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Abstract

The major goal of this work is to investigate sufficient conditions of existence, uniqueness, and
Ulam-Hyers stability of solutions for a coupled system of 1/-Hilfer sequential fractional differential

equations with two-point boundary conditions. Some standard fixed point theorems of Leray-

Schauder alternative and Banach are applied to establish these results. A pertinent example is
provided to corroboration the results obtained.
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1. Introduction

Fractional differential equations (FDEs) have acquired considerable significance because it has

varied applications in numerous applied sciences and engineering[1], [2], [3]. There are various
definitions of fractional calculus (FC) that developed the FDEs whether in modeling or descript the
memory accurately. Among these famous operators are Riemann-Liouville (RL) (1832), Riemann
(1849), Griinwald Letnikov (1867), Caputo (1997), Hilfer (2000), as well as Hadamard (1891) which
are the most used.

The FC over time has been acquisition increasing significance in scientific research[1], [2], [3], [4],
[5]. With novel definitions of FC[6], [7], [8], [9], [10], [11], [12] there have appeared some
applications in a few areas of study|[13], [14], [15], [16]. There is a prominent and noticeable interest
in the investigation of qualitative characteristics of solutions (existence, uniqueness, stability) of
FDEs. Recently, Sousa etal. and Abdo etal. in the papers series[17], [18], [19], [20], [21], [22], [23],
[24],[25], [26], [27] studied the existence, uniqueness, continuous dependence, and different types
of stability in Ulam-Hyers sense for various kinds of FDEs.

On the other side, the study of coupled systems involving FDEs is also important as such systems
occur in various problems of applied nature, for instance, see[28], [29], [30], [31], [32]. For some
theoretical works on coupled systems of FDEs, we refer to series of papers[33], [34], [35], [36], [37],
[38], [39]. Very recently, Abbas etal.[40] studied the existence and uniqueness of solution for the
following fractional coupled system

(Dal’ﬂl )(Q, ’w) f1 (Q,’U, (Qa 'w) X (Qa w) 7w) s 0 E[OaXL

(D5%0) (e,w) = £ (0, u(e,w) v (e,w) ,w), we g,

with coupled conditions

(70) 0,0) = 6 (w) and (I 0) (0,w) = 6, (w),

where x > 0, e; €(0,1), 8; €0, 1],(£2, A) is a measurable space,

v =a; + B; — i B, d; : 2 — R™, f; :[0, x| xR™ x R™ x 2 — R™; ¢ = 1,2, are given functions,
I;: % is the left-sided mixed RL integral of order 1 — +;, and Do‘“ﬁ i is the Hilfer operator of order o;
and type B;, ¢ = 1, 2. Saengthong etal.[41] considered a system of Hilfer-Hadamard sequential FDEs
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(

(HD"I"31+k1 aDy 1"3‘) () = f(o,u(e),v(0)), e€lle], (11)

(#D2% + k. &DET)o(0) =9(ou(e),v(0), € Lyel,
U1 (1) = 0, Ul (e) = Al,

uz (1) =0, us(e) = Ay,

\

The authors obtained some existence and uniqueness results on system (1.1) via standard fixed
point theorems.

Motivated by preceding works above, in current paper, we investigate some existence, uniqueness
and Ulam-Hyers stability results for more general coupled system of ¢-Hilfer sequential FDEs:

p

D%y (9) + L D% uy (0) = £, (0,u1 (0) 2 (0)), (1.2)
o€ Z=(a,x],x > a,
D%y () + LaD® %5 (0) = £, (0, w1 (0) ,u2 (0))

N\

U1 (a') =0, wy (X) = Q1,

U2 (a’) =0, ug (X) = Q2,

\

where D;“i’ﬂ ¥ denotes the t-Hilfer fractional derivative of order a; €(1,2), and type ; €[0, 1],
Li,Q; R, (1=1,2), f; : Fx X x X — X, (i =1,2) are continuous fulfilling some
suppositions that will be described later, and £ is the Banach space.

The coupled system of 1-Hilfer sequential FDEs with boundary conditions considered in the current
work is the more wide class of coupled system of BVPs that incorporates the BVP for sequential FDEs
involving the most broadly used Riemann-Liouville and Caputo fractional derivatives. Regardless of
this, the coupled system (1.2) for various values of a function 4 and parameter j3; (¢ = 1, 2) includes
the study of coupled system of sequential FDEs involving the Hilfer, Hadamard, Katugampola, and
many other fractional derivatives operators. Moreover, the results gained in our paper includes the
results of Ahmad etal.[42], Abbas[43] and Saengthong etal.[41], also, it will be a useful contribution
to the existing literature on the topic.

The major contribution of the current paper is to obtain an equivalent fractional integral system and
to establish the existence, uniqueness and Ulam-Hyers stability of solutions for a coupled system of
1-Hilfer sequential FDEs with minimal conditions of nonlinear terms. Our analysis relying on fixed
point theorems of Banach and Leray-Schauder. Though we make use of the standard methodology
to obtain our results, yet its exposition to the proposed system is new.
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This paper is systematized as follows: In Section2, we rendering the rudimentary definitions and
prove some lemmas that are applied throughout this paper, also we present the concepts of some
fixed point theorems. In Section3, we prove the existence, uniqueness and Ulam-Hyers stability of
solutions for coupled system (1.2). In Section5, we give a pertinent example to illustrate our results.
Concluding remarks about our results in the last section.

2. Preliminar

In this part, we give important definitions and auxiliary lemmas that have pertinent to our main
results.

Let Z = C|a, x| be the Banach space of continuous function w :[a, x]— R with the norm

|lu|| = max {|u ()| : @ < o < x}. Clearly £ is a Banach space with this norm and hence the
product Z" x Z is also a Banach space with the following norm

(s )| = [[u]] + [vll.

Lety = a + 28 — af such that o €(1,2), B €[0,1] and let ¢y € C? [a, x] be an increasing function
with 9’ (g) # 0 for each g € [a, Xx]. We define the weighted space Z5_-4[a, x] of continuous
function wu :[a,x]— Rby

Zawlaxl={u: (@ x] > Ri[¥ () —¥ (@ Tu(@ e Z}, 1<y<2
Obviously, £5_+,4[a, X] is a Banach space endowed with the norm

lelly-ysp = mas % () — ¥ (@) "u (o) -

Let Z2— vy = Za—qy,;p X Z2—y,5, be the product weighted space with the norm
1y 0|2y = Ntllz—yi + ([0l

for each (u,v)€ Zo—yp.

For brevity, we set

Ao, 8)= (s) (W (o) — % ()",
0, (e,a)= (¥ (o) — ¥ (a))" 7,

1 pre 4 p-l _ (¥(0)—Y(a))*
Wfa% (0,8)ds = =5y

Definition 2.1

2]

Leta > 0, f € Ly]a, b]. Then, the generalized RL fractional integral of a function f of order a with
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respect to 1is defined by
130 £(0) = 5y Ji 4" (e,9)f (s) ds.

Definition 2.2

[12]

Letn —1 <a<neN,and f,9 € C" [a, x]. Then the generalized Hilfer fractional derivative of a
function f of order o and type 0 < 8 < 1 with respect to 1) is defined by

H D::jrﬂﬂ/! flo) = [Pn—a)y fz[/)n] Ié}r—ﬂ)(n—a)ﬂﬁ (o)
= po-ew g g
=D $ (o), v=a+nB—ap,

where

DY’ f(e) = £ I 1 (o), amd £T = (k)
Lemma 2.3

[2], [12]

Leta, B > 0and d > 0. Then

1% £ (0) = I £ (o),

05 (0,0)= AR ()

r( +7) a),
and
H‘Dz*"ﬂ,d)e;z_l (97 a): 0, y=a+np—ap.

Lemma 2.4
[12]
IffeCla,bn—1<a<n,and0 < B <1,then

(4 (6% (Q’ —a);
Iafﬁ HDalrﬁ’d)f(Q) =flo) -3, Fi—k+1 f[n K] }r B)(n o‘)¢f(a),
HDIPYIZ £ (0) = £ (o) -

Lemma 2.5

50f29 6/16/2024, 11:51 AM
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[44] (Leray-Schauder Alternative)

LetG : & — & be a completely continuous operator and let
E(G)={ye Z:y=46G(y),d €[0,1]}. Then either the set £ (G) is unbounded or G has at least one
fixed point.

Theorem 2.6

[45] (Banach Fixed Point Theorem)

Let & be a Banach space, K C % be closed, and G : K — K be a strict contraction, i.e.,
|G (z) — G (y) || < L||z — yl|| forsome 0 < L < 1and all z,y € K. Then G has a fixed point in K.

Lemma 2.7

Leti=1,2, v, = a; + 2B8; — o; 3; such that o; €(1,2), B; €[0,1],and  h; : (a,x] = Rbea
continuous functions. If (u1,us)€ Za—,y satisfies

( Dal,ﬁn"/’ul (9) + L D ’ﬂl’d)ul (Q) =h (9)7 ec / 1)
Da2,ﬂ27¢U2 (Q) + L, DCvz 1”31’1/}’11,2 (Q) = hy (9)7 oc /
{ wi(a)=0, uy (x) =
us (a) =0, Uz (x) = Q9
\
Then
6% (0.) 22
U; (Q) = Qz 6»12—1 x,a)
6% (.Q, X 4
+Li| gy J ¥ (@i () ds = [14 () wi (s) do

oy e,a)
oy~

F(a [fg ‘/Va' (0, 8) hi (s)ds — fx </V°" (X, 8) hi (s) ds]

Proof

From the first equation of (2.1), we have

DAYy () + LiD% ¥y (0) = b (o). (23)
Applying the I;"j’”’ to both sides of (2.3), we get

12V D uy (o) + LUV D% (0) = 1M (o) -

By LemmaZ2.4 and Definition2.2, one has
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DN 1y

Dy wle)| . V(o) 2 (2.4)
u(0) = —F55— 6y (e,a)+ 7—1)9@;1 (0,0)
— LlIa]:-;—,l/JI:-&_l,"/)DZ-}— 1’ﬁ17¢u1 (Q) + I:_:”‘/)h]_ (Q) .
Putg=a; —1.Duetol <oy <2=0<qg<1,p=gq+ B (1— q). TheEq.(2.4) becomes

’Y1 1¢

1(0) —a 1 1() —a _9

uy (0) = T)g@% (0,a)+ 7—1)99;1 (0,a)
— L LY TE DYy (o) + I3 hu (o)
By Lemma2.4, we get

71 1¢ —71,¥

)| . g L) (2.5)
ur (o) = T)e@% (0,a)+ Tl)e@;l (0,0)
LPwu)|
~Ly I |us (o) — F—":Q” (e, a) [+I2 hy (o)
D (o) 2% (o)
_ a o=a aMm—1 " lema g2
o () @¢ (0,a)+ I(y-1) @¢ (0;a)
1, L), ,

- LlIa+¢U1 (9) + T'(p+1) : %(Qa a’)+I2$ ’l/)hl (Q)
Since
p=q+p(l-@9=o1 —1+B,(2—a1) =% —1,
Eq.(2.5) reduces to

DY Py

DA Mu(e)| 10)] _, (2.6)
ui (0) = =077 (g, )+ = 677 (g,0)

2-1,%
1,9 1Ll g W

— L un (@ + — 6 (@a)+I " h (o)

=16} (0,0)+ex | (n — 1) 6] (0,0)+L167 " (0,0)|

Ly J? 2 A (0,5) hu (s) ds,
Dz-li—_lﬂbul (.Q)‘ I::Yl ¢’Ua1(
wherec; = ————%*, ¢ = £2 are arbitrary constants. By the same way, one can
I'(m) (1)
obtain
-1 -2 -1
w2 (0) = e300 (0, 0)+ex [ (v — 1) )7 (0,0)+ L2603 ™ (0, 0)| 27
—Ly [} 2 A2 (0,8) by (s) ds,
DI us(o)| o
where ¢3 = oM =2 and ¢y = T" are arbitrary constants. Now, Making use of the
2 Y2

initial conditions (u; (a) = 0,u2 (a) = 0) along with (2.6), (2.7), we get
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Co 26420,

and hence (2.6), (2.7) reduce to

Uy (e) =10} (0,a)—Ly [2 ' (s)us () ds 08)
+ 1oy Jo AT (08) ha (5) ds

and

uy (9) = c30) ' (0,0)—La [* ¢/ (s)uz (5)ds )
+ Ty Ja M ' (0,8) ha (8)ds

Next, by the boundary condition (u; (x) = Q;,u2 (x) = @, ), together with (2.8), (2.9), we get

a1—1
@ = 9;1—11(x,a) (Q1 + L[5 () wa () ds — gy [ AT (6 8) () ds)’
and
c3 = W(Qz + Ly [* o' (s) ug (s)ds — F(a) fx‘/Va2 068 he (s)ds)

Substituting ¢y, ¢g, ¢3, and ¢4 in (2.6), (2.7), we get (2.2). By direct calculation, we obtain proof of the
converse.o

Consider the continuous operator G : Zy_ .y — £a_+;y defined by

G(u1,u2)(0) =(G1(u1,u2)(0) , G2 (u1,uz2)(0)), (2.10)
where

G1(u1,uz2)(0) (2.11)
o, ::Z—;)) L, l: S (s (s)ds — 24 (5) s (o) ds]

+ F(txl) [ff */Kpal_l (0,5) f1 (8,u1 (8),u2 (s)) ds

617 (o) JE A (06 8) f1 (8,u1 (8) ,u2 (8)) ds]

6717 (x,a)

and
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G2 (u1,uz2)(0) (2.12)
62" (0,0) 67 (0a) ox e
— QI 1| Z () s) s U (6) (5 ]

+ r(az) [fg ‘/Kparl (0,5) fa (8,u1 (8),us2 (s)) ds

627 (0.a)

— » fX ‘/Vaz 1 (X, 3) f2 (3 U1 (8) s U2 (3)) ds:|

er” 1

We noted that the fixed points of the operator G are solutions of system (1.2).

3. Existence of solution

In this section, we consider a general type coupled system of Hilfer sequential FDEs (1.2) involving

the arbitrary function . To demonstrate our main results, the following hypotheses must be
satisfied.

(H1) The functions f; (o, u1,u2) (¢ = 1,2) are Carathéodory on _Z x Z5_y.

(Hy) There exist measurable and bounded functions 7; : ,# —(0, 00) with sup,c 4 |7; (0)| = 7,
fori = 1, 2 such that

(o) max{ug,us}

|fZ (Q, U1,U2)| S W fOI' each (Ul,Uz)e :%'2_7;1/;, 4] € j.
(H3) There exist constant numbers .%; > 0,4 = 1, 2 such that

|f; (0,u1,u2) — f; (0,%1,U2)|
< Zi(lur — G| + |ug — Wal), for each (u1,us),(T1,U2)E Z2—yys0 € L.

In the following, we will applyLemmaZ2.5 to give the existence result to system (1.2).
Theorem 3.1

Assume that (H;)-(H>) hold. If

Ay =max{N;,Np}< 1, where N; _2(L?’( )> fori=1,2, (3.1)

3

then the system (1.2) has at least one solution on _#.
Proof

We will prove that the operator G defined by (2.10) has a fixed point by using Lemma?2.5. For that,
we divide the proof into the following steps.

Step 1: G is a continuous.

Let (u1n, U2, ) be a sequence such that (u1n, Ugn )—(u1, uz) in Z3_,y. Then, forp € ¢ and

9 of 29 6/16/2024, 11:51 AM


https://www.sciencedirect.com/topics/mathematics/fractional-differential-equations
https://www.sciencedirect.com/topics/mathematics/fractional-differential-equations
https://www.sciencedirect.com/topics/mathematics/arbitrary-function
https://www.sciencedirect.com/topics/mathematics/arbitrary-function
https://www.sciencedirect.com/topics/mathematics/bounded-function
https://www.sciencedirect.com/topics/mathematics/bounded-function

Existence and Ulam—Hyers stability results of a coupled system of y-Hil... https://www.sciencedirect.com/science/article/pii/S2590037421000029...

i1 =1, 2, we have
’[Gi (u1n, u2n)(0) — Gi(ua, Uz)(Q)]Qf/,_% (o, a)‘

<Li [ Oy(ee) " S () i (5) — i (9)] ds + 67 (@,0) [7 4 (5) s () — s (s) s

ou!

+ ”r(ofg’ SN (0,8) i (8, u1n (8) s uzn (8) — f; (8,1 (8) ,uz ()| ds

6, " (x9) JXNTT (% 9) 1 fi (8,01 (), uzn (5)) — £ (s,u1 (8) ,ua (5))| ds
< I [@z—w (% a) [X 9 (s) )" (s,a)|0}, 7 (5,) (uin () — wi ()| ds

+ 657 (x,0) [£ ¥ (5) €5 (5,0)| 057 (s, @) (tin (5) — wi (5)) | ds]

n ¢F( Ofé” JEALT (0,8) 1fi (8, u1n (5) s uzn (5)) — f; (5,1 (8) ,uz ()| ds

27,

+ 2 X (x,8) | (5, im (5)  an (5)) — i (3, (5) ua ()] di

6} (x, 6, " (e.0)
¢ llwin — w5 7L¢+W

fa, %a, (Qa 3) |fz (sauln (3) y U2n (3)) - fz (s,u1 (3) , U2 (8))| ds

%) et (3 6)If, (5,m (5)  tam (5)) — fi (5,1 (5) sz (5))| d

+

<2L;

_|_

Since (U1n, u2n )—(u1,u2) as m — oo, and f; are continuous, then by the Lebesgue dominated
convergence theorem, we have

|Gi(u1n; uzn)—Gi(ur, u2)llo_y .y = 0 8S(uin, usn)—>(u1, us). (3.2)
It follows from (3.2) that

||G(u1mu2n)_G(U1,U2)”2—7;¢
= ”Gl (Uln,U2n)—G1 (u17u2)||2—71;1/) + ||G2 (u1n7u2n)_G2 (ulau2)||2_,y2;¢

—0 as (Uin,un)—(u1,us2).
Hence G is continuous.

Step 2: G is compact.
Define a bounded, closed and convex set Bg :{(ul,u2)e oy + | (U1, u2) gy < R} with

where (3.3)

4y —Zz Qi85 (6 )+ i 05 ()

First, we show that G is uniformly bounded on Bg. For each (u;,us)€ Bg and fori = 1,2,we
have
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Gi(us (o) ,u2 (2))6] ™ (e, a)|

61,5 Q;a)
S QT g 677 (x,a)

| 2 5 (9] s + 0] (0 )2 6) s )]

oy~

+ '”p(f’ JE AT (0,9) i (3,ua (5) ,ua ()] ds

+ 6¢1_"(c¢j€),a) fci( ‘/K/)ai_l (X’ 8) |f1, (3,’U,1 (3) , U2 (3))| ds

< Qi@f/;_% (X, a’)+Li [@12/]_% (X, a)fax Iﬁl (8) 9;2_2 (3, a)‘@f/}_% (3, a)ui (8)‘ ds
+ O (a) 29 (5 @"’f-2<s,a)|@2‘”i a0 ds]

i ¢ (Q; fg JVa, (Q, 3) e (3) ds + X, fX ‘/Vaz (X, 3) 7; (3) ds

')
6, ] (s 73
< Q6% (x @)+ 2Ls B0 o, 7¢+2 65 (x,a)

2—; 6} (x,a) 7 i+2—;
scm”(x,a)+2[Li||uz-||2_%.;¢ B O3 M )]

Hence for ¢ € _# we have

2
1Gi (w1, u2) g0 < Q6 (X a) (34)
9 (X’a) : i +2— A
#2|Lalully 252 4 037 ().

From (3.4), then we have for each (u1,us)€ Bg,

G (u1, u2)|loyy = IG1 (w1, u2)lloy o + G2 (w1, u2)[lo
<30 Qi8] (6 @)+ iy €5 (%, 0)|

+2max{ B, B0 (funll g + 12l ) O0x:0)
<30 Qi) 6 )+ O3 (0 0)|

+2max{ Bap, b (1) [y O (0 0)
<Ay, +A;R<R.

Hence G is uniformly bounded. Now, we show that G is equicontinuous. Let g;, 05 € _# such that
01 < 05.Then, fori = 1,2 we have
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’Gi(ul (02) ,uz (92))912/,_% (02,a0)—Gi(ur (e1) , u2 (91))92_% (91,0:)‘ (3.5)

e; (02-01) e; (02,01)
< 0. ¥ Y X Vi —
- QZ eli_l(x’a) + LZ 971’ ( 7 ) f '(p ( ) 9 (s a)”uz ||2 ’Y ’lp

+ L; (@12[7" (Qz,a)—@J% (91,a))ffl Y (s) @;"_2 (s,a)||u; ”2—%;¢ds

+ Li@i_% (02 a)f;f P (8) @Zj_z (s, a)||ui||2_%;¢d3
+
1
I(oy)
I:ffl (‘/Kpai_l (927 3) @121)_’)’1' (g2a a)—‘/j{ﬁou—l (91, 3) @fp_% (gl,a,)) |fz (3, U (s) , U2 (3))' ds

+ 657 (02,0) [ N (03,9) | (5,1 () ,ua (5))] ds

- O g 0,0 1 o 6) v )]

91/;(92791)
S Q’L ¥;—1
91; (x,a)

Lilluilly—y; —, —” —
+ S [0 (02, 01)+ (6] " (025 0) 6}, " (01,) )6 (e, 01)]

Ly oy

+ o (657 (02,006 (0, 01)]

T*

+1’(aj+1) [@Hm e a)- @2+a1 *(e1,0)- @ " (02,0)6y (22, 01)

+67 7% (02,0)0 (02, 01)+6} (22, 01)05 " (x, a)]

Take g, — p;, from (3.5), we have

1Gi(u1 (02) s u2 (02))—Gi(u1 (01) s u2 (01))lla—yp — 0 @S 03 = 05 (3.6)
It follows from (3.6) that

|G (u1 (€2) ,u2 (02))—G(u1 (e1) , u2 (€1))ll3—yy — O a8 02 = €1

Hence G is equicontinuous. By Arzeld-Ascoli theorem, we infer that G is compact in Z3_.y.
Therefore, from the above steps, we conclude that G is completely continuous.

Step 3:The set § ={(u1,u2)€ £y :(v1,u2)=€G(u1,u2), & €(0,1)}isbounded.

Let (uy,uz)€ 4. Then (uy, uz)= €G(u1,uz). Now, for p € _#, we have u; (0) = €G1(u1,u2) and
ug (@) = €G3 (u1,u2). According to our hypotheses and for ¢ = 1,2, we attain
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u; (o) 92_% (o, a)‘ = |592_%(0, a)G; (Ul,u2)‘
< Q6" (x a)+ L0 6} (x,0)

# 20D fo ot (o,6)If, (s, (5)  ua (6)] ds

I'(ey)
912P_ (xe) oy a;—1
+ ey Ja M (0 9)|fi (5,01 (s),ua (5))] ds

<Qz 2%(7) M@d;(a)

6}, " (00)
F(a

6, " (x:a _
+ 'kl,—a?”f;“/f/a' Y (x,s) 7 (s)ds

1”1‘1”2—7,
<Qz 2%( X, a ) —¢@1/;( X, a )

2—
2716, " (x.a)
I (a,+1) ’

+ fge/Va' (0,8)7i (s)ds

which, on taking maximum for ¢ € _#, yields

_ Lillui o, 7
i lly—ry < @O%" (@) + — e O (x, 0) (3.7)
21"."‘9; K l( Q)

F(ai-‘rl)

From (3.7), we have

(w1, u2)llz—p = ltallp—ryz + 102ll2—ny

2 2—, 2776, % (x,0)
<Xia lQi@¢ et ——Te

L6y (x0) 1,6}, (x,a)
+2( e )II 12—y, ,/,+2(27:—_1)||u2||2_72;¢

o @2 it (x,a) ]

2—7, i
< E?:l lQi@¢ % (x,a)+ lf(a,-+1)
+ max{N1, N }||(u1, u2) |5y
= Ap + A || (w1, u2) l|lg—yy-

Since 4; < 1, we get

| (u, uz) |- S A <R.

Hence, the set § is bounded. According to the above steps together with Lemma?2.5, we conclude
that G has at least one fixed point. Consequently, the system (1.2) has at least one solution on _¢.o

In the following theorem, we prove the uniqueness of solutions to system (1.2) by using
Theorem2.6.
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Theorem 3.2

Assume that (H;)-(Hs) hold. If o = max {o1,02} < 1, then, the system (1.2) has a unique solution,
where

Li6k(xa) = Alm-1)6)}(xe)  AI(1-1)62 ™ (x,a)
7n-1 I'(aa+m-1) I’(a2+71 1) ’

0'1=2

9 L:6Y(x.a)  HI(m-1)02(x.e)  Al(n-1)657"7"" (x,a)
0‘ =
2 P21 T(az+7,-1) F(a1+72 1)

Proof

Define a bounded, closed and convex set kg ={(u1 yU2)€ Loy ¢ (w1, u2)layy < R} where R

defined as in Theorem3.1. First, we show that G (kg) C kg. By the second step in Theorem3.1, we
have G (kg) C kg. Next, we need to prove that G is contraction map. Indeed, for
(u1,u2), (x1,22) € Z2_;y and p € _#, we obtain

(G1(u1 (2) 42 (€)= G (1 (0) 22 () ™ (01 )|
< L1 657 (6 ) X ¥ (8) s (5) — o1 (s)| ds + €7 (x, @) [ ¥ (8) s (5) — 1 (s)  ds|

2
" (0,0)

T T F(al) [fg A7 (0,8) 11 (8,01 (8) ,ua (8)) — £ (8,21 (8) 22 (s))| ds
+ @12[’7’1 (X, a)f;‘ %oq—l (Xa 3) |f1 (3,u1 (8) s U (8)) — fl (s, T (3) , L2 (3))| d3:|

< L1 |65 (0,) [X ¥ () [ur (s) — o1 ()| ds + 6} (x,0) [ ¥ (s) [us (5) — o1 (s) | ds|

+ % [fag J’fﬁal_l (05 8)(Ju1 (8) — =1 (8)| + [uz (8) — =2 (8)|)ds

+ 657 (%) [ A (x8) (1w (5) — 21 (8)] + [ua (5) — 2 (s)) s

2L1 |lur—21l3—,, 46 (x:0)
<
- N1
_|_
46" (00)
I'(ou)

[ff A (0r8) ua (8) — 21 (8)| ds + [ AL (0, 8) [ua () — 22 (5)] ds
+ 65706 0) [X A (0 8) [ua (8) — 21 (9)
+ 657 () [ A (0 8) [z (5) — @2 (s)] ds|

< 2Ly lur =215y 463 (0) 2L T(1-1)6 (x,0)

= n-1 I'(en+v,-1) lva = 2 ”2‘71”/’
2.4 T (7,-1)831 ™ (x,a)
oy +v,—1) ||’u.2 — %2 ||2—’Yz,¢

and consequently we obtain
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1G1 (u1, u2)—G1(21,@2) 5y, 4 (3.8)
2Ly lur—21lly, 4O (x:0) 2L T(1,-1)6 (x,0) (3.9)
= -1 Iag+7,-1) ”ul — T ”2—’)’1,"/«'
247 (v, —1)9:;1%2_71 (x.a)
I'(og+v,-1) ”u2 — T2 ||2—’Y2,¢°

By the same way, one can obtain

G2 (u1, u2)—Ga(x1,22) 5, 4 (3.10)
2L |lug—23ly_, 4Oy (x:0)  2LT(1,—1)632 (x,0)
< 71 I'(as+7v,—-1) ”u2 — %2 ”2—’)’2,"/’
241 (1,—1)8,2" 7 (x,a)
I'(ag+v,-1) ”ul ! ||2_71a'¢°

It follows from (3.9), (3.10) that

”G(ul ’ Ug)—G(:L'l ’ :1:2)”2—7,1/)
= [|G1 (w1, u2)—G1(21,22) |2y 4 + [|G2(ur, u2)—Ga (1, 22) |2y 4

< 2 LIG;(X’G’) ’%-F(’YI_]')QZ} (X’a’) %F(71_1)6;2+71_72 (X’a) ||u T ||
- -1 I'(ag+v,-1) I'(as+v,-1) 1 L2—y,,3

+ 2 L2911ﬁ(X$a’) '%F(72_1)9:2 (X’a’) -%.F(72_1)9:;1+72_71 (X7a) ||u w ||
’)’2—1 F(ag+’)’2—1) F(Ol1+’)‘2—1) 2 2 2_72 a'l/J

< o = 21llyy g + 02 = 2l )

Thus, the operator G is a contraction. So, by Theorem2.6, the system (1.2) has a unique solution.o

4. Ulam-Hyers stability

In this section, we discuss the Ulam-Hyers stability of the system ((1.2) ). The following
observations are taken from[17].

Remark 4.1
A functions (a7, u)€ Z2—;y satisfies the inequalities

D3P () + Li D5 (0) — f; (.1 (0), %2 (0))] < & (41)
o€ #, fori=1,2.

if and only if there exists a functions 7; € £3_, 4, % = 1, 2 such that

(i)
ni (@)l <ei, o€ 2

(ii)
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DAV (o) + LiD3 TPV (o) = f; (0,51 (0) 2 () +1; () »

0€E 2

Definition 4.2

The system (1.2) is Ulam-Hyers stable if there exists K > 0 such that, for each
€ = max {e1,&2} > 0 and each (uy,u3)€ Ha_.yp satisfies the inequalities (4.1), there exists a
solution (u1,ug)€ X2,y of the system (1.2) with

||('L/"T7@)_(u1au2)”1—7,¢ < K&, ec /'
Lemma 4.3

Let oy €(1,2), B; €[0,1], 4 = 1,2.If a function (47, Uz) € Z2—y satisfies the inequalities (4.1), then
(@1, ug) satisfies the following integral inequalities

@ (0) — o — g S A (,9) £: (5, (5) , T3 (s) |

S F((;Zi+]_) 9%" (x; a) [1 — 9¢_ % (x, a)]

where
_ Q0 | TOTCD ) G (o) e — [0 ()T (s) d
’e’f(,) 6% (x,0) ’ ’
1 6’12, (Q’a Xg/VOl,'—l — — d
~ 7 | i o A 08) £ (5, (5) 8 (4)) s
Proof
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Indeed by Remark4.1, we have

DAY () + LiDS PV (0) = £, (0,51 (), %2 () + 7 (0)

o€ 2.

Then

Q)= Qs

L [ (6) s () s [2 (5) s ()|

+

1

(o)

A (008) £ 60T ), T () d = o [ A () (5T (0) G 6)

6% (e0)

X a;—1
e [x A (o) (5)

+ [2 A5 (0,8)m; () ds —

It follows that

@ (0) — o — i [ J2 M (0,9) £ (s, (), T3 () |
< i [J2 A (0,9) Ini (3)| ds — 67 (x, @) [ A (x, ) I (5)] s

< i [0 AE (0,9) ds — 627 () [ AP (x9) ]
— ety |65 (0,0)-65 " (x, )]
< F(a;—l—l) @gi (Xa a) [1 — 9,4)_% (X, a)] . O

In the forthcoming theorem, we prove the stability results for the system (1.2).
Theorem 4.4
Assume that (Hy ) and (Hs) hold. Then

D ui (o) + LiD " us (0) = f; (eyu1 (0),w2 (0)), €€ 2, (42)

is Ulam-Hyers stable, provided that A = —My(1 — S1)+M;(1 — S3)# 0, where

S . -2119:1 (Xva) S _ -%9:2 (Xva)
1= "Flag+1) * P2 7 "ot
M A(1,~1)8,1 ™ (x,0)
1= I'(a1+7,—1) ’
M LI(7-1)8,27 7 (x,a0)
2= T(ag+7,-1)
Proof
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Lete = max {e1,62} > 0 and (g, Uz)€ 23—y be a functions satisfying the inequalities

DAY (o) + LiDG % (o) - £i (0,7 (o), ()] < & (43)
[ NS jaz =1,2,

and let (u1,us)€ Z2—4 be the unique solution of the following system

Dalyﬁ1:¢u1 (o) + L1 D%~ LAY (o) = f1 (0,1 (0),u2(0)), 1< <2,
ec f,
D%y () + Le D22 %y (0) = f; (0, (0) ,u2 (0)), 1< 02 <2,

o€ 2,

u1 (a) =77 (a) =0, u (x) =41 (x) = @1,
\ uz (@) = Uz (a) =0, uz (x) = %2 (x) = Q2

Now, by using Theorem 3.1, we have

e (0) = o+ 5 [ 2 A (018) i (01 (5) s a (9)) ] = 1,2,
Since
uy (a) =1 (a) =0, u1 (x) =1 (x) = @

us (a) = U3 (a) =0, up () =8 (x) =@y

we can easily prove that o, = 2%; and &, = 2. Hence, from (H, ) and Lemma4.3, then for
each g €(0, x|, we have

@ (o) - w (o) (44)
<|@ - L5 [f2 A (0,9) £y (5,1 () T2 () ds |

+
‘ I"(itl) N ‘/K/Jal_l (0,8) fi (8,51 (8) , 52 (3)) ds

— s JE AT (0,8) Fu (8,01 (5) w2 (5)) ds|
< €16 (x,a) '1 ox™ (x, a)
ks [ 1(9, $)|f1 (5,31 (), @2 (5)) — f1 (5,1 (5) , u2 (5))] ds
< €16 (x,a) '1 6 7l(x,a,)
+ Fis [2 A (0, 8)(1GT (5) — wr (3)] + [ (5) — wa (s)])ds
< €162 (x,a) '1 o2 71(X,a,)
oy J2 A (0,9) 15 (5) — wn (5)] s
Ff;’:l) J2 A (008) T3 (5) — uz ()] ds.
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Thus

”a —u ”2—71,1/;

< 1657 (0,0)85 (x,0) [1 - 6} (x,0)]

& 62—‘Y1 ( g,a) o .
Ty e A (0,8) 1@ (8) —wa ()] ds

262—’)’1 (g’a) o .
1 I'f(al) fag ‘/’{/) 1 (Qa 3) |'U'2 (3) — U (3)| ds

<057 (x,0a) [1 -6, (x; a)]

L6 (x0) | AT(R-1)071" "™ M (xa) |
T(on+1) [ar — w1 ”2—71,1/1 + T(a1+7,—1) [Tz — s ||2—'yz,¢'
Hence
(1= 80T~ wally g — M| — o, g < 1K1 (45)

In the same technique, we get
(1= S2)lluz — uzlly—y, y — Malftx —wsllo_,, o < €2Ks, (4.6)

where

Ki = 6, (x,0)[1 - 6] (x,0)]

K, = 912/)_72““ (x,a) [1 - @12/)_72 (x, a)].

Inequalities (4.5), (4.6) can be writing asmatrices as follows

((1 ~81) —M ) ( a1 — willg_q ) - (lel )
~Mz  (1-82) ) \I[@s —u2llyey )~ \&2K2 /)

By simple computations, the above inequality becomes

— 1-8 M
(||u1-ul||2_71,,,,>< = R X(K)
U — - 1-5 ’
[|a2 u2||2_72,¢ My % e Ky

A

Since A # 0. This leads to
—~ 1-8:)K Mi K.
18— wtllyyp < e + Moy

— M K; 1-9;)K;
5 = wally o, < Hirer + 5

Thus
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”(ﬂ7 @)_(ulau2)“1—'y,¢ (47)

< —wullyy gy + 82 — u2lly_y, y
< ( (I—Sz)KA1+M2K1 )81 + ( M1K2+(A1—51)K2 )82

<eK,

where ¢ = max {e1, €2} and

K= ( M, K1 +(1-52) K1+ M Ky +(1-51) K )
= = .

Hence from the inequality (4.7) and Definition4.2 the solution of the coupled system (1.2) is Ulam-
Hyers stable.o

5. An example

Consider the following coupled system of 1-Hilfer sequential FDEs

4

D%’%’ L ( )+ 1 Ds’z’ u1 (o) = 1 |u1 (o) _|_ Sln (0) +1 (5.1)
at e &)= Yeraf THu(o) yle

+ \/ﬁ’ 96[071]’

1,2 sin(27u; u
D;J:3’ (Q)+ 1D4’3’ us (Q)= (2mu2(g)) +%+ |ua (0)| 0

< 327 16(1+|uz(0)|) ?
€[0,1],
u1 (0)=0 u (1)=% and uz (0) =0
uz (1) = 5
\
Hereal % ﬂl = %,az = %,ﬂz = %"Yl =Yy = %'Ql = %,Q2 = %,Ll = %,Lz = %Set
Y (0) = ef,
Example 5.1

and

fi (@1 (0) ,u2 (0)) = 4(912)2 1EL(IL’()£1)| + 33 35 Sln uz (0) +1+

sin(27us Uy
f2 (0w (0) w2 () = 2re@) 4 1 ﬁ Note that

Ve +1
max{u1 us }
|fi (@ w1, u9)| < H

|f; (@, u1,u2) — fi (1, %2)| < 75 (Jur — G| + |ug — W)

Here & = 1} = %. From the given data, we get N; ~ 0.2 and N, ~ 0. 4. Clearly, the conditions
(H1) and (H3) hold with N = max {IN1, N2} = 0.4 > 0. Thus all the conditions of Theorem3.1 are
satisfied. Therefore, system (1.2) has at least one solution on [0, 1]. Moreover, we have

o1 ~0.72and o9 ~ 0.9.
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Thus, all conditions of Theorem 3.2 are satisfied with ¢ = max {07,062} = 0.9 < 1. Therefore,
system (1.2) has a unique solution on [0, 1]. Finally, for ¢ = max {e;,2 } > 0, we find that

D2 (o) + LiDFT Y (o) — i (0,1 (0) %2 (0))] < Ke
is satisfied. Then equation (4.2) is Ulam-Hyers stable with

| @5, @)— (1, )y S Ke, 0 €D0,1],

where

K =10>0.

6. Concluding remarks

The existence, uniqueness and Ulam-Hyers stability of solutions for a new coupled system of -
Hilfer sequential FDEs with two-point boundary conditions have obtained. Our investigations based
on the reduction of FDEs to FIEs and applying the standard fixed point theorems due to Leray-
Schauder and Banach. The acquired results in this paper are more general and cover many of the
parallel problems that contain special cases of function %, because our proposed system contains a
global fractional derivative that integrates many classic fractional derivatives.
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