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Abstract

The main aim of this article is to investigate some new suf�cient conditions of the

existence and uniqueness results of -Hilfer fractional functional differential equations

with nonlocal condition and �nite delay. Further, Ulam–Hyers–Mittag-Lef�er stability of

solutions to a proposed problem is discussed. Krasnoselskii �xed point theorem, Picard

operator method and Gronwall’s inequality lemma are the main tools of our analysis. An

illustrative example is provided in support of the results obtained.
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1 Introduction

Fractional differential equations have recently con�rmed to be signi�cant tools in

modeling many phenomena in various �elds of engineering and science, since their

nonlocal property is suitable to describe memory phenomena such as nonlocal elasticity,

polymers, propagation in complex medium, biological, electrochemistry, porous media,

viscoelasticity, electromagnetics, see [4, 5, 10] and references therein. There has been

considerable growth in ordinary and partial differential equations involving Riemann–

Liouville, Caputo, and Hilfer fractional derivatives in recent years. For details, we refer the

reader to monographs of Kilbas et al. [12], Samko et al. [20], Hilfer [8], and Podlubny [18].

The stability problem related to functional differential equations was originally emerged

by Ulam [29, 30]. The Ulam’s problem is given as "under what conditions there exist an

additive mapping near an approximately additive mapping”. Hyers [9] answered on

Ulam’s question about the additive mapping in Banach spaces and became this type of

stability called Ulam–Hyers stability. The concept of Ulam–Hyers Stability was extended

via inserting new function variables provided by Rassias [19]. Ulam-stability, Ulam–
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Hyers stability, and Ulam–Hyers–Rassias stability, these labels have become famous

today in literature.

Many numbers of research work can be found in the literature that deals with the

different types of stabilities such as Ulam–Hyers, generalized Ulam–Hyers, Ulam–

Hyers–Rassias and generalized Ulam–Hyers–Rassias of different kinds of classical

differential and fractional differential equations. For some results and recent development

on these types of stabilities, we refer the reader to a series of papers [1, 7, 13, 21, 32] and

the references given therein.

In particular, the Ulam-type stability of delay differential equations was investigated by

Otrocol et al. [17] and Kucche et al. [13]. In the same context, the Ulam–Hyers–Mittag-

Lef�er stability of delay fractional differential equations was investigated by Wang et

al. [31], and Liu et al. [15].

Recently, Sousa and Oliveira [22] proposed a -Hilfer fractional operator and apply it in

improve and extend some previous works dealing with the Hilfer fractional derivative

operator, exclusively [7, 8]. The authors in [24], proposed a generalized Gronwall

inequality through the fractional integral with respect to another function in the concept

of Hilfer. Also, in [27] they presented a Leibniz type rule for the -Hilfer fractional

derivative operator in two forms.

On the other hand, Teodoro et al. [28] introduced a systematic classi�cation for fractional

calculus due to an increasing number of proposals and de�nitions of operators in this

scope. He considered that many of the de�nitions that emerged in the literature can not

be considered as fractional derivatives. Moreover, the author analyzed a list of expressions

to have a general overview of the concept of fractional integrals and derivatives.

For the existence and uniqueness results of different classes of initial value problem for

fractional differential equations involving -Hilfer derivative operator, one can see [2, 3,

14, 16, 23, 25, 26], and the references given therein.

Motivated by the above-mentioned works, in the present paper, using Picard operator

method and Gronwall’s inequality, we investigate the existence, uniqueness and Ulam–
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Hyers–Mittag-Lef�er stability results for -Hilfer fractional functional differential

equation

where  is -Hilfer fractional derivative operator of order  and type

 is -fractional integral in Riemann–Liouville sense of order 

,  are pre�xed points satisfying

and 

is a given continuous function, and  with , 

The main contributions are as follows: In Sect. 2, we recall some notations, de�nitions,

and preliminary facts which are used throughout this paper. In Sect. 3, we obtain the

integral equation which is equivalent to the problem (1.1). Moreover, we provide suf�cient

conditions to guarantee the existence and uniqueness of solutions for the problem (1.1) by

means of Banach �xed point theorem, Krasnoselskii �xed point theorem and Picard

operator method. Using Gronwall inequality, we prove the Ulam–Hyers–Mittag-Lef�er

stability of the problem (1.1 ) in Sect. 4. An illustrative example is given in Sect. 5, and the

conclusion is presented in the last Section.

2 Preliminaries

In this section, we recall some basic de�nitions of the fractional calculus theory which are

used throughout this paper. Let  with , and let  be

the Banach space of continuous function  with the norm

 The weighted space  of continuous

function  is de�ned by (see [22])

(1.1)
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Obviously,  is a Banach space endowed with the norm

De�nition 2.1

(see [11]) Let  Then the two-parameters Mittag-Lef�er function is de�ned

by

If , the one-parameter Mittag-Lef�er function de�ned by

De�nition 2.2

(see [22]) Let  and  be an increasing function with

 for all  Then, the left-sided -Riemann–Liouville fractional

integral of a function  is de�ned by

De�nition 2.3

(see [22]) Let  (  and  be two functions

with an increasing  and  for all  Then, the left-sided -Riemann–

(2.1)

(2.2)
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Liouville fractional ( -Caputo) derivative of a function  of order  is de�ned by

and

respectively.

De�nition 2.4

(see [22]) Let , and  be two functions such that  is

increasing and  for all . The left-sided -Hilfer fractional derivative

of a function  of order  and type  is de�ned by

In particular, if  and  Then

Now, we introduce the following spaces

(2.3)
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and

we note that 

Lemma 2.1

(see [22]) Let , , and . Then

and

Theorem 2.1

(see [22]) Let and . Then

Theorem 2.2

(see [12]) Let . Then

(2.4)
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1.

2.

3.

Theorem 2.3

(see [22]) Let , and .

Then we have

Theorem 2.4

(see [22]) Let and . Then

Theorem 2.5

(see [6]) ( Krasnoselskii �xed point theorem) Let K be closed, convex, bounded and

nonempty subset of a Banach space X and be two operators such that

 for all 

 is compact and continuous.

 is contraction mapping.

Then there exists such that

De�nition 2.5

(see [31]) Let (X, d) be a metric space. Now  is a Picard operator if there exists

 such that  where  is the �xed point set of

T, and the sequence  converges to  for all .

Lemma 2.2

(see [31]) Let be an ordered metric space, and let be an increasing
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Lemma 2.3

(see [24]) (Generalized Gronwall’s Inequality Lemma) Let and x, y be two

nonnegative function locally integrable on [a, b]. Assume that g is nonnegative and

nondecreasing, and let an increasing function such that for all t\in

[a,b]. If

Then

If y be a nondecreasing function on [a, b]. Then

Lemma 2.4

(see [24]) Let f:(0,b]\times {\mathbb {R}} \rightarrow {\mathbb {R}} be a continuous

function. Then the following problem

is equivalent to integral equation

\begin{aligned} x(t)\le y(t)+g(t)\int _{a}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha

-1}x(s)ds,\ \ t\in [a,b]. \end{aligned}

\begin{aligned} x(t)\le y(t)+\int _{a}^{t}\sum \limits _{n=1}^{\infty }\frac{\left[

g(t)\Gamma (\alpha )\right] ^{n}}{\Gamma (n\alpha )}\psi ^{\prime }(s)(\psi (t)-\psi

(s))^{n\alpha -1}y(s)ds,\ \ t\in [a,b]. \end{aligned}

\begin{aligned} x(t)\le y(t)E_{\alpha }\left\{ g(t)\Gamma (\alpha )\left[ \psi (t)-\psi (a)

\right] ^{\alpha }\right\} ,\ \ t\in [a,b]. \end{aligned}

\begin{aligned} \begin{array}{l} ^{H}D_{0^{+}}^{\alpha ,\beta ;\psi }x(t)=f(t,x(t)),t\in

(0,b] \\ I_{0^{+}}^{1-\gamma ;\psi }x(0)=x_{0},\qquad \qquad \qquad \ \end{array}

\end{aligned}

\begin{aligned} x(t)=\frac{(\psi (t)-\psi (0))^{\gamma -1}}{\Gamma (\gamma

)}x_{0}+\frac{1}{ \Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi

(s))^{\alpha -1}f(s,x(s))ds. \end{aligned}

(2.5)
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3 Main results

In this section, we prove the existence and uniqueness of solution for the problem (1.1).

For our analysis the following hypotheses should be satis�ed. (\hbox {H}_{1}) f:

(0,b]\times {\mathbb {R}} \times {\mathbb {R}} \rightarrow {\mathbb {R}} be a

function such that f(\cdot ,x(\cdot ),x({\mathfrak {g}}(\cdot ))\in C_{1-\gamma ;\psi

}^{\beta (1-\alpha )}[0,b] for any x\in C[-r,b]\cap C_{1-\gamma ;\psi }[0,b] and

{\mathfrak {g}}:(0,b]\rightarrow [-r,b] with {\mathfrak {g}}(t)\le t,\ r>0.

(\hbox {H}_{2}) There exists {\mathscr {M}}_{f}\in \left( 0,\frac{1}{2}\right) such that

for all \ t\in (0,b], u_{i},v_{i}\in {\mathbb {R}} ,i=1,2.

(\hbox {H}_{3}) The following inequality holds

where

Theorem 3.1

Let f:(0,b]\times {\mathbb {R}} \times {\mathbb {R}} \rightarrow {\mathbb {R}} be a

function satis�es the condition (\hbox {H}_{1}). Then x\in C[-\,r,b]\cap C_{1-\gamma ;\psi

}^{\gamma }[0,b] is a solution of the problem (1.1) if and only if x satis�es the following

equation

\begin{aligned} \left| f(t,u_{1},u_{2})-f(t,v_{1},v_{2})\right| \le {\mathscr {M}}_{f}

\left[ \left| u_{1}-v_{1}\right| +\left| u_{2}-v_{2}\right| \right] , \end{aligned}

\begin{aligned} \Omega :=\frac{2{\mathscr {M}}_{f}{\mathscr {B}}(\gamma ,\alpha )}

{\Gamma (\alpha ) }\left[ \frac{1}{\Gamma (\gamma )(1-\mu )}\sum \limits

_{i=1}^{k}c_{i}\left( \psi (\tau _{i})-\psi (0)\right) ^{\alpha }+\left( \psi (b)-\psi

(0\right) ^{\alpha }\right] <1, \end{aligned}

\begin{aligned} \mu :=\sum \limits _{i=1}^{k}c_{i}\frac{(\psi (\tau _{i})-\psi

(0))^{\gamma -1} }{\Gamma (\gamma )}. \end{aligned}
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Proof

According to Lemma 2.4, a solution of the problem (1.1) can be expressed by

Substitute t=\tau _{i} into Eq. (3.2) and multiplying both sides of Eq. (3.2) by c_{i}, we get

Thus, we have

which implies

\begin{aligned} x(t)=\left\{ \begin{array}{l} \frac{(\psi (t)-\psi (0))^{\gamma -1}}

{\Gamma (\gamma )}\frac{1}{(1-\mu )} \sum \limits _{i=1}^{k}\frac{c_{i}}{\Gamma

(\alpha )}\int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha

-1}f(s,x(s),x({\mathfrak {g}} (s))ds \\ \quad +\,\frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}

(s))ds,\ \ \ \ t\in (0,b]\qquad \ \ \\ \quad \varphi (t),\qquad t\in [-\,r,0].\qquad \qquad

\qquad \qquad \qquad \qquad \end{array} \right. \end{aligned}

(3.1)

\begin{aligned} x(t)&= \frac{(\psi (t)-\psi (0))^{\gamma -1}}{\Gamma (\gamma )}

I_{0^{+}}^{1-\gamma ;\psi }x(0^{+}) \nonumber \\&\quad +\,\frac{1}{\Gamma (\alpha

)}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}

(s))ds,\ \ t\in (0,b]. \end{aligned}

(3.2)

\begin{aligned} c_{i}x(\tau _{i})&= c_{i}\frac{(\psi (\tau _{i})-\psi (0))^{\gamma -1}}

{\Gamma (\gamma )}I_{0^{+}}^{1-\gamma ;\psi }x(0^{+})\\&\quad +\,\frac{c_{i}}

{\Gamma (\alpha )} \int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi

(s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}(s))ds. \end{aligned}

\begin{aligned} I_{0^{+}}^{1-\gamma ;\psi }x(0^{+})=\sum \limits

_{i=1}^{k}c_{i}x(\tau _{i}), \end{aligned}

\begin{aligned} I_{0^{+}}^{1-\gamma ;\psi }x(0^{+})=\frac{1}{1-\mu }\sum \limits

_{i=1}^{k} \frac{c_{i}}{\Gamma (\alpha )}\int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi
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Substituting Eq. (3.3) into Eq. (3.2), we get

For all t\in [-\,r,0], we have x(t)=\varphi (t). This means that Eq. (3.1) is satis�ed.

Conversly, to prove the suf�cient condition, applying D_{0^{+}}^{\gamma ;\psi } on both

sides of Eq. (3.4), and using Lemma 2.1, we get

By the de�nition of C_{1-\gamma ;\psi }^{\gamma }[0,b] and x\in C_{1-\gamma ;\psi

}^{\gamma }[0,b], we have D_{0^{+}}^{\gamma ;\psi }x\in C_{1-\gamma ;\psi }[0,b].

Consequently, D_{0^{+}}^{\beta (1-\alpha );\psi }f= D^{1,\psi }I_{0^{+}}^{1-\beta (1-

\alpha );\psi }f\in C_{1-\gamma ;\psi }[0,b]. For any f\in C_{1-\gamma ;\psi }[0,b], t\in

[0,b], it is obvious that I_{0^{+}}^{1-\beta (1-\alpha );\psi }f\in C_{1-\gamma ;\psi }^{1}

[0,b]. Hence f and I_{0^{+}}^{1-\beta (1-\alpha );\psi }f satis�es the assumptions of

Theorem 2.3.Now, multiplying both sides of Eq. (3.5) by I_{0^{+}}^{\beta (1-\alpha );\psi

}, using Eq. (2.3) and Theorem 2.3, we can write

(\tau _{i})-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}(s))ds. \end{aligned}

(3.3)

\begin{aligned} \ x(t)&= \frac{(\psi (t)-\psi (0))^{\gamma -1}}{\Gamma (\gamma

)}\frac{1}{ 1-\mu }\sum \limits _{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )}\int

_{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha -1}f(s,x(s),x(

{\mathfrak {g}}(s))ds \nonumber \\&\quad +\,\frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}

(s))ds,t\in (0,b]. \end{aligned}

(3.4)

\begin{aligned} D_{0^{+}}^{\gamma ;\psi }x(t)=D_{0^{+}}^{\beta (1-\alpha );\psi

}f\big ( t,x(t),x({\mathfrak {g}}(t)\big ). \end{aligned}

(3.5)

\begin{aligned} ^{H}D_{0^{+}}^{\alpha ,\beta ;\psi }x(t)&= f\big (t,x(t),x({\mathfrak

{g}}(t) \big ) \nonumber \\&\quad -\,\dfrac{I_{0^{+}}^{1-\beta (1-\alpha );\psi }f\big
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By Theorem 2.4, we have I_{0^{+}}^{1-\beta (1-\alpha );\psi }f\big (

0,x(0),x({\mathfrak {g}}(0)\big )=0. Hence Eq. (3.6) reduces to

Next, multiplying both sides of Eq. (3.4) by I_{0^{+}}^{1-\gamma ;\psi }, taking the limit

as t\rightarrow 0^{+} and using Theorem , we get

Thus, the nonlocal boundary condition of the problem (1.1) is satis�ed. \square

Theorem 3.2

Assume that (\hbox {H}_{1}),(\hbox {H}_{2}) and (\hbox {H}_{3}) hold. Then the problem

(1.1) has a unique solution in C[-\,r,b]\cap C_{1-\gamma ;\psi }[0,b].

Proof

De�ne the operator {\mathscr {G}}_{f}:C[-\,r,b]\rightarrow C[-\,r,b] by

(0,x(0),x({\mathfrak {g}}(0) \big )}{\Gamma (\beta (1-\alpha ))}(\psi (t)-\psi

(0))^{\beta (1-\alpha )-1}. \end{aligned}

(3.6)

\begin{aligned} ^{H}D_{0^{+}}^{\alpha ,\beta ;\psi }x(t)=f\big (t,x(t),x({\mathfrak

{g}}(t)\big ) ,t\in (0,b]. \end{aligned}

\begin{aligned} I_{0^{+}}^{1-\gamma ;\psi }x(0^{+})&= \frac{1}{1-\mu }\sum \limits

_{i=1}^{k} \frac{c_{i}}{\Gamma (\alpha )}\int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi

(\tau _{i})-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}(s))ds \nonumber \\&= \sum

\limits _{i=1}^{k}c_{i}\frac{(\psi (\tau _{i})-\psi (0))^{\gamma -1}}{ \Gamma

(\gamma )}I_{0^{+}}^{1-\gamma ;\psi }x(0^{+}) \nonumber \\&\quad +\,\sum \limits

_{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )}\int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi

(\tau _{i})-\psi (s))^{\alpha -1}f(s,x(s),x( {\mathfrak {g}}(s))ds \nonumber \\&= \sum

\limits _{i=1}^{k}c_{i}x(\tau _{i}). \end{aligned}

(3.7)
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It is obvious that the operator {\mathscr {G}}_{f} is well de�ned. Clearly, for any

continuous function f the operator {\mathscr{G}}_{f} is continuous too. Indeed, for each

t,t_{0}\in (0,b], we have

and for each t,t_{0}\in [-\,r,0], we get

Now, we prove that the operator {\mathscr{G}}_{f} is a contraction maping on C[-\,r,b]

with respect to the norm \left\| \cdot \right\| _{C_{1-\gamma ;\psi }[0,b]}.

For all t\in [-\,r,0], and for each x,x^{*}\in C\left[ -\,r,b \right] , we have

\begin{aligned} ({\mathscr {G}}_{f}x)(t)=\left\{ \begin{array}{l} \frac{(\psi (t)-\psi

(0))^{\gamma -1}}{\Gamma (\gamma )}\frac{1}{1-\mu } \sum \limits

_{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )}\int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi

(\tau _{i})-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}(s))ds \\ \quad +\,\frac{1}

{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha

-1}f(s,x(s),x({\mathfrak {g}}(s))ds,\ \ \ \ t\in [0,b],\qquad \ \ \\ \quad \varphi (t),\qquad

t\in [-\,r,0].\qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad

\end{array} \right. \end{aligned}

(3.8)

\begin{aligned}&\left| {\mathscr{G}}_{f}(x)(t)-{\mathscr{G}}_{f}(x)(t_{0})\right|

\\&\quad =\left| \left[ \frac{(\psi (t)-\psi (0))^{\gamma -1}}{\Gamma (\gamma )} -

\frac{(\psi (t_{0})-\psi (0))^{\gamma -1}}{\Gamma (\gamma )}\right] \right.

\\&\qquad \frac{1}{1-\mu }\sum \limits _{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )} \int

_{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha

-1}f(s,x(s),x({\mathfrak {g}}(s))ds \\&\qquad +\,\frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}(s))ds

\\&\qquad \left. -\frac{1}{\Gamma (\alpha )}\int _{0}^{t_{0}}\psi ^{\prime }(s)(\psi

(t_{0})-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}(s))ds\right| \\&\qquad \left.

\rightarrow 0,\text { as }t_{0}\rightarrow t,\right. \end{aligned}

\begin{aligned} \left| {\mathscr{G}}_{f}(x)(t)-{\mathscr{G}}_{f}(x)(t_{0})\right|

=\left| \varphi (t)-\varphi (t_{0})\right| \rightarrow 0,\text { as } t_{0}\rightarrow t.

\end{aligned}
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For all t\in (0,b], and for each x,x^{*}\in C\left[ -\,r,b\right] , we obtain

where

and

\begin{aligned} \left| {\mathscr {G}}_{f}(x)(t)-{\mathscr {G}}_{f}(x^{*})(t)\right| =0.

\end{aligned}

\begin{aligned} &\left| {\mathscr {G}}_{f}(x)(t)-{\mathscr {G}}_{f}(x^{*})(t)\right|

\\&\quad \left. \le \frac{\left( \psi (t)-\psi (0)\right) ^{\gamma -1}}{\Gamma (\gamma

)}\frac{1}{1-\mu }\sum \limits _{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )}\right.

\\&\qquad \left. \int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha

-1}\left| f(s,x(s),x({\mathfrak {g}}(s))-f(s,x^{*}(s),x^{*}( {\mathfrak {g}}(s))\right|

ds\right. \\&\qquad +\,\frac{1}{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi

(t)-\psi (s))^{\alpha -1}\left| f(s,x(s),x({\mathfrak {g}}(s))-f(s,x^{*}(s),x^{*}

({\mathfrak {g}}(s))\right| ds \\&\quad \left. \le \frac{\left( \psi (t)-\psi (0)\right)

^{\gamma -1}}{\Gamma (\gamma )}\frac{1}{1-\mu }\sum \limits

_{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )} \int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi

(\tau _{i})-\psi (s))^{\alpha -1}\left( \psi (s)-\psi (0)\right) ^{\gamma -1}\right.

\\&\qquad \left. \times \,{\mathscr {M}}_{f}\left( \psi (s)-\psi (0)\right) ^{1-\gamma

}\left[ \left| x(s)-x^{*}(s)\right| +\left| x({\mathfrak {g}} (s))-x^{*}({\mathfrak {g}}

(s))\right| \right] ds\right. \\&\qquad \left. +\,\frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}\left( \psi (s)-\psi (0)\right)

^{\gamma -1} \right. \\&\qquad \times\,\left. {\mathscr {M}}_{f}\left( \psi (s)-\psi

(0)\right) ^{1-\gamma }\left[ \left| x(s)-x^{*}(s)\right| +\left| x({\mathfrak {g}} (s))-

x^{*}({\mathfrak {g}}(s))\right| \right] ds\right. \\&\quad =A_{1}+A_{2.},

\end{aligned}

\begin{aligned}&A_{1} :=\frac{\left( \psi (t)-\psi (0)\right) ^{\gamma -1}}{\Gamma

(\gamma )}\frac{1}{1-\mu }\sum \limits _{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )} \int

_{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha -1}\left( \psi (s)-

\psi (0\right) ^{\gamma -1}\\&\quad \times \, {\mathscr {M}}_{f}\left( \psi (s)-\psi

(0\right) ^{1-\gamma }\left[ \left| x(s)-x^{*}(s)\right| +\left| x({\mathfrak {g}} (s))-

x^{*}({\mathfrak {g}}(s))\right| \right] ds, \end{aligned}
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By Theorem 2.2 we conclude that

and

where {\mathscr {B}}(\gamma ,\alpha ) is Beta function. From Eq. (3.9) and Eq. (3.10), it

follows that

As 0<\gamma <1, then \frac{\left( \psi (\tau _{i})-\psi (0)\right) ^{\gamma }}{\psi (\tau

_{i})-\psi (0)}<1, it follows that

\begin{aligned}&A_{2.} :=\frac{1}{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)

(\psi (t)-\psi (s))^{\alpha -1}\left( \psi (s)-\psi (0)\right) ^{\gamma -1}\\&\quad \times

\,{\mathscr {M}}_{f}\left( \psi (s)-\psi (0)\right) ^{1-\gamma }\left[ \left| x(s)-x^{*}

(s)\right| +\left| x({\mathfrak {g}} (s))-x^{*}({\mathfrak {g}}(s))\right| \right] ds.

\end{aligned}

\begin{aligned} A_{1}=\frac{2{\mathscr {M}}_{f}{\mathscr {B}}(\gamma ,\alpha )}

{\Gamma (\alpha )} \frac{\left( \psi (t)-\psi (0)\right) ^{\gamma -1}}{\Gamma

(\gamma )(1-\mu )} \sum \limits _{i=1}^{k}c_{i}\left( \psi (\tau _{i})-\psi (0)\right)

^{\alpha +\gamma -1}\left\| x-x^{*}\right\| _{C_{1-\gamma ;\psi }\left[ 0,b \right] },

\end{aligned}

(3.9)

\begin{aligned} A_{2}=\frac{2{\mathscr {M}}_{f}{\mathscr {B}}(\gamma ,\alpha )}

{\Gamma (\alpha )} \left( \psi (t)-\psi (0)\right) ^{\alpha +\gamma -1}\left\| x-

x^{*}\right\| _{C_{1-\gamma ;\psi }\left[ 0,b\right] }, \end{aligned}

(3.10)

\begin{aligned}&\left| {\mathscr {G}}_{f}(x)(t)-{\mathscr {G}}_{f}(x^{*})(t)\right|

\\&\le \frac{2{\mathscr {M}}_{f}{\mathscr {B}}(\gamma ,\alpha )\left( \psi (t)-\psi

(0)\right) ^{\gamma -1}}{\Gamma (\alpha )} \\&\quad \times\,\left[ \frac{1}{\Gamma

(\gamma )(1-\mu )}\sum \limits _{i=1}^{k}c_{i}\left( \psi (\tau _{i})-\psi (0)\right)

^{\alpha +\gamma -1}+\left( \psi (t)-\psi (0)\right) ^{\alpha }\right] \left\| x-

x^{*}\right\| _{C_{1-\gamma ;\psi }\left[ 0,b\right] }. \end{aligned}
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Hence, the operator {\mathscr {G}}_{f} is a contraction mapping on C[-\,r,b] with

respect to the norm \left\| \cdot \right\| _{C_{1-\gamma ;\psi }[0,b]} due to (\hbox

{H}_{3}). As consequence of the Banach �xed point theorem, we conclude that {\mathscr

{G}}_{f} has a �xed point which is a unique solution of the problem (1.1) in C[-\,r,b]\cap

C_{1-\gamma ;\psi }[0,b]. \square

Theorem 3.3

Assume that (\hbox {H}_{1}) and (\hbox {H}_{2}) hold. Then the problem (1.1) has at least

one solution in C[-\,r,b]\cap C_{1-\gamma ;\psi }[0,b].

Proof

De�ne a bounded, closed and convex set B_{r} in C_{1-\gamma ,\psi }[0,b] as follows

with r\ge \frac{W}{1-\Omega }, \Omega <1 and

where {\widetilde{f}}(s):=\sup _{s\in [0,b]}f(s,0,0). We can analyze {\mathscr {G}}_{f}

(\cdot ) as {\mathscr {G}}_{f}x(t)=\Phi ^{1}x(t)+\Phi ^{2}x(t) such that

\begin{aligned}&\left\| {\mathscr {G}}_{f}x-{\mathscr {G}}_{f}x^{*}\right\| _{C_{1-

\gamma ;\psi }\left[ 0,b\right] } \\&\left. \le \frac{2{\mathscr {M}}_{f}{\mathscr {B}}

(\gamma ,\alpha )}{\Gamma (\alpha )}\left[ \frac{1}{\Gamma (\gamma )(1-\mu )}\sum

\limits _{i=1}^{k}c_{i}\left( \psi (\tau _{i})-\psi (0)\right) ^{\alpha }+\left( \psi (b)-\psi

(0)\right) ^{\alpha }\right] \left\| x-x^{*}\right\| _{C_{1-\gamma ;\psi }\left[

0,b\right] }.\right. \end{aligned}

\begin{aligned} B_{r}=\left\{ x\in C_{1-\gamma ,\psi }[0,b]:\left\| x\right\| _{1-

\gamma ,\psi }\le r\right\} , \end{aligned}

\begin{aligned} W:=\left\| {\widetilde{f}}\right\| \frac{{\mathscr {B}}(\gamma ,\alpha

)}{ \Gamma (\alpha )}\left[ \frac{1}{\Gamma (\gamma )(1-\mu )} \sum \limits

_{i=1}^{k}c_{i}\left( \psi (\tau _{i})-\psi (0)\right) ^{\alpha }+\left( \psi (b)-\psi

(0)\right) ^{\alpha }\right] , \end{aligned}

\begin{aligned} \Phi ^{1}x(t)&:= \left\{ \begin{array}{l} \frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js
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The proof was divided into several steps.

Step (1) We prove \Phi ^{1}x+\Phi ^{2}y\in B_{r} for every x, y \in B_{r}.

For t\in (-\,r,0], we have \left| \left( \psi (t)-\psi (0)\right) ^{1-\gamma }\left( \Phi

^{1}x(t)+\Phi ^{2}y\mathfrak {(}t\mathfrak {)}\right) \right| \le \left\| \varphi \right\|

_{C_{1-\gamma ,\psi }}\le r which implies

For t\in (0,b], and x\mathfrak {,}y\in B_{r}, we obtain

(s))ds,\ \ t\in [0,b], \\ \varphi (t),\qquad t\in [-\,r,0]\qquad \qquad \qquad \qquad \qquad

\qquad \qquad \ \ \qquad \end{array} \right. \\ \Phi ^{2}x(t)&:= \left\{ \begin{array}{l}

\frac{(\psi (t)-\psi (0))^{\gamma -1}}{\Gamma (\gamma )}\frac{1}{(1-\mu )} \sum

\nolimits _{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )} \\\times\, \int _{0}^{\tau _{i}}\psi

^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}(s))ds,t\in

(0,b], \\ 0,\qquad t\in [-\,r,0].\qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad

\end{array} \right. \end{aligned}

\begin{aligned} \left\| \Phi ^{1}x+\Phi ^{2}y\right\| _{C_{1-\gamma ,\psi }}\le r.

\end{aligned}

\begin{aligned}&\left| \left( \psi (t)-\psi (0)\right) ^{1-\gamma }\left( \Phi

^{1}x(t)+\Phi ^{2}y\mathfrak {(}t\mathfrak {)}\right) \right| \\&\quad \left. \le

\frac{\left( \psi (t)-\psi (0)\right) ^{1-\gamma }}{\Gamma (\alpha )}\right. \\&\qquad

\left. \int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}\left[ \left|

f(s,x(s),x({\mathfrak {g}}(s)))-f(s,0,0)\right| +\left| f(s,0,0)\right| \right] ds\right.

\\&\qquad \left. +\,\frac{1}{\Gamma (\gamma )}\frac{1}{(1-\mu )}\sum \limits

_{i=1}^{k} \frac{c_{i}}{\Gamma (\alpha )}\right. \\&\qquad \left. \int _{0}^{\tau

_{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha -1}\left[ \left|

f(s,y(s),y({\mathfrak {g}} (s)))-f(s,0,0)\right| +\left| f(s,0,0)\right| \right] ds\right.

\\&\quad \left. \le \frac{\left( \psi (t)-\psi (0)\right) ^{1-\gamma }}{\Gamma (\alpha

)}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}\left\{ {\mathscr

{M}}_{f}\left[ \left| x(s)\right| +\left| x( {\mathfrak {g}}(s)\right| \right] +\left|

f(s,0,0)\right| \right\} ds\right. \\&\qquad +\,\frac{1}{\Gamma (\gamma )}\frac{1}{(1-

\mu )}\sum \limits _{i=1}^{k}\frac{ c_{i}}{\Gamma (\alpha )}\\&\qquad \int _{0}^{\tau

_{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha -1}\left\{ {\mathscr
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Thus, we get \left\| \Phi ^{1}x+\Phi ^{2}y\right\| _{C_{1-\gamma ,\psi }}\le r, that is,

\Phi ^{1}x+\Phi ^{2}y\in B_{r}.

Step (2) We prove \Phi ^{1}is a continuous in B_{r}. Let \{x_{n}\}_{n\ge 1}^{\infty } be a

sequence in B_{r} such that x_{n}\rightarrow x\mathfrak {.}

For t\in \left( -\,r,0\right] , we have \left| \left( \psi (t)-\psi (0)\right) ^{1-\gamma

}\left( \Phi ^{1}x_{n}(t)-\Phi ^{1}x(t)\right) \right| =0<r.

For t\in \left( 0,b\right] , we get

{M}}_{f}\left[ \left| y(s)\right| +\left| y({\mathfrak {g}}(s)\right| \right] +\left|

f(s,0,0)\right| \right\} ds \\&\quad \left. \le \frac{\Gamma (\gamma )\left( \psi (t)-\psi

(0)\right) ^{\alpha }}{\Gamma (\gamma +\alpha )}\left\{ 2{\mathscr {M}}_{f}\left\|

x\right\| _{C_{1-\gamma ,\psi }[0,b]}+\left\| {\widetilde{f}}\right\| _{C_{1-\gamma

,\psi }[0,b]}\right\} \right. \\&\qquad +\,\frac{1}{\Gamma (\alpha +\gamma )(1-\mu

)}\sum \limits _{i=1}^{k}c_{i} \left( \psi (\tau _{i})-\psi (0)\right) ^{\alpha }\left\{

2{\mathscr {M}} _{f}\left\| y\right\| _{C_{1-\gamma ,\psi }[0,b]}+\left\|

{\widetilde{f}}\right\| _{C_{1-\gamma ,\psi }[0,b]}\right\} \\&\quad \left. \le

\frac{{\mathscr {B}}(\gamma ,\alpha )}{\Gamma (\alpha )}\left( \psi (t)-\psi (0)\right)

^{\alpha }\left\{ 2{\mathscr {M}}_{f}r+\left\| {\widetilde{f}}\right\| _{C_{1-\gamma

,\psi }[0,b]}\right\} \right. \\&\qquad +\,\frac{{\mathscr {B}}(\gamma ,\alpha )}

{\Gamma (\alpha )\Gamma (\gamma )(1-\mu )}\sum \limits _{i=1}^{k}c_{i}\left( \psi

(\tau _{i})-\psi (0)\right) ^{\alpha }\left\{ 2{\mathscr {M}}r+\left\|

{\widetilde{f}}\right\| _{C_{1-\gamma ,\psi }[0,b]}\right\} \\&\quad \left. \le

\frac{2{\mathscr {M}}_{f}{\mathscr {B}}(\gamma ,\alpha )}{\Gamma (\alpha )}\left[

\frac{1}{\Gamma (\gamma )(1-\mu )}\sum \limits _{i=1}^{k}c_{i}\left( \psi (\tau _{i})-

\psi (0)\right) ^{\alpha }+\left( \psi (b)-\psi (0)\right) ^{\alpha }\right] r\right.

\\&\qquad \left. +\,\left\| {\widetilde{f}}\right\| _{C_{1-\gamma ,\psi }[0,b]}

\frac{{\mathscr {B}}(\gamma ,\alpha )}{\Gamma (\alpha )}\left[ \frac{1}{\Gamma

(\gamma )(1-\mu )}\sum \limits _{i=1}^{k}c_{i}\left( \psi (\tau _{i})-\psi (0)\right)

^{\alpha }+\left( \psi (b)-\psi (0)\right) ^{\alpha }\right] \right. \\&\quad \left. \le

\Omega r+W\le r.\right. \end{aligned}

\begin{aligned}&\left| \left( \psi (t)-\psi (0)\right) ^{1-\gamma }\left( \Phi ^{1}x_{n}

(t)-\Phi ^{1}x(t)\right) \right| \\&\quad \left. \le \frac{\left( \psi (t)-\psi (0)\right) ^{1-
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Step (3) We prove \Phi ^{1}is compact in B_{r}.

First, we show that \Phi ^{1} maps bounded sets into equicontinuous sets in B_{r}. For

any t_{1},t_{2}\in \left( -\,r,0\right] , t_{1}<t_{2}, we have

For any t_{1},t_{2}\in \left( 0,b\right] , t_{1}<t_{2} and x\in B_{r}, we get

\gamma }}{\Gamma (\alpha )}\int \limits _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi

(s))^{\alpha -1} \right. \\&\quad \times\,\left. \left| f(s,x_{n}(s),x_{n}({\mathfrak {g}}

(s)))-f(s,x(s),x( {\mathfrak {g}}(s))\right| ds\right. \\&\quad \left. \le \frac{\left( \psi

(t)-\psi (0)\right) ^{\alpha }}{\Gamma (\alpha )}\frac{\Gamma (\gamma )}{\Gamma

(\alpha +\gamma )}\left\| f(\cdot ,x_{n}(\cdot ),x_{n}({\mathfrak {g}}(\cdot )))-f(\cdot

,x(\cdot ),x( {\mathfrak {g}}(\cdot ))\right\| \right. \\&\quad \left. \rightarrow 0\text {

as }x_{n}\rightarrow x.\right. \end{aligned}

\begin{aligned}&\left| \left( \psi (t_{2})-\psi (0)\right) ^{1-\gamma }\Phi

^{1}x(t_{2})-\left( \psi (t_{1})-\psi (0)\right) ^{1-\gamma }\Phi ^{1}x(t_{1})\right|

\\&\quad \left. \le \left| \left( \psi (t_{2})-\psi (0)\right) ^{1-\gamma }\varphi (t_{2})-

\left( \psi (t_{1})-\psi (0)\right) ^{1-\gamma }\varphi (t_{1})\right| \right. \\&\left.

\rightarrow 0\text { as }t_{2}\rightarrow t_{1}.\right. \end{aligned}

\begin{aligned}&\left| \left( \psi (t_{2})-\psi (0)\right) ^{1-\gamma }\Phi

^{1}x(t_{2})-\left( \psi (t_{1})-\psi (0)\right) ^{1-\gamma }\Phi ^{1}x(t_{1})\right|

\\&\quad \left. \le \left| \frac{\left( \psi (t_{2})-\psi (0)\right) ^{1-\gamma }}{\Gamma

(\alpha )}\int _{0}^{t_{2}}\psi ^{\prime }(s)(\psi (t_{2})-\psi (s))^{\alpha

-1}f(s,x(s),x({\mathfrak {g}}(s)))ds\right. \right. \\&\qquad \left. -\,\frac{\left( \psi

(t_{1})-\psi (0)\right) ^{1-\gamma }}{\Gamma (\alpha )}\int _{0}^{t_{1}}\psi ^{\prime

}(s)(\psi (t_{1})-\psi (s))^{\alpha -1}f(s,x(s),x({\mathfrak {g}}(s)))ds\right| \\&\quad

\left. =\frac{1}{\Gamma (\alpha )}\left| \int _{0}^{t_{1}}\psi ^{\prime }(s)\left[ (\psi

(t_{2})-\psi (s))^{\alpha -1}\left( \psi (t_{2})-\psi (0)\right) ^{1-\gamma }\right.

\right. \right. \\&\qquad -\,\left. \left. (\psi (t_{1})-\psi (s))^{\alpha -1}\left( \psi

(t_{1})-\psi (0)\right) ^{1-\gamma }\right] f(s,x(s),x({\mathfrak {g}}(s)))ds\right.

\\&\qquad \left. +\,\frac{\left( \psi (t_{2})-\psi (0)\right) ^{1-\gamma }}{\Gamma

(\alpha )}\int _{t_{1}}^{t_{2}}\psi ^{\prime }(s)(\psi (t_{2})-\psi (s))^{\alpha -1}\left|

f(s,x(s),x({\mathfrak {g}}(s)))\right| ds\right| \\&\quad \left. \rightarrow 0\text { as

}t_{2}\rightarrow t_{1}.\right. \end{aligned}
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Next, we show that \Phi ^{1} is uniformly bounded on B_{r}. For t\in \left( 0,b\right] and

x\in B_{r}, we have

It follows that

where M_{0}:=\frac{{\mathscr {B}}(\gamma ,\alpha )}{\Gamma (\alpha )}\left\{ 2

{\mathscr {M}}_{f}r+\left\| {\widetilde{f}}\right\| _{C_{1-\gamma ,\psi }[0,b]}\right\}

\left( \psi (b)-\psi (0)\right) ^{\alpha }.

On the other hand, for t\in \left( -\,r,0\right] , \varphi \in B_{r}, we have

Thus \Phi ^{1} is uniformly bounded on B_{r}. Hence by Arzelà-Ascoli theorem, \Phi ^{1}

is compact operator.

\begin{aligned}&\left| \left( \psi (t)-\psi (0)\right) ^{1-\gamma }\Phi ^{1}x(t)\right|

\\&\quad \left. \le \frac{\left( \psi (t)-\psi (0)\right) ^{1-\gamma }}{\Gamma (\alpha

)}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1} \right. \\&\qquad

\times\,\left. \left[ f(s,x(s),x({\mathfrak {g}}(s)))-f(s,0,0)+f(s,0,0)\right] ds\right.

\\&\quad \left. \le \frac{\left( \psi (t)-\psi (0)\right) ^{1-\gamma }}{\Gamma (\alpha

)}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}\left[ \psi (s)-\psi

(0)\right] ^{\gamma -1} \right. \\&\qquad \left. \times \left[ \left( \psi (s)-\psi

(0)\right) ^{1-\gamma }\left| f(s,x(s),x({\mathfrak {g}}(s)))-f(s,0,0)\right| +\left|

f(s,0,0)\right| \right] ds\right. \\&\quad \left. \le \frac{\Gamma (\gamma )\left( \psi (t)-

\psi (0)\right) ^{\alpha }}{\Gamma (\gamma +\alpha )}\left\{ 2{\mathscr

{M}}_{f}\left\| x\right\| _{C_{1-\gamma ,\psi }}+\left\| {\widetilde{f}}\right\| _{C_{1-

\gamma ,\psi }[0,b]}\right\} \right. \\&\quad \left. \le \frac{{\mathscr {B}}(\gamma

,\alpha )}{\Gamma (\alpha )}\left\{ 2 {\mathscr {M}}_{f}r+\left\|

{\widetilde{f}}\right\| _{C_{1-\gamma ,\psi }[0,b]}\right\} \left( \psi (b)-\psi (0)\right)

^{\alpha }.\right. \end{aligned}

\begin{aligned} \left\| \Phi ^{1}x\right\| _{C_{1-\gamma ,\psi }}\le M_{0},

\end{aligned}

\begin{aligned} \left| \left( \psi (t)-\psi (0)\right) ^{1-\gamma }\Phi ^{1}x(t)\right| \le

\left\| \varphi \right\| _{C_{1-\gamma ,\psi }}\le r. \end{aligned}
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1.

2.

Step (4) We prove \Phi ^{2} is a contraction mapping.

According to Theorem 3.2, the operator {\mathscr {G}}_{f} is a contraction mapping on

C[-\,r,b] with respect to the norm \left\| \cdot \right\| _{C_{1-\gamma ;\psi }[0,b]}, and

hence \Phi ^{2} is a contraction mapping too. By the Krasnoselskii �xed point theorem

there exists a �xed point x in B_{r}, which is a solution of the problem (1.1). \square

4 Ulam–Hyers–Mittag-Le�er stability

In this section, we discuss the Ulam–Hyers–Mittag-Lef�er stability of the problem (1.1).

The following observations are taken from [15].

Remark 4.1

A function z\in C[-\,r,b] satis�es the inequality

if and only if there exists a function \eta \in C[-\,r,b] such that

\left| \eta (t)\right| \le \varepsilon E_{\alpha }(\psi (t)-\psi (0))^{\alpha },\ \ t\in

\left[ -\,r,b\right] ;

^{H}D_{0^{+}}^{\alpha ,\beta ,\psi }z(t)=f\big (t,z(t),z( {\mathfrak {g}}(t))\big

)+\eta (t), \ t\in (0,b].

De�nition 4.1

The problem (1.1) is Ulam–Hyers–Mittag-Lef�er stable with respect to E_{\alpha }((\psi

(t)-\psi (0))^{\alpha }) if there exists C_{E_{\alpha }}>0 such that, for each \varepsilon

>0 and each z\in C[-\,r,b] satis�es the inequality (4.1), there exists a solution x\in C[-

\,r,b] of the problem (1.1) with

\begin{aligned} \left| ^{H}D_{0^{+}}^{\alpha ,\beta ,\psi }z(t)-f(s,z(s),z({\mathfrak

{g}} (s)))\right| \le \varepsilon E_{\alpha }(\psi (t)-\psi (0))^{\alpha },\ t\in (0,b],

\end{aligned}

(4.1)
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Lemma 4.1

Let 0<\alpha <1, 0\le \beta \le 1, if a function z\in C_{1-\gamma ,\psi }[0,b] satis�es the

inequality (4.1), then z satis�es the following integral inequality

where

Proof

Indeed by Remark 4.1, we have

Then

\begin{aligned} \left| z(t)-x(t)\right| \le C_{E_{\alpha }}\varepsilon E_{\alpha }\left(

\psi (t)-\psi (0)\right) ^{\alpha },\ \ t\in \left[ -\,r,b\right] . \end{aligned}

\begin{aligned}&\left| z(t)-{\mathscr {A}}_{z}-\frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,z(s),z({\mathfrak {g}}

(s)))ds\right| \\&\quad \left. \le \varepsilon \left[ \left| \frac{1}{(1-\mu )}\right|

\frac{\varepsilon }{\Gamma (\gamma )}\sum \limits _{i=1}^{k}c_{i}E_{\alpha }(\psi

(\tau _{i})-\psi (0))^{\alpha }+E_{\alpha }((\psi (t)-\psi (0))^{\alpha })\right] ,\right.

\end{aligned}

\begin{aligned} {\mathscr {A}}_{z}:=\frac{1}{(1-\mu )}\frac{(\psi (t)-\psi

(0))^{\gamma -1}}{ \Gamma (\gamma )}\sum \limits _{i=1}^{k}\frac{c_{i}}{\Gamma

(\alpha )} \int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha

-1}f(s,z(s),z({\mathfrak {g}}(s)))ds. \end{aligned}

\begin{aligned} ^{H}D_{0^{+}}^{\alpha ,\beta ,\psi }z(t)=f(s,z(s),z({\mathfrak {g}}

(s)))+\eta (t),\qquad t\in (0,b]. \end{aligned}

\begin{aligned} z(t)&= {\mathscr {A}}_{z}-\frac{1}{(1-\mu )}\frac{\left( \psi (t)-\psi

(0)\right) ^{\gamma -1}}{\Gamma (\gamma )}\sum \limits _{i=1}^{k}\frac{c_{i}}{

\Gamma (\alpha )}\int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi

(s))^{\alpha -1}\eta (s)ds \\&\quad +\,\frac{1}{\Gamma (\alpha )}\int _{0}^{t}\psi

^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,z(s),z({\mathfrak {g}}(s)))ds \\&\quad

+\,\frac{1}{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha

-1}\eta (s)ds. \end{aligned}
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It follows that

By de�nition of Mittag-Lef�er function and Theorem 2.2, we get

\square

In the forthcoming theorem, we prove the stability results for the problem ( 1.1).

\begin{aligned}&\left| z(t)-{\mathscr {A}}_{z}-\frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,z(s),z({\mathfrak {g}}

(s)))ds\right| \\&\quad \left. \le \left| \frac{1}{(1-\mu )}\right| \frac{1}{\Gamma

(\gamma )}\sum \limits _{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )}\int _{0}^{\tau

_{i}}\psi ^{\prime }(s)(\psi (\tau _{i})-\psi (s))^{\alpha -1}\left| \eta (s)\right| ds\right.

\\&\qquad \left. +\,\frac{1}{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-

\psi (s))^{\alpha -1}\left| \eta (s)\right| ds\right. \\&\quad \left. \le \left| \frac{1}{(1-

\mu )}\right| \frac{\varepsilon }{ \Gamma (\gamma )}\sum \limits

_{i=1}^{k}\frac{c_{i}}{\Gamma (\alpha )} \int _{0}^{\tau _{i}}\psi ^{\prime }(s)(\psi

(\tau _{i})-\psi (s))^{\alpha -1}E_{\alpha }(\psi (s)-\psi (0))^{\alpha }ds\right.

\\&\qquad \left. +\,\frac{\varepsilon }{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)

(\psi (t)-\psi (s))^{\alpha -1}E_{\alpha }(\psi (s)-\psi (0))^{\alpha }ds.\right.

\end{aligned}

\begin{aligned}&\left| z(t)-{\mathscr {A}}_{z}-\frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}f(s,z(s),z({\mathfrak {g}}

(s)))ds\right| \\&\quad \left. \le \left| \frac{1}{(1-\mu )}\right| \frac{\varepsilon }{

\Gamma (\gamma )}\sum \limits _{i=1}^{k}c_{i}\sum \limits _{k=0}^{\infty }\frac{

(\psi (\tau _{i})-\psi (0)^{\alpha })^{k+1}}{\Gamma ((k+1)\alpha +1)} +\varepsilon

\sum \limits _{k=0}^{\infty }\frac{(\psi (t)-\psi (0)^{\alpha })^{k+1}}{\Gamma

((k+1)\alpha +1)}\right. \\&\quad \left. \le \varepsilon \left[ \left| \frac{1}{(1-\mu

)}\right| \frac{1}{\Gamma (\gamma )}\sum \limits _{i=1}^{k}c_{i}\sum \limits

_{n=0}^{ \infty }\frac{(\psi (\tau _{i})-\psi (0)^{\alpha })^{n}}{\Gamma (n\alpha +1)}

+\sum \limits _{k=0}^{\infty }\frac{(\psi (t)-\psi (0)^{\alpha })^{n}}{\Gamma

(n\alpha +1)}\right] \right. \\&\quad \left. =\varepsilon \left[ \left| \frac{1}{(1-\mu

)}\right| \frac{1 }{\Gamma (\gamma )}\sum \limits _{i=1}^{k}c_{i}E_{\alpha }((\psi

(\tau _{i})-\psi (0))^{\alpha })+E_{\alpha }((\psi (t)-\psi (0))^{\alpha })\right] .\right.

\end{aligned}
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Theorem 4.1

Assume that (H_{1}) and (H_{2}), are satis�ed. If

Then

is Ulam–Hyers–Mittag-Lef�er stable.

Proof

Let \varepsilon >0, z\in C[-\,r,b]\cap C_{1-\gamma ;\psi }\left[ 0,b\right] be a function

satisfying the inequality

and let x\in C[-\,r,b]\cap C_{1-\gamma ;\psi }\left[ 0,b\right] be the unique solution of

the following problem

Now, by using Theorem 3.2, we have

\begin{aligned} 2\frac{{\mathscr {B}}(\gamma ,\alpha ){\mathscr {M}}_{f}}{\Gamma

(\alpha )}(\psi (t)-\psi (0))^{\alpha }<1. \end{aligned}

(4.2)

\begin{aligned} ^{H}D_{0^{+}}^{\alpha ,\beta ,\psi }x(t)=f(s,x(s),x({\mathfrak {g}}

(s))),\ \ t\in (0,b], \end{aligned}

(4.3)

\begin{aligned} \left| ^{H}D_{0^{+}}^{\alpha ,\beta ,\psi }z(t)-f(s,z(s),z({\mathfrak

{g}} (s)))\right| \le \varepsilon E_{\alpha }(\psi (t)-\psi (0))^{\alpha },\ t\in (0,b],

\end{aligned}

(4.4)

\begin{aligned} \left\{ \begin{array}{l} ^{H}D_{0^{+}}^{\alpha ,\beta ;\psi

}x(t)=f(t,x(t),x({\mathfrak {g}}(t)), t\in (0,b] \\ I_{0^{+}}^{1-\gamma ;\psi

}x(0^{+})=I_{0^{+}}^{1-\gamma ;\psi }z(0^{+}),\qquad \qquad \qquad \\ x(t)=z(t),\ \

t\in [-\,r,0].\ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \end{array} \right. \end{aligned}
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Note that, for all\ t\in [-\,r,0], \left| z(t)-x(t)\right| =0 . Since I_{0^{+}}^{1-\gamma

;\psi }x(0^{+})=I_{0^{+}}^{1-\gamma ;\psi }z(0^{+}), we can easily prove that

{\mathscr {A}}_{x}={\mathscr {A}}_{z}. Hence, from (\hbox {H}_{2}) and Lemma 4.1,

then for each t\in \left( 0,b \right] , we have

Now, for each y\in C([-\,r,b], {\mathbb {R}} ^{+}), we de�ne an operator {\mathscr

{U}}:C([-\,r,b], {\mathbb {R}} ^{+})\rightarrow C([-\,r,b], {\mathbb {R}} ^{+}) by

\begin{aligned} x(t)=\left\{ \begin{array}{l} {\mathscr {A}}_{x}+\frac{1}{\Gamma

(\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha

-1}f(s,x(s),x({\mathfrak {g}}(s)))ds, t\in \left( 0,b\right] , \\ z(t),\qquad \ t\in \left[ -

\,r,0\right] ,\qquad \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \qquad \qquad \qquad \qquad

\qquad \end{array} \right. \end{aligned}

\begin{aligned} \left| z(t)-x(t)\right|&\le \left| z(t)-{\mathscr {A}}_{z}- \frac{1}

{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha

-1}f(s,z(s),z({\mathfrak {g}}(s)))ds\right| \nonumber \\&\quad +\,\left| \frac{1}

{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha

-1}f(s,z(s),z({\mathfrak {g}}(s)))ds\right. \nonumber \\&\quad \left. -\,\frac{1}

{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha

-1}f(s,x(s),x({\mathfrak {g}}(s)))ds\right| \nonumber \\&\le \varepsilon \left[ \left|

\frac{1}{(1-\mu )}\right| \frac{1}{ \Gamma (\gamma )}\sum \limits

_{i=1}^{k}c_{i}E_{\alpha }((\psi (\tau _{i})-\psi (0))^{\alpha })+E_{\alpha }((\psi (t)-

\psi (0))^{\alpha })\right] \nonumber \\&\quad +\,\frac{1}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}\left| f(s,z(s),z({\mathfrak {g}}

(s)))-f(s,x(s),x(\mathfrak { g}(s)))\right| ds \nonumber \\&\le \varepsilon \left[ \left|

\frac{1}{(1-\mu )}\right| \frac{1}{ \Gamma (\gamma )}\sum \limits

_{i=1}^{k}c_{i}E_{\alpha }((\psi (\tau _{i})-\psi (0))^{\alpha })+E_{\alpha }((\psi (t)-

\psi (0))^{\alpha })\right] \nonumber \\&\quad +\,\frac{{\mathscr {M}}_{f}}{\Gamma

(\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}\left[ \left| z(s)-

x(s)\right| +\left| z({\mathfrak {g}}(s))-x({\mathfrak {g}}(s))\right| \right] ds.

\end{aligned}

(4.5)
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We prove that {\mathscr {U}} is a Picard operator. Using (\hbox {H}_{2}), for t\in \left(

0,b\right] and y_{1},y_{2}\in C([-\,r,b], {\mathbb {R}} ^{+}), we have

which implies

By Eq. (4.2) we conclude that {\mathscr {U}} is a contraction mapping on C[-\,r,b] with

respect to the norm \left\| \cdot \right\| _{C_{1-\gamma ;\psi }[0,b]}.

According to Banach �xed point theorem, we deduce that {\mathscr {U}} is a Picard

operator and F_{{\mathscr {U}}}=y^{*}. Now, for all\ t\in (0,b], we have

\begin{aligned} {\mathscr {U}}y(t)=\left\{ \begin{array}{l} \varepsilon \left[ \left|

\frac{1}{(1-\mu )}\right| \frac{1}{\Gamma (\gamma )}\sum \limits

_{i=1}^{k}c_{i}E_{\alpha }((\psi (\tau _{i})-\psi (0))^{\alpha })+E_{\alpha }((\psi (t)-

\psi (0))^{\alpha })\right] \\ +\frac{{\mathscr {M}}_{f}}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}y(s)ds\\ +\frac{{\mathscr

{M}}_{f}}{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha

-1}y({\mathfrak {g}}(s))ds, t\in \left( 0,b \right] ,\ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \\ 0,\qquad \ t\in

\left[ -\,r,0\right] .\qquad \qquad \qquad \qquad \ \ \ \ \ \ \ \ \ \ \qquad \qquad \qquad

\qquad \end{array} \right. \end{aligned}

\begin{aligned} \left| {\mathscr {U}}y_{1}(t)-{\mathscr {U}}y_{2}(t)\right|& \le \frac{

{\mathscr {M}}_{f}}{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi

(s))^{\alpha -1}\left| y_{1}(s)-y_{2}(s)\right| ds \\&\quad +\,\frac{{\mathscr {M}}_{f}}

{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}\left|

y_{1}({\mathfrak {g}}(s))-y_{2}( {\mathfrak {g}}(s))\right| ds \\&\le \frac{2\Gamma

(\gamma ){\mathscr {M}}_{f}}{\Gamma (\gamma +\alpha )} (\psi (t)-\psi

(0))^{\gamma -1+\alpha }\left\| y_{1}-y_{2}\right\| _{C_{1-\gamma ,\psi }[0,b]} \\&=

2\frac{{\mathscr {B}}(\gamma ,\alpha ){\mathscr {M}}_{f}}{\Gamma (\alpha )} (\psi

(t)-\psi (0))^{\gamma -1+\alpha }\left\| y_{1}-y_{2}\right\| _{C_{1-\gamma ,\psi }

[0,b]}, \end{aligned}

\begin{aligned} \left\| {\mathscr {U}}y_{1}-{\mathscr {U}}y_{2}\right\| _{C_{1-

\gamma ,\psi [0,b]}}\le 2\frac{{\mathscr {B}}(\gamma ,\alpha ){\mathscr {M}}_{f}}{

\Gamma (\alpha )}(\psi (t)-\psi (0))^{\alpha }\left\| y_{1}-y_{2}\right\| _{C_{1-

\gamma ,\psi }[0,b]}. \end{aligned}
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Next, we prove that the solution y^{*} is increasing. Let \sigma :=\min _{s\in \left(

0,b\right] }[y^{*}(s)+y^{*}(h(s))]\in {\mathbb {R}} _{+}, then for all 0\le t_{1}

<t_{2}\le b, we have

Therefore y^{*} is increasing, and hence y^{*}({\mathfrak {g}} (t))\le y^{*}(t) due to

{\mathfrak {g}}(t)\le t, then Eq. (4.6) becomes

\begin{aligned} y^{*}(t)&= \left( {\mathscr {U}}y^{*}\right) (t) \nonumber \\&=

\varepsilon \left[ \left| \frac{1}{(1-\mu )}\right| \frac{1}{ \Gamma (\gamma )}\sum

\limits _{i=1}^{k}c_{i}E_{\alpha }((\psi (\tau _{i})-\psi (0))^{\alpha })+E_{\alpha }

((\psi (t)-\psi (0))^{\alpha })\right] \nonumber \\&\quad +\,\frac{{\mathscr {M}}_{f}}

{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}y^{*}

(s)ds \nonumber \\&\quad +\,\frac{{\mathscr {M}}_{f}}{\Gamma (\alpha )}\int

_{0}^{t}\psi ^{\prime }(s)(\psi (t)-\psi (s))^{\alpha -1}y^{*}({\mathfrak {g}}

(s))ds\text {.} \end{aligned}

(4.6)

\begin{aligned}&y^{*}(t_{2})-y^{*}(t_{1}) \\&\quad \left. =\varepsilon \left[ E_{\alpha

}((\psi (t_{2})-\psi (0))^{\alpha })-E_{\alpha }((\psi (t_{1})-\psi (0))^{\alpha })\right]

\right. \\&\qquad \left. +\,\frac{{\mathscr {M}}_{f}}{\Gamma (\alpha )}\int

_{0}^{t_{1}}\psi ^{\prime }(s)\left[ (\psi (t_{1})-\psi (s))^{\alpha -1}-(\psi (t_{2})-\psi

(s))^{\alpha -1}\right] \left[ y^{*}(s)+y^{*}({\mathfrak {g}}(s))\right] ds\right.

\\&\qquad +\,\frac{{\mathscr {M}}_{f}}{\Gamma (\alpha )}\int _{t_{1}}^{t_{2}}\psi

^{\prime }(s)(\psi (t_{2})-\psi (s))^{\alpha -1}\left[ y^{*}(s)+y^{*}( {\mathfrak {g}}

(s))\right] ds \\&\quad \left. \ge \varepsilon \left[ E_{\alpha }((\psi (t_{2})-\psi

(0))^{\alpha })-E_{\alpha }((\psi (t_{1})-\psi (0))^{\alpha })\right] \right. \\&\qquad

\left. +\,\frac{{\mathscr {M}}_{f}\sigma }{\Gamma (\alpha +1)}\left[ (\psi (t_{2})-\psi

(0))^{\alpha }-(\psi (t_{1})-\psi (0))^{\alpha }+(\psi (t_{2})-\psi (t_{1}))^{\alpha

}\right] \right. \\&\quad \left. >0.\right. \end{aligned}

\begin{aligned} y^{*}(t)&\le \varepsilon \left[ \left| \frac{1}{(1-\mu )} \right| \frac{1}

{\Gamma (\gamma )}\sum \limits _{i=1}^{k}c_{i}E_{\alpha }((\psi (\tau _{i})-\psi

(0))^{\alpha })+E_{\alpha }((\psi (t)-\psi (0))^{\alpha })\right] \\&\quad

+\,\frac{2{\mathscr {M}}_{f}}{\Gamma (\alpha )}\int _{0}^{t}\psi ^{\prime }(s)(\psi

(t)-\psi (s))^{\alpha -1}y^{*}(s)ds. \end{aligned}
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Using Lemma 2.3, we obtain

Take C_{E_{\alpha }}=\left( \left| \frac{1}{(1-\mu )}\right| \frac{1 }{\Gamma (\gamma

)}\sum \limits _{i=1}^{k}c_{i}E_{\alpha }((\psi (\tau _{i})-\psi (0))^{\alpha

})+E_{\alpha }((\psi (b)-\psi (0))^{\alpha })\right) , we get

In particular, if y=|z-x|, from inequality (4.5), y\le {\mathscr {U}} y^{*} and applying

the Lemma 2.2, we obtain y\le y^{*}, where {\mathscr {U}} is an increasing Picard

operator. As a result, we get

Thus ^{H}D_{0^{+}}^{\alpha ,\beta ,\psi }x(t)=f(s,x(s),x({\mathfrak {g}} (s))),\ \ t\in

(0,b] is Ulam–Hyers–Mittag-Lef�er stable. \square

5 Examples

In this section will give two examples to illustrate our results.

Example 5.1

Consider the following problem

\begin{aligned} y^{*}(t)&\le \varepsilon \left[ \left| \frac{1}{(1-\mu )} \right| \frac{1}

{\Gamma (\gamma )}\sum \limits _{i=1}^{k}c_{i}E_{\alpha }((\psi (\tau _{i})-\psi

(0))^{\alpha })+E_{\alpha }((\psi (t)-\psi (0))^{\alpha })\right] \\&\quad \times

\,E_{\alpha }(2{\mathscr {M}}_{f}\left( \psi (t)-\psi (0)\right) ^{\alpha }) \\&\le

\varepsilon \left[ \left| \frac{1}{(1-\mu )}\right| \frac{1}{ \Gamma (\gamma )}\sum

\limits _{i=1}^{k}c_{i}E_{\alpha }((\psi (\tau _{i})-\psi (0))^{\alpha })+E_{\alpha }

((\psi (b)-\psi (0))^{\alpha })\right] \\&\quad \times \,E_{\alpha }(2{\mathscr

{M}}_{f}\left( \psi (t)-\psi (0)\right) ^{\alpha }). \end{aligned}

\begin{aligned} y^{*}(t)\le C_{E_{\alpha }}\varepsilon E_{\alpha }\left( \psi (t)-\psi

(0)\right) ^{\alpha }. \end{aligned}

\begin{aligned} \left| z(t)-x(t)\right| \le C_{E_{\alpha }}\varepsilon E_{\alpha }\left(

\psi (t)-\psi (0)\right) ^{\alpha },\qquad \ t\in \left[ -\,r,b\right] . \end{aligned}
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here \alpha =\frac{1}{3},\beta =\frac{2}{3}, \gamma =\alpha +\beta -\alpha \beta

=\frac{4}{9},k=1,\tau _{1}=\frac{1}{2},c_{1}=\frac{2}{3}, (0,b]=(0,1], \psi (t)=2^{t.},

{\mathfrak {g}}(t)=t-1, and f(t,x(t),x( {\mathfrak {g}}(t))=\frac{1}{8}\left[ \tan ^{-1}

(x(t))+\frac{x^{2}(t-1)}{ 1+x^{2}(t-1)}\right] . Thus, for all x,x^{*}\in {\mathbb {R}}

^{+} and t\in (0,1], we have

Clearly, the conditions (H_{1}) and (H_{2}) hold with {\mathscr {M}}_{f}= \frac{1}{8}, It

is easy to check that the inequality in (H_{3}) also holds. Indeed, by some simple

calculations, we get \mu \simeq 0.91 and \Omega \simeq 0.65<1.

Now, all the hypotheses in Theorem 3.2 are satis�ed, so the problem (5.1) has a unique

solution in C[-\,1,1]\cap C_{\frac{5}{9} ;2^{t.}}[0,1]. Finally, we see that the inequality

is satis�ed. Then the Eq. (4.3) is Ulam–Hyers–Mittag-Lef�er stable with

where

\begin{aligned} \left\{ \begin{array}{l} ^{H}D_{0^{+}}^{\frac{1}{3},\frac{2}

{3};2^{t}}x(t)=\frac{1}{8}\left[ \tan ^{-1}(x(t))+\frac{x^{2}(t-1)}{1+x^{2}(t-1)}\right]

,t\in \left( 0,1 \right] , \\ I_{0^{+}}^{\frac{5}{9};2^{t}}\left[ x(0)\right] =\frac{2}

{3}x(\frac{1}{2} ),\qquad \qquad \ \ \ \ \ \ \\ x(t)=e^{t},\ t\in \left[ -1,0\right] ,\ \ \ \ \ \ \

\ \qquad \end{array} \right. \end{aligned}

(5.1)

\begin{aligned} \left| f(t,x(t),x({\mathfrak {g}}(t)-f(t,x^{*}(t),x^{*}({\mathfrak {g}}

(t))\right| \le \frac{1}{8}\left| x(t)-x^{*}(t)\right| +\frac{1}{8}\left| x({\mathfrak {g}}

(t))-x^{*}({\mathfrak {g}} (t))\right| , \end{aligned}

\begin{aligned} \left| ^{H}D_{0^{+}}^{\frac{1}{3},\frac{2}{3} ;2^{t}}z(t)-f(t,z(t),z(t-

1))\right| \le \varepsilon E_{\frac{1}{3} }((2^{t}-1)^{\frac{1}{3}}) \end{aligned}

\begin{aligned} \left| z(t)-x(t)\right| \mid \le C_{E_{\frac{1}{3}}}\ \varepsilon

E_{\frac{1}{3}}((2^{t}-1)^{\frac{1}{3}}),\ \ t\in \left[ -1,1\right] , \end{aligned}
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Note that,

Example 5.2

Consider the following problem

here \alpha =\frac{1}{2},\beta =\frac{1}{3}, \gamma =\alpha +\beta -\alpha \beta

=\frac{2}{3},k=2,\tau _{1}=\frac{1}{5},\tau _{2}=\frac{1}{4} ,c_{1}=\frac{1}

{6},c_{2}=\frac{1}{5}, (0,b]=(0,\frac{1}{4}], \psi (t)=2^{t.}, {\mathfrak {g}}(t)=t-1, and

f(t,x(t),x({\mathfrak {g}}(t))=\frac{1 }{4}\left[ \cos (2x(t-1))+\frac{x^{2}(t)}{1+x^{2}

(t)}\right] . Thus, for all x,x^{*}\in {\mathbb {R}} ^{+} and t\in (0,\frac{1}{4}], we have

Clearly, the conditions (H_{1}) and (H_{2}) hold with {\mathscr {M}}_{f}= \frac{1}{4}, It

is easy to check that the inequality in (H_{3})

also holds. Indeed, by some simple calculations, we get \mu \simeq 0.49 and \Omega

\simeq 0.43<1.

\begin{aligned} C_{E_{\frac{1}{3}}}=\left( \frac{1}{0.09}\frac{\frac{1}{4}}{\Gamma

(\frac{4}{ 9})}\frac{2}{3}E_{\frac{1}{3}}(2^{\frac{1}{2}}-1)^{\frac{1}{3}}+E_{\frac{1}

{3 }}(1)^{\frac{1}{3}}\right) \simeq 11>0 \end{aligned}

\begin{aligned} E_{\frac{1}{n}}(z)=e^{z^{n}}\left[ 1+n\int _{0}^{t}e^{-x^{n}}\left(

\sum _{k=1}^{n-1}\frac{x^{k-1}}{\Gamma (\frac{k}{n})}\right) dx\right] ,(n\in

{\mathbb {N}} \backslash \{1\}). \end{aligned}

\begin{aligned} \left\{ \begin{array}{l} ^{H}D_{0^{+}}^{\frac{1}{2},\frac{1}

{3};2^{t}}x(t)=\frac{1}{4}\left[ \cos (2x(t-1))+\frac{x^{2}(t)}{1+x^{2}(t)}\right] ,t\in

\left( 0,\frac{1 }{4}\right] , \\ I_{0^{+}}^{\frac{1}{3};2^{t}}\left[ x(0)\right] =\frac{1}

{6}x(\frac{1}{5})+ \frac{1}{5}x(\frac{1}{4}),\qquad (i=1,2) \\ x(t)=\sin (t),\ t\in \left[

-1,0\right] ,\qquad \qquad \ \ \qquad \end{array} \right. \end{aligned}

(5.2)

\begin{aligned} \left| f(t,x(t),x({\mathfrak {g}}(t)-f(t,x^{*}(t),x^{*}({\mathfrak {g}}

(t))\right| \le \frac{1}{4}\left| x(t)-x^{*}(t)\right| +\frac{1}{4}\left| x({\mathfrak {g}}

(t))-x^{*}({\mathfrak {g}} (t))\right| , \end{aligned}
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Since, all the hypotheses in Theorem 3.2 are satis�ed, the problem ( 5.2) has a unique

solution in C[-\,1,\frac{1}{4}]\cap C_{\frac{1}{2} ;2^{t.}}[0,\frac{1}{4}]. Finally, we see

that the inequality

is satis�ed. Then the Eq. (4.3) is Ulam–Hyers–Mittag-Lef�er stable with

where

6 Conclusion

We have obtained existence, uniqueness and Ulam–Hyers–Mittag-Lef�er stability

results for the solution of nonlocal Cauchy problem for \psi -Hilfer fractional functional

differential equations based on the reduction of fractional differential equations to

integral equations. We employed the Picard operator method, �xed point theorems and

generalized Gronwall’s inequality to obtain our results. We trust the reported results here

will have a positive impact on the development of further applications in engineering and

applied sciences.

References

1. Abbas, S., Benchohram, M., Graef, J.R.: Implicit Fractional Differential and Integral

Equations: Existence and Stability. WalterdeGruyterGmbH, Berlin (2018)

Book Google Scholar

\begin{aligned} \left| ^{H}D_{0^{+}}^{\frac{1}{2},\frac{1}{3} ;2^{t}}z(t)-f(t,z(t),z(t-

1))\right| \le \varepsilon E_{\frac{1}{2} }((2^{t}-1)^{\frac{1}{2}}) \end{aligned}

\begin{aligned} \left| z(t)-x(t)\right| \mid \le C_{E_{\frac{1}{2}}}\ \varepsilon

E_{\frac{1}{2}}((2^{t}-1)^{\frac{1}{2}}),\ \ t\in \left[ -1,\frac{1}{4} \right] ,

\end{aligned}

\begin{aligned} C_{E_{\frac{1}{2}}}=\left( \frac{1}{(1-0.49)}\frac{\frac{1}{2}}

{\Gamma ( \frac{2}{3})}\frac{2}{3}E_{\frac{1}{2}}\left( 2^{\frac{1}{5}}-1\right) ^{

\frac{1}{2}}+\frac{3}{2}E_{\frac{1}{2}}\left( 2^{\frac{1}{4}}-1\right) ^{ \frac{1}

{2}}\right) \simeq 2.67>0. \end{aligned}

Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js

6/16/24, 12:19 PM Existence and Ulam–Hyers–Mittag-Leffler stability results of $$\varPsi $$ -Hilfer nonlocal Cauchy problem | Rendiconti del C…

https://link.springer.com/article/10.1007/s12215-020-00484-8 32/39

https://doi.org/10.1515%2F9783110553819
http://scholar.google.com/scholar_lookup?&title=Implicit%20Fractional%20Differential%20and%20Integral%20Equations%3A%20Existence%20and%20Stability&doi=10.1515%2F9783110553819&publication_year=2018&author=Abbas%2CS&author=Benchohram%2CM&author=Graef%2CJR


2. Abdo, M.S., Panchal, S.K.: Fractional integro-differential equations involving \psi -

Hilfer fractional derivative. Adv. Appl. Math. Mech. 11, 338–359 (2019)

Article MathSciNet Google Scholar

3. Abdo, M.S., Panchal, S.K., Shafei Hussien, H.: Fractional integro-differential

equations with nonlocal conditions and \psi -Hilfer fractional derivative. Math. Model.

Anal. 24(4), 564–584 (2019). https://doi.org/10.3846/mma.2019.034

Article MathSciNet Google Scholar

4. Agrawal, O.P.: Some generalized fractional calculus operators and their applications in

integral equations. Fract. Calc. Appl. Anal. 15, 700–711 (2012)

Article MathSciNet Google Scholar

5. Arara, A., Benchohra, M., Hamidi, N., Nieto, J.J.: Fractional order differential equations

on an unbounded domain. Nonlinear Anal. Theory Methods Appl. 72, 580–586 (2010)

Article MathSciNet Google Scholar

6. Burton, T.A.: A �xed-point theorem of Krasnoselskii. Appl. Math. Lett. 11(1), 85–88

(1998)

Article MathSciNet Google Scholar

7. Furati, K.M., Kassim, M.D.: Existence and uniqueness for a problem involving Hilfer

fractional derivative. Comput. Math. Appl. 64, 1616–1626 (2012)

Article MathSciNet Google Scholar

8. Hilfer, R.: Application of Fractional Calculus in Physics. World Scienti�c, Singapore

(1999)

Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js

6/16/24, 12:19 PM Existence and Ulam–Hyers–Mittag-Leffler stability results of $$\varPsi $$ -Hilfer nonlocal Cauchy problem | Rendiconti del C…

https://link.springer.com/article/10.1007/s12215-020-00484-8 33/39

https://doi.org/10.4208%2Faamm.OA-2018-0143
http://www.ams.org/mathscinet-getitem?mr=3911898
http://scholar.google.com/scholar_lookup?&title=Fractional%20integro-differential%20equations%20involving%20%24%24%5Cpsi%20%24%24%20%CF%88%20-Hilfer%20fractional%20derivative&journal=Adv.%20Appl.%20Math.%20Mech.&doi=10.4208%2Faamm.OA-2018-0143&volume=11&pages=338-359&publication_year=2019&author=Abdo%2CMS&author=Panchal%2CSK
https://doi.org/10.3846/mma.2019.034
https://doi.org/10.3846%2Fmma.2019.034
http://www.ams.org/mathscinet-getitem?mr=4030461
http://scholar.google.com/scholar_lookup?&title=Fractional%20integro-differential%20equations%20with%20nonlocal%20conditions%20and%20%24%24%5Cpsi%20%24%24%20%CF%88%20-Hilfer%20fractional%20derivative&journal=Math.%20Model.%20Anal.&doi=10.3846%2Fmma.2019.034&volume=24&issue=4&pages=564-584&publication_year=2019&author=Abdo%2CMS&author=Panchal%2CSK&author=Shafei%20Hussien%2CH
https://doi.org/10.2478%2Fs13540-012-0047-7
http://www.ams.org/mathscinet-getitem?mr=2974327
http://scholar.google.com/scholar_lookup?&title=Some%20generalized%20fractional%20calculus%20operators%20and%20their%20applications%20in%20integral%20equations&journal=Fract.%20Calc.%20Appl.%20Anal.&doi=10.2478%2Fs13540-012-0047-7&volume=15&pages=700-711&publication_year=2012&author=Agrawal%2COP
https://doi.org/10.1016%2Fj.na.2009.06.106
http://www.ams.org/mathscinet-getitem?mr=2579326
http://scholar.google.com/scholar_lookup?&title=Fractional%20order%20differential%20equations%20on%20an%20unbounded%20domain&journal=Nonlinear%20Anal.%20Theory%20Methods%20Appl.&doi=10.1016%2Fj.na.2009.06.106&volume=72&pages=580-586&publication_year=2010&author=Arara%2CA&author=Benchohra%2CM&author=Hamidi%2CN&author=Nieto%2CJJ
https://doi.org/10.1016%2FS0893-9659%2897%2900138-9
http://www.ams.org/mathscinet-getitem?mr=1490385
http://scholar.google.com/scholar_lookup?&title=A%20fixed-point%20theorem%20of%20Krasnoselskii&journal=Appl.%20Math.%20Lett.&doi=10.1016%2FS0893-9659%2897%2900138-9&volume=11&issue=1&pages=85-88&publication_year=1998&author=Burton%2CTA
https://doi.org/10.1016%2Fj.camwa.2012.01.009
http://www.ams.org/mathscinet-getitem?mr=2960788
http://scholar.google.com/scholar_lookup?&title=Existence%20and%20uniqueness%20for%20a%20problem%20involving%20Hilfer%20fractional%20derivative&journal=Comput.%20Math.%20Appl.&doi=10.1016%2Fj.camwa.2012.01.009&volume=64&pages=1616-1626&publication_year=2012&author=Furati%2CKM&author=Kassim%2CMD


Google Scholar

9. Hyers, D.H., Isac, G., Rassias, Th.M.: Stability of functional equations in several

variables. In: Progress in Nonlinear Differential Equations and Their Applications, vol.

34, Birkhauser, Boston (1998)

10. Goodrich, C.S.: Existence of a positive solution to a class of fractional differential

equations. Appl. Math. Lett. 23, 1050–1055 (2010)

Article MathSciNet Google Scholar

11. Goren�o, R., Kilbas, A.A., Mainardi, F., Rogosin, S.V.: Mittag-Lef�er Functions,

Related Topics and Applications. Springer, Berlin (2014)

Book Google Scholar

12. Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional

Differential Equations, vol. 207. Elsevier, Amsterdam (2006)

MATH Google Scholar

13. Kucche, K.D., Shikhare, P.U.: Ulam–Hyers stability of integro differential equations

in banach spaces via Pachpatte’s inequality. Asian Eur J. Math. 11(04), 1850062

(2018)

Article MathSciNet Google Scholar

14. Kucche, K.D., Mali, A.D., Sousa, J.V.D.C.: On the nonlinear \psi -Hilfer fractional

differential equations. Comput. Appl. Math. 38(2), 73 (2019)

Article MathSciNet Google Scholar

Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js

6/16/24, 12:19 PM Existence and Ulam–Hyers–Mittag-Leffler stability results of $$\varPsi $$ -Hilfer nonlocal Cauchy problem | Rendiconti del C…

https://link.springer.com/article/10.1007/s12215-020-00484-8 34/39

http://scholar.google.com/scholar_lookup?&title=Application%20of%20Fractional%20Calculus%20in%20Physics&publication_year=1999&author=Hilfer%2CR
https://doi.org/10.1016%2Fj.aml.2010.04.035
http://www.ams.org/mathscinet-getitem?mr=2659137
http://scholar.google.com/scholar_lookup?&title=Existence%20of%20a%20positive%20solution%20to%20a%20class%20of%20fractional%20differential%20equations&journal=Appl.%20Math.%20Lett.&doi=10.1016%2Fj.aml.2010.04.035&volume=23&pages=1050-1055&publication_year=2010&author=Goodrich%2CCS
https://link.springer.com/doi/10.1007/978-3-662-43930-2
http://scholar.google.com/scholar_lookup?&title=Mittag-Leffler%20Functions%2C%20Related%20Topics%20and%20Applications&doi=10.1007%2F978-3-662-43930-2&publication_year=2014&author=Gorenflo%2CR&author=Kilbas%2CAA&author=Mainardi%2CF&author=Rogosin%2CSV
http://www.emis.de/MATH-item?1092.45003
http://scholar.google.com/scholar_lookup?&title=Theory%20and%20Applications%20of%20Fractional%20Differential%20Equations&publication_year=2006&author=Kilbas%2CAA&author=Srivastava%2CHM&author=Trujillo%2CJJ
https://doi.org/10.1142%2FS1793557118500626
http://www.ams.org/mathscinet-getitem?mr=3835710
http://scholar.google.com/scholar_lookup?&title=Ulam%E2%80%93Hyers%20stability%20of%20integro%20differential%20equations%20in%20banach%20spaces%20via%20Pachpatte%E2%80%99s%20inequality&journal=Asian%20Eur%20J.%20Math.&doi=10.1142%2FS1793557118500626&volume=11&issue=04&publication_year=2018&author=Kucche%2CKD&author=Shikhare%2CPU
https://link.springer.com/doi/10.1007/s40314-019-0833-5
http://www.ams.org/mathscinet-getitem?mr=3927349
http://scholar.google.com/scholar_lookup?&title=On%20the%20nonlinear%20%24%24%5Cpsi%20%24%24%20%CF%88%20-Hilfer%20fractional%20differential%20equations&journal=Comput.%20Appl.%20Math.&doi=10.1007%2Fs40314-019-0833-5&volume=38&issue=2&publication_year=2019&author=Kucche%2CKD&author=Mali%2CAD&author=Sousa%2CJVDC


15. Liu, K., Wang, J., O’Regan, D.: Ulam–Hyers–Mittag-Lef�er stability for \psi -Hilfer

fractional-order delay differential equations. Adv. Differ. Equ. 50, 1–12 (2019)

MathSciNet MATH Google Scholar

16. Oliveira, E.C., Sousa, J.V.D.C.: Ulam–Hyers–Rassias stability for a class of fractional

integro-differential equations. Results Math. 73, 111 (2018)

Article MathSciNet Google Scholar

17. Otrocol, D., Ilea, V.: Ulam stability for a delay differential equation. Cent. Eur. J. Math.

11, 1296–1303 (2013)

MathSciNet MATH Google Scholar

18. Podlubny, I.: Fractional Differential Equations: An Introduction to Fractional

Derivatives, Fractional Differential Equations to Methods of Their Solution and Some

of Their Applications, Mathematics in Science and Engineering, vol. 198. Elsevier,

Amsterdam (1999)

MATH Google Scholar

19. Rassias, T.M.: On the stability of the linear mapping in Banach spaces. Proc. Am.

Math. Soc. 72(2), 297–300 (1978)

Article MathSciNet Google Scholar

20. Samko, S.G., Kilbas, A.A., Marichev, O.I.: Fractional Integrals and Derivatives:

Theory and Applications. Gordon and Breach, Yverdon (1987)

MATH Google Scholar

Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js

6/16/24, 12:19 PM Existence and Ulam–Hyers–Mittag-Leffler stability results of $$\varPsi $$ -Hilfer nonlocal Cauchy problem | Rendiconti del C…

https://link.springer.com/article/10.1007/s12215-020-00484-8 35/39

http://www.ams.org/mathscinet-getitem?mr=3908976
http://www.emis.de/MATH-item?07020825
http://scholar.google.com/scholar_lookup?&title=Ulam%E2%80%93Hyers%E2%80%93Mittag-Leffler%20stability%20for%20%24%24%5Cpsi%20%24%24%20%CF%88%20-Hilfer%20fractional-order%20delay%20differential%20equations&journal=Adv.%20Differ.%20Equ.&volume=50&pages=1-12&publication_year=2019&author=Liu%2CK&author=Wang%2CJ&author=O%E2%80%99Regan%2CD
https://link.springer.com/doi/10.1007/s00025-018-0872-z
http://www.ams.org/mathscinet-getitem?mr=3836183
http://scholar.google.com/scholar_lookup?&title=Ulam%E2%80%93Hyers%E2%80%93Rassias%20stability%20for%20a%20class%20of%20fractional%20integro-differential%20equations&journal=Results%20Math.&doi=10.1007%2Fs00025-018-0872-z&volume=73&publication_year=2018&author=Oliveira%2CEC&author=Sousa%2CJVDC
http://www.ams.org/mathscinet-getitem?mr=3047057
http://www.emis.de/MATH-item?1275.34098
http://scholar.google.com/scholar_lookup?&title=Ulam%20stability%20for%20a%20delay%20differential%20equation&journal=Cent.%20Eur.%20J.%20Math.&volume=11&pages=1296-1303&publication_year=2013&author=Otrocol%2CD&author=Ilea%2CV
http://www.emis.de/MATH-item?0924.34008
http://scholar.google.com/scholar_lookup?&title=Fractional%20Differential%20Equations%3A%20An%20Introduction%20to%20Fractional%20Derivatives%2C%20Fractional%20Differential%20Equations%20to%20Methods%20of%20Their%20Solution%20and%20Some%20of%20Their%20Applications%2C%20Mathematics%20in%20Science%20and%20Engineering&publication_year=1999&author=Podlubny%2CI
https://doi.org/10.1090%2FS0002-9939-1978-0507327-1
http://www.ams.org/mathscinet-getitem?mr=507327
http://scholar.google.com/scholar_lookup?&title=On%20the%20stability%20of%20the%20linear%20mapping%20in%20Banach%20spaces&journal=Proc.%20Am.%20Math.%20Soc.&doi=10.1090%2FS0002-9939-1978-0507327-1&volume=72&issue=2&pages=297-300&publication_year=1978&author=Rassias%2CTM
http://www.emis.de/MATH-item?0617.26004
http://scholar.google.com/scholar_lookup?&title=Fractional%20Integrals%20and%20Derivatives%3A%20Theory%20and%20Applications&publication_year=1987&author=Samko%2CSG&author=Kilbas%2CAA&author=Marichev%2COI


21. Shah, K., Ali, A., Bushnaq, S.: Hyers–Ulam stability analysis to implicit Cauchy

problem of fractional differential equations with impulsive conditions. Math.

Methods Appl. Sci. 41, 8329–8343 (2018)

Article MathSciNet Google Scholar

22. Sousa, J.V.D.C., de Oliveira, E.C.: On the \psi -Hilfer fractional derivative. Commun.

Nonlinear Sci. Numer. Simul. 60, 72–91 (2018)

Article MathSciNet Google Scholar

23. Sousa, J.V.D.C., Kucche, J.K.D., de Oliveira, E.C.: Stability of \psi -Hilfer impulsive

fractional differential equations. Appl. Math. Lett. 88, 73–80 (2019)

Article MathSciNet Google Scholar

24. Sousa, J.V.D.C., de Oliveira, E.C.: A Gronwall inequality and the Cauchy-type problem

by means of \psi -Hilfer operator. Differ. Equ. Appl. 11(1), 87–106 (2019)

MathSciNet MATH Google Scholar

25. Sousa, J.V.D.C., de Oliveira, E.C.: On the Ulam–Hyers–Rassias stability for nonlinear

fractional differential equations using the \psi -Hilfer operator. Fixed Point Theory

Appl. 20, Article ID 96 (2018)

26. Sousa, J.V.D.C., de Oliveira, E.C.: Ulam-Hyers stability of a nonlinear fractional

Volterra integro-differential equation. Appl. Math. Lett. 81, 50–56 (2018)

Article MathSciNet Google Scholar

27. Sousa, J.V.D.C., de Oliveira, E.C.: Leibniz type rule: \psi -Hilfer fractional operator.

Commun. Nonlinear Sci. Numer. Simul. 77, 305–311 (2019)

Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js

6/16/24, 12:19 PM Existence and Ulam–Hyers–Mittag-Leffler stability results of $$\varPsi $$ -Hilfer nonlocal Cauchy problem | Rendiconti del C…

https://link.springer.com/article/10.1007/s12215-020-00484-8 36/39

https://doi.org/10.1002%2Fmma.5292
http://www.ams.org/mathscinet-getitem?mr=3891291
http://scholar.google.com/scholar_lookup?&title=Hyers%E2%80%93Ulam%20stability%20analysis%20to%20implicit%20Cauchy%20problem%20of%20fractional%20differential%20equations%20with%20impulsive%20conditions&journal=Math.%20Methods%20Appl.%20Sci.&doi=10.1002%2Fmma.5292&volume=41&pages=8329-8343&publication_year=2018&author=Shah%2CK&author=Ali%2CA&author=Bushnaq%2CS
https://doi.org/10.1016%2Fj.cnsns.2018.01.005
http://www.ams.org/mathscinet-getitem?mr=3762997
http://scholar.google.com/scholar_lookup?&title=On%20the%20%24%24%5Cpsi%20%24%24%20%CF%88%20-Hilfer%20fractional%20derivative&journal=Commun.%20Nonlinear%20Sci.%20Numer.%20Simul.&doi=10.1016%2Fj.cnsns.2018.01.005&volume=60&pages=72-91&publication_year=2018&author=Sousa%2CJVDC&author=Oliveira%2CEC
https://doi.org/10.1016%2Fj.aml.2018.08.013
http://www.ams.org/mathscinet-getitem?mr=3862715
http://scholar.google.com/scholar_lookup?&title=Stability%20of%20%24%24%5Cpsi%20%24%24%20%CF%88%20-Hilfer%20impulsive%20fractional%20differential%20equations&journal=Appl.%20Math.%20Lett.&doi=10.1016%2Fj.aml.2018.08.013&volume=88&pages=73-80&publication_year=2019&author=Sousa%2CJVDC&author=Kucche%2CJKD&author=Oliveira%2CEC
http://www.ams.org/mathscinet-getitem?mr=3904275
http://www.emis.de/MATH-item?1427.34017
http://scholar.google.com/scholar_lookup?&title=A%20Gronwall%20inequality%20and%20the%20Cauchy-type%20problem%20by%20means%20of%20%24%24%5Cpsi%20%24%24%20%CF%88%20-Hilfer%20operator&journal=Differ.%20Equ.%20Appl.&volume=11&issue=1&pages=87-106&publication_year=2019&author=Sousa%2CJVDC&author=Oliveira%2CEC
https://doi.org/10.1016%2Fj.aml.2018.01.016
http://www.ams.org/mathscinet-getitem?mr=3771989
http://scholar.google.com/scholar_lookup?&title=Ulam-Hyers%20stability%20of%20a%20nonlinear%20fractional%20Volterra%20integro-differential%20equation&journal=Appl.%20Math.%20Lett.&doi=10.1016%2Fj.aml.2018.01.016&volume=81&pages=50-56&publication_year=2018&author=Sousa%2CJVDC&author=Oliveira%2CEC


Article MathSciNet Google Scholar

28. Teodoro, G.S., Machado, J.T., De Oliveira, E.C.: A review of de�nitions of fractional

derivatives and other operators. J. Comput. Phys. 388, 195–208 (2019)

Article MathSciNet Google Scholar

29. Ulam, S.M.: Problems in Modern Mathematics (Chapter 6). Wiley, New York (1960)

Google Scholar

30. Ulam, S.M.: A Collection of mathematical problems. In: Interscience Tracts in Pure

and Applied Mathematics, vol. 8, Inter-science, New York (1960)

31. Wang, J., Zhang, Y.: Ulam–Hyers–Mittag-Lef�er stability of fractional-order delay

differential equations. Optimization 63, 1181–1190 (2014)

Article MathSciNet Google Scholar

32. Wang, J., Zhou, Y., Feĉkan, Y.M.: Nonlinear impulsive problems for fractional

differential equations and Ulam stability. Comput. Math. Appl. 64, 3389–3405

(2012)

Article MathSciNet Google Scholar

Author information

Authors and A�liations

Department of Mathematics, Dr. Babasaheb Ambedkar Marathwada University,

Aurangabad, MS, 431001, India

Mohammed A. Almalahi, Mohammed S. Abdo & Satish K. Panchal

Corresponding author
Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js

6/16/24, 12:19 PM Existence and Ulam–Hyers–Mittag-Leffler stability results of $$\varPsi $$ -Hilfer nonlocal Cauchy problem | Rendiconti del C…

https://link.springer.com/article/10.1007/s12215-020-00484-8 37/39

https://doi.org/10.1016%2Fj.cnsns.2019.05.003
http://www.ams.org/mathscinet-getitem?mr=3948892
http://scholar.google.com/scholar_lookup?&title=Leibniz%20type%20rule%3A%20%24%24%20%5Cpsi%20%24%24%20%CF%88%20-Hilfer%20fractional%20operator&journal=Commun.%20Nonlinear%20Sci.%20Numer.%20Simul.&doi=10.1016%2Fj.cnsns.2019.05.003&volume=77&pages=305-311&publication_year=2019&author=Sousa%2CJVDC&author=Oliveira%2CEC
https://doi.org/10.1016%2Fj.jcp.2019.03.008
http://www.ams.org/mathscinet-getitem?mr=3933276
http://scholar.google.com/scholar_lookup?&title=A%20review%20of%20definitions%20of%20fractional%20derivatives%20and%20other%20operators&journal=J.%20Comput.%20Phys.&doi=10.1016%2Fj.jcp.2019.03.008&volume=388&pages=195-208&publication_year=2019&author=Teodoro%2CGS&author=Machado%2CJT&author=Oliveira%2CEC
http://scholar.google.com/scholar_lookup?&title=Problems%20in%20Modern%20Mathematics%20%28Chapter%206%29&publication_year=1960&author=Ulam%2CSM
https://doi.org/10.1080%2F02331934.2014.906597
http://www.ams.org/mathscinet-getitem?mr=3223606
http://scholar.google.com/scholar_lookup?&title=Ulam%E2%80%93Hyers%E2%80%93Mittag-Leffler%20stability%20of%20fractional-order%20delay%20differential%20equations&journal=Optimization&doi=10.1080%2F02331934.2014.906597&volume=63&pages=1181-1190&publication_year=2014&author=Wang%2CJ&author=Zhang%2CY
https://doi.org/10.1016%2Fj.camwa.2012.02.021
http://www.ams.org/mathscinet-getitem?mr=2989367
http://scholar.google.com/scholar_lookup?&title=Nonlinear%20impulsive%20problems%20for%20fractional%20differential%20equations%20and%20Ulam%20stability&journal=Comput.%20Math.%20Appl.&doi=10.1016%2Fj.camwa.2012.02.021&volume=64&pages=3389-3405&publication_year=2012&author=Wang%2CJ&author=Zhou%2CY&author=Fe%C4%89kan%2CYM


Correspondence to Mohammed A. Almalahi.

Additional information

Publisher's Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps

and institutional af�liations.

Rights and permissions

Reprints and permissions

About this article

Cite this article

Almalahi, M.A., Abdo, M.S. & Panchal, S.K. Existence and Ulam–Hyers–Mittag-Le�er

stability results of \varPsi -Hilfer nonlocal Cauchy problem. Rend. Circ. Mat. Palermo, II. Ser

70, 57–77 (2021). https://doi.org/10.1007/s12215-020-00484-8

Received

05 September 2019

Accepted

14 January 2020

Published

31 January 2020

Issue Date

April 2021

DOI

https://doi.org/10.1007/s12215-020-00484-8

Share this article

Anyone you share the following link with will be able to read this content:

Get shareable link

Provided by the Springer Nature SharedIt content-sharing initiative
Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js

6/16/24, 12:19 PM Existence and Ulam–Hyers–Mittag-Leffler stability results of $$\varPsi $$ -Hilfer nonlocal Cauchy problem | Rendiconti del C…

https://link.springer.com/article/10.1007/s12215-020-00484-8 38/39

mailto:aboosama736242107@gmail.com
https://s100.copyright.com/AppDispatchServlet?title=Existence%20and%20Ulam%E2%80%93Hyers%E2%80%93Mittag-Leffler%20stability%20results%20of%20%24%24%5CvarPsi%20%24%24%20%CE%A8%20-Hilfer%20nonlocal%20Cauchy%20problem&author=Mohammed%20A.%20Almalahi%20et%20al&contentID=10.1007%2Fs12215-020-00484-8&copyright=Springer-Verlag%20Italia%20S.r.l.%2C%20part%20of%20Springer%20Nature&publication=0009-725X&publicationDate=2020-01-31&publisherName=SpringerNature&orderBeanReset=true


Keywords

\psi -Hilfer fractional di�erential equation Nonlocal conditions

Krasnoselskii �xed point theorem Picard operator

Ulam–Hyers–Mittag-Le�er stability

Mathematics Subject Classi�cation

34A08 34B15 34A12 47H10

Loading [MathJax]/jax/output/SVG/fonts/TeX/Main/Italic/Main.js

6/16/24, 12:19 PM Existence and Ulam–Hyers–Mittag-Leffler stability results of $$\varPsi $$ -Hilfer nonlocal Cauchy problem | Rendiconti del C…

https://link.springer.com/article/10.1007/s12215-020-00484-8 39/39

https://link.springer.com/search?query=%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20-Hilfer%20fractional%20differential%20equation&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20-Hilfer%20fractional%20differential%20equation&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=Nonlocal%20conditions&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=Krasnoselskii%20fixed%20point%20theorem&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=Picard%20operator&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=Ulam%E2%80%93Hyers%E2%80%93Mittag-Leffler%20stability&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=34A08&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=34B15&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=34A12&facet-discipline=%22Mathematics%22
https://link.springer.com/search?query=47H10&facet-discipline=%22Mathematics%22

