Existence and Ulam stability results of a coupled system for terminal va... https://advancesincontinuousanddiscretemodels.springeropen.com/articl...
&) Springer Open

Get published Explore Journals Books About  Login

Search Q
Menu «

Advances in Continuous and Discrete Models

Theory and Modern Applications

About Articles Submission Guidelines Submit manuscript

Download PDF

Research ‘ Open access ‘ Published: 25 June 2020
Existence and Ulam stability results of a

coupled system for terminal value problems
involving y-Hilfer fractional operator

Mohammed S. Abdo E, Kamal Shah, Satish K. Panchal & Hanan A.
Wahash

Advances in Difference Equations 2020, Article number: 316 (2020)

1269 Accesses ‘ 31 Citations | Metrics

Your privacy, your choice

We use essential cookies to make sure the site can function. We also use optional cookies for advertising,
personalisation of content, usage analysis, and social media.

By accepting optional cookies, you consent to the processing of your personal data - including transfers to third
parties. Some third parties are outside of the European Economic Area, with varying standards of data
protection.

See our privacy policy for more information on the use of your personal data.

Manage preferences for further information and to change your choices.

Accept all cookies

1 of 41 6/16/2024, 2:21 PM


https://advancesincontinuousanddiscretemodels.springeropen.com/
https://advancesincontinuousanddiscretemodels.springeropen.com/
https://advancesincontinuousanddiscretemodels.springeropen.com/about
https://advancesincontinuousanddiscretemodels.springeropen.com/about
https://advancesincontinuousanddiscretemodels.springeropen.com/articles
https://advancesincontinuousanddiscretemodels.springeropen.com/articles
https://advancesincontinuousanddiscretemodels.springeropen.com/submission-guidelines
https://advancesincontinuousanddiscretemodels.springeropen.com/submission-guidelines
https://www.editorialmanager.com/aide/
https://advancesincontinuousanddiscretemodels.springeropen.com/counter/pdf/10.1186/s13662-020-02775-x.pdf
https://www.springernature.com/gp/open-research/about/the-fundamentals-of-open-access-and-open-research
https://www.springernature.com/gp/open-research/about/the-fundamentals-of-open-access-and-open-research
https://advancesincontinuousanddiscretemodels.springeropen.com/
https://advancesincontinuousanddiscretemodels.springeropen.com/
https://advancesincontinuousanddiscretemodels.springeropen.com/
https://advancesincontinuousanddiscretemodels.springeropen.com/articles/10.1186/s13662-020-02775-x/metrics
https://advancesincontinuousanddiscretemodels.springeropen.com/articles/10.1186/s13662-020-02775-x/metrics
https://www.springeropen.com/
https://www.springeropen.com/
https://www.springeropen.com/get-published
https://www.springeropen.com/get-published
https://www.springeropen.com/journals
https://www.springeropen.com/journals
https://www.springer.com/gp/open-access/books
https://www.springer.com/gp/open-access/books
https://www.springeropen.com/about
https://www.springeropen.com/about
https://advancesincontinuousanddiscretemodels.springeropen.com/login
https://advancesincontinuousanddiscretemodels.springeropen.com/login
https://www.editorialmanager.com/aide/
https://www.editorialmanager.com/aide/
https://www.editorialmanager.com/aide/
https://www.editorialmanager.com/aide/
https://www.editorialmanager.com/aide/
https://advancesincontinuousanddiscretemodels.springeropen.com/counter/pdf/10.1186/s13662-020-02775-x.pdf
https://advancesincontinuousanddiscretemodels.springeropen.com/counter/pdf/10.1186/s13662-020-02775-x.pdf
https://advancesincontinuousanddiscretemodels.springeropen.com/counter/pdf/10.1186/s13662-020-02775-x.pdf
https://advancesincontinuousanddiscretemodels.springeropen.com/counter/pdf/10.1186/s13662-020-02775-x.pdf
https://www.springeropen.com/privacy-statement
https://www.springeropen.com/privacy-statement

Existence and Ulam stability results of a coupled system for terminal va...

2 of 41

1 Introduction

Over the past few years, mathematicians have realized that
fractional calculus has many applications in various scopes
of applied science and engineering. Several researchers
have employed the fractional calculus as an experiential
style of describing the properties of natural phenomena
such as chemistry, biology, physics, bioengineering,
electrochemistry, finance, economic, etc., for more details,
see [12, 20, 21, 23] and many other references. The
interesting issue about this theme is that it is completely
unlike classical derivatives, because it deals with arbitrary
and noninteger order, e.g., the fractional derivative of
noninteger order depends not just on the diagram of the
function very near to the point but also on some chronicle.
Recently, there has been considerable growth in fractional
differential equations (FDEs) involving several different
fractional derivative operators, we indicate here the more
famous operators like Riemann-Liouville (RL), Caputo,
Hilfer, Hadamard, Katugampola, and several other
generalized operators.

So, this implies that different categories of FDEs involving
several fractional operators have been considered.
Researchers who are concerned with this topic have
presented many generalizations of fractional derivatives

like Hilfer—Katugampola, Hilfer—Hadamard, yp-Caputo,
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short, the existence results for ordinary and fractional TVPs
have been studied by many investigators, see [5, 13—15, 27,
28, 35]. For example, Benchohra et al. in [13] obtained the
existence and uniqueness of solution to the fractional
implicit TVP

pDz’_ﬁy(t) = f(t, y(t),pDz’_?y(t)), a<t<T,a>0,

(M)

under the terminal condition
y(T) =weR,

(2)

where ? DZ:? is the fractional derivative of order (8, n) in
the Hilfer—Katugampola sense (0 < § < 1,0 <7 < 1),
p>0,and f : (a,T] X R — R is a certain function.
Motivated by the aforementioned works, the target of this
work is to investigate the existence, uniqueness, and Ulam—
Hyers stability of solutions of a coupled system for
fractional TVPs involving generalized Hilfer fractional

derivative of the type

{ DYMy(t) = fi(t,2(t)), a<t<T,a>0,

N2 (1N — £ (4 Al NN m o b o T n~ N
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Hilfer fractional derivative of order 6; and type n; with
respect to w and f : (a,T] x R — R is a certain function
under the conditions listed later.

As far as we know, no papers about a coupled system for
fractional TVPs exist in the literature, specifically for those
encompassing the generalized fractional derivative in the
w-Hilfer sense. Moreover, the results of the problem at
hand are obtained under minimal assumptions on
nonlinear functions fi, fs.

The rest of the structure of this paper is as follows. In

Sect. 2, we briefly state some essential definitions and the
results that are applied throughout the paper. Section 3
studies the existence and uniqueness results on y-Hilfer
FDEs with the terminal conditions via fixed point
techniques of Banach and Krasnoselskii. The stability
analysis in the concept Ulam—Hyers of the proposed system
is investigated in Sect. 4. At the end, some examples are
included to illustrate the applicability of the obtained

results in Sect. 5.

2 Auxiliary results

Let [a,T] C RY with (0 < a < T' < o0), we also consider
Cla, T'| the Banach space of real-valued continuous

functions defined on [a, T'| with the norm
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Obviously, C1—gy[a, T] and CT__, [a, T|] are Banach spaces

endowed with the norms

lolley o, = max|[$(t) — ()] o (t),

tela,T)

n—1
lolley ., = ;Ha@ le o™ lle,_,»

respectively. Forn = 0, CY_ el T] = Ci_gy[a, T. Let us

introduce the following space:

E ={o(t) : o(t) € Ci_gyla,T]}

endowed with the norm defined by

lollz = llolle, -

It is easy to perceive that, for o € E, (E, ||o||g) is a Banach
space. Then, for (o, p) € E x E, the product space
(E x E, ||(o,p)||ExE) is a Banach space too, where

@) 3 = max(lle]|z. lellz), .0 € E.

Definition 1

([19, Sect. 2.5, Eq. (2.5.1)])
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0 —6
D’ o(t) = DI o(t)

and

CDYo(t) = I ol (1),

respectively, where 01[;’] (t) = D"¥o(t), D™ = [¢’1(t) % i
andn = [0] + 1.

Definition 3

([29, Definition 7])

Let¢=0+n(n—6@)wheren —1 <0 <neN,

0 <n<1,and o € C"[a,T]. Then the left-sided y-
fractional derivative in the concept y-Hilfer of order 6 and

type n of a function o w.r.t. y is given by

Dz,lmb o(t) = I;?J(rn—o);fb DY IO(L}L_") (n—0);¢ a(t)
""" DY (1),

()

where

Dc;ll’o.(t) _ Dn,@bI(}r—ﬂ)(n—e);df o(t).
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I%6(a) = lim I%¥o(t) = 0.

t—at

Definition 4

[32, Definition 3] The weighted continuous spaces
Cfiw [a,T] and C}__, [a, T'| are described by

Cyla, T] ={o € C1_gyla, T], D} o € C1_yla, T1}

and
Cl_yla,T] ={o € Ci_gyla, T], D5} Yo e Oy svla, T},

(6)

where¢=0+17n(1—-0),0<f<1l,and0<n< 1.
Observe that

C;_.la,T] € C1" [0, T] C Cygyla, T] C Cla, T.

Lemma 3

([2, Lemma 2.3])
Lets = 6+ n(1 — @)whered < 0 < 1,0 <n<1,and
o€ C;__yla,T|. Then
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1-¢
I Yo e C’}_w la, T]. Then

1<,¢()

Y NS o o
LD o) =o(t) - = 55—

Lemma 6

([19, Property 2.18])
Lett > a, and considery*(t) := [¢(t)
Jorf > Oands > 0,

_I'(s)

X0 =F519 r@+s)

(¥(t) — ()

Besides, for0 < 0 < 1,

DYYX’(t) =0.

Theorem 1

([36, Theorem 1.45])

https://advancesincontinuousanddiscretemodels.springeropen.com/articl...

($(t) — 9(a))*

— 1p(a)] L. Then,

LetEbe a Banach space, and let@ C Zbe a nonempty,

closed, convex, and bounded set, andll; , I1s be two

operators satisfying

@) I u + IIyv € Sfor allu,v € T;
(ii) II;is continuous and compact;

(iii) IIsis a contraction operator.
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3 Existence and uniqueness results

To shorten the length of equations, we set
Ky (t, a) = [¥(t) — ¥(a)]* and
Hyy(t,s) == ¥ (8)[w(2) — 9(9)]* .

Theorem 3

Lets = 6 + n(1 — @)whered < 6 < 1land0 < n < 1.If

o : (a,T| — Ris a function such thato(-) € Ci1_¢y|a, T,

theny € C5__ ¥ (a, T'|satisfies the TVP fory-Hilfer FDEs
Di™y(t) = o(t), te€(a,T),a>0,

(7)

y(T) =weR,

(8)

if and only ifyfulfills the following fractional integral
equation:

K (t,a
y(t) = vha)

©)

Your privacy, your choice
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I;*Yy(t) € C__  la, T).

(11)

Take advantage of Lemma 5 to get

Il—§;¢y( a)

I DY y(t) = y(t) — = S (t,a), te(a,T).
a a y() y() I‘(C) ¢( ) ( ]

(12)

It follows from the assumption y € C}__ [a, T, Lemma 3,
and equation (7) that

LY DiYy(t) = LY o(0).

(13)

Equating both sides of equations (12) and (13), we find that

I,7%y(a)

I'(s)

y(t) = (,a) + %o (t).

(14)

Using the terminal condition y(7T") = w, we get
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Conversely, suppose thaty € C7 _ - [a, T satisfying

integral equation (9). Applying fractional derivative DZ’? on

both sides of integral equation (9) and employing Lemmas

6 and 3, we will surely find

. 1
D y(t) = e oy Tyl 1% o(T)]| DSY IG5, (¢, a) + DSV I o (t)
1/) ’

=D a(t)

b

(16)

where DZ’? Kfp (t,a) = 0. From (10), we have
Dz;ip y € Ci_gyla, T, then (16) implies

D5y(t) = DWW o(t) = DI o(t) € Crgyla, T

(17)

Aso(t) € Ci_gyla, T, it follows from Lemma 1 that
Ii:n(l_o);¢0' S Cl_g;¢ [a, T]
(18)

From the definition of CT__, (a, T] with the aid of
equations (17), (18), we get

Your privacy, your choice

https://advancesincontinuousanddiscretemodels.springeropen.com/articl...

We use essential cookies to make sure the site can function. We also use optional cookies for advertising,

personalisation of content, usage analysis, and social media.

By accepting optional cookies, you consent to the processing of your personal data -
parties. Some third parties are outside of the European Economic Area, with varying standards of data

protection.

See our privacy policy for more information on the use of your personal data.

Manage preferences for further information and to change your choices.

Accept all cookies

including transfers to third

6/16/2024, 2:21 PM


https://www.springeropen.com/privacy-statement
https://www.springeropen.com/privacy-statement

Existence and Ulam stability results of a coupled system for terminal va... https://advancesincontinuousanddiscretemodels.springeropen.com/articl...
From (5) with n = 1, equation (19) reduces to

DYy(t) = o(t), te (a,T].

This proves that y also satisfies FDE (7). Undoubtedly, if
yeCl_ - [a, T satisfies integral equation (9), then it also
fulfills terminal condition (8). o

Before we present our main results, we consider that the

following assumptions are satisfied:
(Hy):
f1, f2 : (a,T] x R — R are such that

fi(y()) € CRC Ve, 1), ye Crgyla,T),
f(52() € OO [0, T], € Crgyle,T)

(H>):
There exist L; (> 0) and Ly (> 0) such that, for
p’p*’qa q* ceR,te (a, T], we have

Ifl(t)p) - fl (tap*)l < Ll‘p—p*‘,
|72(t,q) — f2 (8, ¢")| < Lalg — ¢

In the forthcoming theorem, by using Theorem 2, we prove
the unique solution of a coupled system for y-Hilfer
terminal FDEs (3)—(4). In view of Theorem 3, we get the
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( IC;1 (¢,a) 1
y(t) = m[’wl - mf
+ T f HE (t,5) f1(s,2(s)) ds,
‘2(t a)

+ ﬁ Ja sz (t,8)f2(s,y(s)) ds.

N\

\

(20)

According to Lemma (77), we consider the operators

Ni : E — Eand N, : E — E defined by

{Mw(t) = y(t),
Nay(t) = =(t).

https://advancesincontinuousanddiscretemodels.springeropen.com/articl...

T HE (T, 5) f1(s, 2(s)) ds]

o7 du gt (T, 9)f2(s,y(s)) ds]

That is,

( Kfl( ,a)

NMz(t) = #;)[ L — ﬁ fT 7-[01 (T, s)f1(s,z(s)) ds]
< + 15 i 1Y (8,9)f1(5,2(5)) ds,

Ky (ta)

Nay(t) = W;)[wz ~ iy Ja H3 (T25)fa(s,y(s)) s
L 1“(0) f H02 t, 3)f2(8 y(s)) ds.
(21)
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2L1B(s1,601) | 9,41
A = it
f1 [ F(01) :|K¢ ( aa')’
Aj=—2 4 24 K2 (T, a),

K5 (T,a)  T(61+1)

2L2B(s2,62) | , 8,41
Ay = (T
f2 [ 1-1(02) ]’C¢ ( )a’)7
w9 2A2

Ay = +
BT K (T0) T D0+ 1)

K3(T,a),

where A; = maXie(q,T] |£i(¢,0)],4=1,2.

Now, via Theorems 2, 1, we obtain the existence and

uniqueness results of a coupled system for y-Hilfer FDEs

(3)-(4).

Theorem 4

Assume that (Hy) and (Hy) hold. IfAy, < landAy, < 1,
theny-Hilfer coupled system (3)—(4) has a unique solution
inEs x ES C E% x E%, whereES := Cf_ oyl Tland

E*n = " [a, .

Proof

Define the closed, bounded, convex, and nonempty set

Sk ={(y,z) € Ex E:||(y,2)| 5.z < R} CEXE,
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[(t) — $(@)] ™ WMiz) ()|
< ﬁ [wl b [ @9 G206 a5
Kﬁ F(el /% (t,9)| 1 (5, 2(s)) | ds
SW[ 1+ 0)/ Hy (T, s)

<Ulostd) - 0k a0l ]

0
1c<1( r(el)/ Hy (¢ 9)
X [|f1(s,2(s)) — f1(s,0)| +|f1(s,0)|] ds

(22)

Thanks to hypothesis (H3), for (y, z) € Sgr,t € (a,T], we
have

| [W(8) —9(a)] ™ (Mi2)(@)|

1 1 T 6 e - ] )
= Ky (T,a) [w1 + m/a Hy (T, 8)(La ($(s) — %(a)) | ||E+A1)d]

1 1 ¢ a-1
+ m m /‘; prl (t,s) (Ll (1/’(3) - 1/’(‘7')) Il = + Al) ds

I'(s1)
( +61)

Ay

L -
[w‘+ 1R r6, +1) ¥

ICZ”’gl (T, a) + IC"”'1 (T, a)]

= K:g (T a)
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and

Ky@ta) <1 for0<gq <1

Hence, inequality (23) becomes

|[$(t) — ¥(a)] ™ (Me)(@)| < A, + AgR,

which leads to
|IMzlg <Ay + A R<R.

(24)

Similarly, we can get that
|Naglle < Ay, +ALR< R

(25)

It follows from (24) and (25) that

IV (¥ )| g = max (M2l 5, | V2yllp) < max(R, R) = R.

This proves NSr C Si.
Step(2): The operator NV is a contraction.
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|[(t) — $(a)]' [(Nw)(t) (Miz*) ®)]]

1 *
IC‘I(T a r(g )/ H} (T, 8)| f1(s,2(s)) — f1(s,2*(5)) | ds
’Ccl (1t a) 1-,(0 / 1-[91 t,s)|fi(s,2(s)) — fi(s,z*(s))| ds
= Wh o = 2| (1G5 (s, ) (T)
+ Kl‘l (1t )L1H$—CB ||E( 01’¢/C§1 (s, a))(t)
B(gla 1) 1+1
<2y T @ale = s,
which implies

|WMz) —(Mz") |5 < Ay |z = 2°| -

By the same technique, we can also get

[Wey) =(Nay") | < Aglz = 2" -

In view of the conditions Ay, < land Ay, < 1, we get

HN(y, ) _N(y*’m*)HExE <||(y, z) _(y*’w*)“ExE°
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r @(t) = ’C:(;a))[ wy — f Hal (T s)fl (8 m(s)) ds]
< ;«n . Hol t s)fl (s,3(s)) ds,
2(t) = K:f((;,c;)) w2 — Ty f HP2 (T, ) f2(s,9(5)) ds]
| + ﬁ fa ’HZ}’ (t, S)fz(S, 9(s)) ds.

Multiplying both sides of the last system by Dzlfp , D€2 i

respectively, it follows from Lemmas 6 and 3 that

DS §(t) = DIV IS f1(s,3(s))(2) = DA £ (5,3(s)),
D%Y3(t) = DEYIEY fo(s,5(5))(t) = DY fy(s,9(s)).

Since ¢; > 6; (¢ = 1, 2) and by (H;), we get

DL £, (5,8(s)) € Crqyula, T,
DR £, (s,(5) € Crgpla, T).

Hence, D! Vg e Cq, wla, T] and D€2+’¢:L' € Ci—gwla, T,
it follows from the definition of C7"_ o[, T] (i =1,2) that

el yla,T|andz € CF  [a,T]. As asequel to the
steps outlined above, we infer that the y-Hilfer coupled

system (3)—(4) has a unique solution in
Ch  pla, T x CF [a,T].
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(Fiz)(t) = 1_,(10 ) /a HO (t 8)f1 (s :c(s)) ds,
(G12)(8) = . (( )) [ 0 6 / ’H (T, s)f1(s,(s)) ds],

(Fy)(t) = (—0/ HY ¢ (t:8) f2(s,9(s)) ds,

oo | [, Tt

(G29)(t) = K2 (T,a)

From the above-mentioned operators, we are able to write
N1 = F1 + G; and N3 = F, + G,. Thus, the operator N
can be expressed as

N =F+G suchthat F(y,z) = (Fiz, Foy) and G(y, z) = (G1z, G2y).

The proof will be divided into several stages as follows:
Stage(1): N is continuous.

The continuity of f; and f, implies the continuity of NV.
Stage(2): F (IC) is uniformly bounded.

Let (y,z) € K, t € (a,T). Then, by using (H>), we have

1 7i2ls = max|[v(#) - $(@)] " (Fi2)(®)

i
1 L / HO(t &) fu (e () de

< max

Your privacy, your choice

We use essential cookies to make sure the site can function. We also use optional cookies for advertising,
personalisation of content, usage analysis, and social media.

By accepting optional cookies, you consent to the processing of your personal data - including transfers to third
parties. Some third parties are outside of the European Economic Area, with varying standards of data
protection.

See our privacy policy for more information on the use of your personal data.

Manage preferences for further information and to change your choices.

Accept all cookies

19 of 41 6/16/2024, 2:21 PM


https://www.springeropen.com/privacy-statement
https://www.springeropen.com/privacy-statement

Existence and Ulam stability results of a coupled system for terminal va...

20 of 41

where ICz}H (t,a) < K3 (t,a)for 0 < 61 < 1.Inthe same

fashion, we get

A B(s2,0
2 4L (s2,62)

F: <
I1Ftlle <| ey + o

K?/J (T,a)|lyllz := Rz,

which implies

||‘F(y) w)”EXE < maX(R]_,Rz)

This proves F (IC) is uniformly bounded.

Stage(3): F (KC) is equicontinuous in IC.

Let (y,z) € Kandt1,t2 € (a,T] witht; < t5. Then we
have

|[(t2) — $(a)] ™ (Fie)(t2) —[9(t1) — ¥(a@)] ™ (Fiz)(t1)]

1 ty "
= K (t2,a) T'(61) Jy, Hy (b2, 9)|fi (s, 2(s)) | ds
1 t 1 o 01
+ ’Cgl(tz )’H (t2a ) Kgl( a )'H t1,3) |f1(s z(s))|ds

< X )(If:’ﬁws) $@]" ) @)1 (=)

* 5 (t’ e T ) — @] 7))

1 1, a-1
~ K O = 3@ ) @A C0) s
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which leads to

||(.F1£C)(t2) — (-Flw)(tl)”E — O, as to — t;.

Again applying the same reasoning, we have

| F2y(tz) — Fay(ts)||z = 0, asty — t;.

This exhibits that F (/) is equicontinuous. Stages 1—3 show
that F is relatively compact on K. By E(= Ci_¢y) type
Arzela—Ascoli theorem, F is compact on /C.

Stage(4): Q is a contraction operator.

Let (y,z), (y*,2*) € E x Eandt € (a,T]. Then, by
applying (Hs), we easily get

[(G12) =(G12") |5 < A, |lo = 2"l

and

(G2y) —(G29") ||z < Aslly — 97| -

Since Af, , Ay, < 1, G is a contraction mapping. Using
Theorem 1, we see that A/ has at least one fixed point,
which is the corresponding solution of y-Hilfer coupled
system (3)-(4). o©
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|D01mh¢ ( ) f1 (t z t))‘ <€,

(27)

IDE™V&(t) - f2(t,5(1)] < &2,

(28)

then there exists (y, ) € E x E satisfying coupled system
(3) with the following coupled boundary conditions:

{ y(T) = 4(T),
2(T) = &(T),
(29)

complying with

||(§,:Z’) — (y, 33)||ExE < e

Definition 6

The y-Hilfer coupled system (3)—(4) is G-U-H stable if
there exists ¢ = (¢, ¢ ) € C(RT,R") with

©(0) = (¢4, (0), ¢4, (0)) = (0,0) such that for some

e — (e« £2) ~ N and for each enlition (31 &) € F « E of
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(1) |h1 (t)| < € and |h2(t)| < ey fort € (a, T],
(ii) Fort € (a,T],

DAY (1) = f1(t,8(t)) + ha (),
Dzi,ﬂz,’l/fm( t) = fa(t, () + ha(t).

Lemma 8

Let(§, %) € E x Ebe the solution of inequalities (27)—(28).
Then(y,z) € E x Eis the solution of the following

fractional integral inequalities:

26, K (T, a)

‘@(t) — 75 — ﬁ / t H, (¢, 5) f1 (s, %(s)) ds‘ <

re, +1)
and
) L[t . 22Ky (T, a)
i(t) — Zz — m/a H, (t,8)f2(s,5(s)) ds| < r@,+1 °’

where

Ky (ta) l

-_—rw_L ' 61 8 8,%(s)) ds
* K@) | T ALOCEORY

and
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Thanks to Theorem 15, the solution of (30) is defined by

9(t) =

37)

and

(32)

\

(K (ta)

qT Sl — Ju "3 (T, 8)fi(s,&(s)) ds]
K (t,a) )
ic‘l(T )['wl — m f 'Ha (T, s)h1(s) ds]
F(g) S HY: (¢, 8)ha (5) ds

F(o) f %01 s)f1(s,Z(s)) ds

[ K (t) 1 T 46 _
ICff(T,a) [w2 - m fa ’H¢2 (Ta 3)f2 (s)y(s)) ds]

IC;? (t,a)

’C”(T Pleche @ Ja HE (T, 5)hy(s) ds]
F(o) Ja Hoz (t,8)h1(s) ds
1“(0) f 7'[02 (t,8) f2(s,5(s)) ds.

It follows from (31) and (32) with using Lemma 8 that

9 - 2: - ﬁ | #5200 a

_ ’ngﬁl (t’ a) 1

T t
f Aalhrm N o N ao 1 f Aabhre NN gl
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Theorem 6

Under the assumptions of Theorem 4, ifl — Cy, Cp, # 0,
then they-Hilfer coupled system (3)—(4) will be U-H and

G-U-H stable inE x E, whereCy, := %K%H (T, a)
. TI(e@)L2 4-6,+1

andCy, := F(c2+02)lc¢2 (T, a).

Proof

Let (§,Z) € E x E be the solution of coupled system (30)
and (y,z) € E x E be a unique solution of the y-Hilfer
coupled system (3)—(4) with the conditions

y(t) = Z, + ﬁ /a ’prl (t,8)f1(s,2(s)) ds

(34)

and
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and

1 t
z(t) = Zz + ) /‘; ’Hf; (t,8)f2(s,9(s)) ds.

Through Lemma 8, we arrive at

- 1 L6 -
90 = 2 — [ #h(.3() ds
(36)
and
1 b

()~ Zs — s [ Ho )0, 5(0) ds
(37)

2K (Ta) 22+ (T,a)
where .Al = W and .Az == W

Thus, by (H5) and inequalities (36), (37), we reach

[9(2) — y(®)|

:‘g(t) —Zz — ﬁ /a prl (t,8)f1(s,%(s)) ds

R
F(01) a
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A
where A; (= ————.
Kﬁ;l (T,a)

Similarly, we have

|Z —2llz < Azes +Co,llF — yllz,

(39)

Ay

where Iz ==
K (Tya)

. Inequalities (38) and (39) can be

rewritten again as follows:

|7 —yllg —Co, |2 — ||z < th
|& — ||z — Co, |7 — ¥l < Aze.

(40)

Now, we will represent the relations in (40) as matrices as

follows:
(1 o) (looale) s
—Cp, 1 12 —zlle/) ~ \ Aye,

After simple computations of the above inequality, we can

write

(-9l _ [+ %)\, [4e)
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—A €1 —A €y.

19— yllz + |15 — lls s(

For € = max{e;, €3 } and

(Z+C02Z+I2+CGII2)
A= A ,

we obtain

||(g,§:-) — (, w)HExE < e

(47)

This proves that the w-Hilfer coupled system (3)—(4) is U-H
stable.

Moreover, we could put into writing inequality (41) as

||(g’fﬁ) - (ya m)l|E><E < (P(e)a

where ¢(€) = Ae with ¢(0) = 0. This shows that the -
Hilfer coupled system (3)—(4) is G-U-H stable. o

5 Examples
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(42)
Set
1 U 1
t =
filtw) 10ett! 14+u  Jt+1’

and
1 v 1
t,v) = +
fa(tv) t+6)21+v 2/f+1
Then

https://advancesincontinuousanddiscretemodels.springeropen.com/articl...

u,v € R,t € (0,1]

u,v € R,t € (0,1].

o0, 1] =00 0,1 ={fi: (0,1] x R = Ry(es —1)7 fy € C[0, 1]},

i€

or-001] = 0, [0,1] ={fa: (0,1] x R > R;(es —1)7 f, € C0, 1]},

1.
zied

with0; = 0y = %,771 =1 =0,¢1 =6 =
and (a, T| = (0, 1]. Evidently, the functions

[

» P(2)

oo+

:e,

fi,foeC " [0, 1]. So, hypothesis (H7) holds. For
2 )

t € (0,1] and u, u*,v,v* € R, we have

|1t u) — fi (¢, u")| <
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A/ 1 de—1
—(1\(( ) and C, —ﬂ(;f )
from Theorem 6, coupled system (42) is U-H and G-U-H

stable.

, where Cyp, = . Therefore,

Example 2

A particular case, for ; = 65 = %, m =12 = 1,and

1 (t) = t, the coupled system for y-Hilfer FDE (42) reduces

to the following coupled system for Caputo FDE:

C _ 1 =@ 1
D2 y(t) = Toe 112(0)] + N=sk t e [0, 1],

o ¥] _ _1 @ 1
D02+$(t) - (t+2)2 1+|y(t)| + 2\/t+—1’ te [O’ 1]’

y(1) =1, z(1) =2.

(43)

Clearly, the function fi, fo € C|0, 1]. Hence (Hl) holds.
Also, hypothe51s (H>y) is satisfied with L} = — - and
Ly, = %. Via some straightforward computatlons we see

thatAlzl,Azz%,Afl—5\/_<1Af2 v<1

4
Ay =1+ el and Ay, =2+ %.Thus all the

suppositions in Theorem 4 are satisfied. An application of
Theorem 4 shows that problem (43) has a unique solution
in C[0, 1]. Moreover, since

A=1-CyCs =1—-

# 0, where Cy, = ——= and

1
90er 5e \/_
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(44)

Through comparing coupled system (3)—(4) with (44), we

1 1 1
have 0; = 05 = M =1M2 =3, =8 =73,

Y(t) =logt,a=1,T =e,w; =1, wy =2and

1 2+ —logt 3
flhv) = s he TV2ad fltv) = S g h +3

for u,v € R, t € (1, e]. Evidently, the functions
fi,foeC1 Jog [1, e]. So, condition (H7) holds. It is simple
2 )

to verify that

1
|f1(t,u) —fl(t,'u,*)| < 7|u—u*|, te(l,e],u,u* €R,
1

|f2(t7v) _f2(ta'v*)| < §|'U_'U*|7 te (1,6],’0,’0* €R.

Thus, hypothesis (H5) is satisfied with L1 = % and
Ly = %. Through some easy calculations, we infer that
A1 =v2,4, =3 A; % 04<1,Af =03<1,
Ay ~4.1,and Ay, ~ 5.3. Since every supposition in

Theorem 4 is satisfied, problem (44) has a unique solution

1
inC?} log [1, e]. Further, as shown in Theorem 6, for every
2 ’

€ = max(e1,ez) > 0,if (§,Z) € E x E satisfies

542t 1+|Z(2)]
I ~02,15,108 ~ 7\ e—lost [F(t)] . 3, _

~2 -
{lDZiﬂh,lOgg(t) 1 #()+HE) _|_\/§| <e,
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A = Ay = -2 Co, :i,coz :i,and

r(§)’ T(3) or(3)
A=1—001601 =1—W§£0

Hence coupled system (44) is U-H and G-U-H stable. Some

graphical presentation of Example 3 is shown in Fig. 1.

Figure 1

1.56

1.55

154+

= 153

152

151

Graphical representation of approximate solution for Example 3
at various fractional order of coupled system (44)

Abbreviations

FDEs:

Fractional differential equations

TVPs:
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