfer fractional Fredholm-type integro-differential equations | Advances in Operator Theory

|u (t) — v (t | _|_ |HDa,/3;"/J ( ) . HDg"B;¢U (t)‘

sIé¥/¢h)¢@ () s (t7u(n), "D u ()
e

i / ¥ (7) (9 () — ¥ (1)) [T Da g (t,m,u (), T DSu (7))
—HDa’ﬂ”/’g (t 7',’1)(7') 2Dy (7))| dr
<p(t)d(r (w®) -y @)
x[mwa—v@ﬂ+WHDuiuoo—ﬂruﬂ%mﬂﬂ

b
— 2o [vo (we-ve)
x [[u(r) = o (D] + [T DS u (r) - FDFHYu ()|

(23)

If we put (v(¢) = 0) in Lemma 2.1 and applying then

[u(t) — v (@) + | D u(t) — F DI (1) <0,

(24)

we get u(t) = v(t) which proves the uniqueness of solution of Eq. (1) on A.
4 Estimates on solution

Now in our next result, we obtain the estimates on the solutions of Eq. (1) with given

suitable conditions on the involved functions.

Theorem 4.1

https://link.springer.com/article/10.1007/s43036-020-00114-1 13/25
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Assume that the functions v, g in Eq. (1) and its Y- Hilfer fractional derivative with respect to t

satisfy the conditions

I (8)] + [ De¥ 1o (2)| < mt),

(25)

|9 (t: 7591, 02)| < p(2) d1 (7) [lan] + lz]]

(26)
HDe g (t,m a1, 02)| < p(8)di (7) [lar| + la2l]
(27)

where m(t), p(t), d1(7),da (1) € C(A,R,).Ifu(t), t € Aisany solution of Eq. (1),
then

[u (@) + [F De¥u (8)| < m(t)

b . k
i | 2 “”(?fa%” ¥ (7)1 (6) = (D) (t) d.

(28)

Proof

Sinceu(t),t € A isasolution of Eq. (1), we have

https://link.springer.com/article/10.1007/s43036-020-00114-1 14/25
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(0] + DE ()] < o (O] + 75 / Y0 WO - )

https://link.springer.co

X g(t,T,u(),HDf{ﬁd’ )‘dT

b
+[E D2 (1) + ﬁ [¥ 6o -vmr

a
% HDa,ﬂn/Jg (t ru(t), HDa,ﬂﬂﬁu (t)) ‘ dr

<mlt)+ 7 / ¥ (7) (6 (8) — 9 ()
X p(t)dy (7 )[|u |+\Hpgﬂ¢u(f)\] dr
b
iy [ Y DGO v

x p(t)da (7 )[|u )| + ]Hpa’ﬂ%(f)\] dr

a—1
<mlt)+ 7 / ¥ (1) WO - ¥ ()
x p(t)di ( )[|u |+]HDgﬂ¢u(T)\] dr
b
+ iy [ Y DGO v
X p(t)dy (7 )[|u )| + \Hpa’ﬂ;%(f)\] dr

< m(t) —I—

/ W () (@ (b) — % ()"

@)
X p(t) [da (7) + d ()] [| (7)| + [7DgPu (r)|| dr

< m(t) + &/¢ — )

x [|u(r)|+\HDgﬂ¢ (r )H dr

m/article/10.1007/s43036-020-00114-1 15/25
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(29)

Now applying Lemma (2.1) to (29), we get (28).

Remark 1

The estimates obtained in (31) yield not only the bounds on the solution and its fractional
derivatives. If the bounds on (31) are bounded, then the solution of Eq. (1) and its

fractional derivative are bounded.

Now in our next theorem, we obtain the estimates on the solution of Eq. (1) and here we
assume that the function g and its ¥-Hilfer fractional derivative with respect to t satisfy

the Lipschitz-type conditions.

Theorem 4.2

Assume that hypothesis in Theorem 3.2holds, and let

b

a(t) = / M@ ®) () x| (67w (), T D20 (7)) |dr

b

/ (W ®) 9 @) x 7D (t,7,10 (7), T DI () a,
(30)

fort € A.Ifu(t),t € Aisasolution of (1), then

< oft) + / Z[p ey e - s e o

(31)

https://link.springer.com/article/10.1007/s43036-020-00114-1 16/25
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Proof

As u(t) is a solution of (1) and from the hypotheses, we get

b
]- / a—1 @, 03
() w0 < 77 [ ¥ @O —40) o (hru), D)

-9 (t, 7,10 (7) ,H;)g"ﬂ;% (T)) ‘ dr

b
1 / ¥ (@)~ @) fa (670 (1), 7D (1)) | ar

I/\

b
a7 [ O@O - # @) o (brw @), D0 () [ar
’ b

/ (D)@ (b) — % (1) (t) dy (7) dr,
(32)

and

https://link.springer.com/article/10.1007/s43036-020-00114-1 17125
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H a,B; H no,B;
D3P (t) — T DeP¥ro (1)

1

=T

b
[¥ 060 - v @) [T (4 u (), "D u(r))

a

— HDg’ﬂ“/’g (t,'r, ro (7) ,HD;‘”’ﬂ;‘”m (7')) ‘ dr
b
+ iy [ ¥ DO @) D (6 rw (), T D (1) ar

1

)

b
/¢’ (T) (¥ (b) — 9 (7)) * ‘HDg’ﬂ"pg (t, 7w (1), T DI (7')) ‘ dr

b
1 / a—1
o / ¥ () b) — () p () da (7)
x [Ju(t) = w ()] + [F D u (r) — DY o ()] | dr

(33)

From (32), (33) and (30), we have

[u(t) — w (&) + |* D u(t) — * D3P (1)

b
<alt) + 5 [¥ 00 - )

x [|u (t) — w (&) + |7 DP¥u (r) — ¥ D3 1o (T)H dr.

(34)

Now, an application of Lemma (2.1) to (34) gives (31).
5 Continuous dependence

Now in this section, we give the continuous dependence of solution of Eq. (1) and
functions involved. Consider Eq. (1) and corresponding 1-Hilfer fractional integral

equation

https://link.springer.com/article/10.1007/s43036-020-00114-1 18/25
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b
v(t) =W (t) + / G (t, 7,0 (1), E DYy (T))dT
(35)

for —oo < a <t < b < 00. The functions W, G are continuous and -Hilfer fractional

differentiable with respect to t.

Theorem 5.1
Assume that hypotheses of Theorem 4.1hold. Suppose that

b
o () = WO + 7y [ # (D0 ®) =6 ) [a (brv (), “Dio ()

e (t, 0 (1) ,HDZ";% (T)) ] dr < hy (¢),

(36)

‘HDa,ﬂ;il)m (t) . HDa’ﬁ;¢W(t)‘

b

/ ¥ ()@ ®) — o ()" [T e (1,70 (r) , ¥ De (7))
—Hpaﬁ’ (t 0 (1), D2y )) ‘ dr < hy (t),

(37)

where tv, g and W, G are the functions involved in (1) and (35) and

hi(t), ha(t) € C(A,Ry).

Let u(t), v(t) fort € A be the solution of Eqs. (1) and (35), respectively. Then, the solution
u(t),t € A of (35) depends continuously on functions involved.

https://link.springer.com/article/10.1007/s43036-020-00114-1 19/25
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Proof

Since u(t) and v(t) are solutions of (1) and (35) and the given hypotheses, we have

(0 =0 @) < o () = W 0]
T )/«p (@ ®) -9 @) o (t7,0(7), 7 DEo (7))
G (t.m,0(r), 7 DEM 0 (7)) | dr
b
<)+ 1y [ ¥ OO v Od ()
< [lu () () + [ D2 1)~ 7D )] ar.

(38)

and

|H.Dg,ﬂ;¢u (t) . HDg"B;¢U (t)

o / ¥ (D)@ (1) — (1) [FD3#g (17,0 (r), 7 D35 (7))
_Hpe ’M’g (t v (1), Hp2 ’M"v (T )‘dT
e / ¥ (D)@ ) % () [TDE g (17,0 (r), T DR (7))
—HDa’ﬂ’¢G (t, 7,0 (7) JH DRy, (T)) ‘ dr
b
<t () + 1y [ ¥ WO =¥ @) O ()

x [|u (t) — v (&) + [ D u (t) — # PPy (t)‘] dr

(39)
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Thus from (38) and (39), we have

[u(t) — v (t)] + | DY u (t) — H DIV (1))
< (1 () + e (0) + B /«p() — )
x [|u(t) — v (t)] + \Hpa’ﬂ’ u(t) — HDa’ﬁ"/’v(t)H dr.

(40)

Now, an application of Lemma (2.1) to (40) gives
Iu (t) —w (t)l + ‘HDga/B;"/Ju (t) . HDg,ﬂﬂ/f,v (t)‘
< (P (t) + h2 (2))

PO ()] )W (B) — ¢ (1)** 7 (b (7) + hy (7)) dr.
+a/§jk_1 oy~ ¥ MW ®) = ¢ @)™ (b (7) + 2 (1)
(41)

Thus, Eq. (41) implies that solution of Eq. (1) depends continuously on the functions
involved on the right side of Eq. (1).

Remark 2

If we substitute values for 1(z) as &, Inx, 7, then the above equations reduce to of
Fredholm type of fractional differential equations such as Riemann Liouville, Hadamard
and Erdelyi—Kober fractional differential equations, respectively.
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