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Abstract

The main objective of this paper is to use the generalized proportional Hadamard fractional integral
operator to establish some new fractional integral inequalities for extended Chebyshev functionals. In
addition, we investigate some fractional integral inequalities for positive continuous functions by employing
a generalized proportional Hadamard fractional integral operator. The findings of this study are theoretical
but have the potential to help solve additional practical problems in mathematical physics, statistics, and
approximation theory.

Keywords: extended Chebyshev functional (/search?g=extended+Chebyshev+functional);
generalized proportional Hadamard fractional integral operator (/search?
g=generalized+proportional+Hadamard+fractional+integral+operator)

MSC: 26D10; 26A33; 05A30; 26D53

1. Introduction

Fractional calculus has a new orientation not only with respect to mathematics but also to physics,

statistics, engineering, and other applied sciences. Its birth dates back to ancient times, and its
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nt has been rapid in recent years, gaining new momentum, especially with the definition of new
fraclylonajntegral and derivative operators. New fractional operators lead to useful applications and
generalizations in the field, and their kernel structures and propertles give them an advantage over

(ltoggle desktop_layout_cookie) =

classical derivative and integral operators. -
Recently, many mathematicians have worked with slightly different fractional integral formulas. For
example, see [1,2,3,4,5,6,7] for Riemann-Liouville fractional integral operators, [8] for Hadamard fractional
integral operators, [9,10,11,12] for Saigo fractional integral operators, [13,14,15] for conformable fractional
integral operators, [16,17,18] for generalized Katugampola fractional operators, and [19,20,21,22] for k-
generalized (in terms of hypergeometric function) fractional integral operators. In [3,20], the authors
investigated fractional integral inequalities for extended Chebyshev functionals by employing Riemann—
ldouville and generalized k-fractional integral fractional integrals, respectively. Recently, many
mathematicians have examined several kinds of fractional integral and derivative operators with different

types of kernels, such as logarithmic kernels, non-singular exponential kernels, etc. During the past few
years, numerous analyses of real-world problems, mathematical models, and numerical methods have
been resolved by fractional derivatives and integrals [13,15,23,24,25,26,27,28,29,30,31,32,33]. Anber et al.
[34] presented some fractional integral inequalities similar to the Minkowski fractional integral inequality,
using the Riemann—Liouville fractional integral. In [35], Panchal et al. studied weighted fractional integral
inequalities using a generalized Katugampola fractional integral operator. In [36], Andric et al. proposed the
reverse fractional Minkowski integral inequality using the extended Mittag-Leffler function with the
corresponding fractional integral operator, which was proved together with several related Minkowski-type
inequalities. Rahman et al. [37,38,39] investigated the Minkowski inequality and some other fractional
inequalities for convex functions by employing fractional proportional integral operators. Atangana and
Baleanu proposed a new fractional derivative operator with a non-local and non-singular kernel [40]. In
[41], Jarad et al. proposed fractional conformable integral and derivative operators. In [42,43,44], Jarad et
al. and Rahman presented the concepts of non-local fractional proportional and generalized Hadamard
proportional integrals involving exponential functions in their kernels. In [14,45,46,47], the authors explored
various integral inequalities by employing conformable and generalized conformable fractional integrals.
Caputo and Fabrizio [48] introduced new fractional derivatives and integrals without singular kernels. Later,
Lasada and Niteto proposed certain properties of fractional derivatives without a singular kernel [49]. Nale
et al. and Rahaman et al. [44,50] investigated some Minkowski-type inequalities and other integral
inequalities by considering the generalized proportional Hadamard fractional integral operator. Kukushkin
[51] examined the final terms of a differential operator with a fractional integro-differential operator
composition on a bounded domain of n-dimensional Euclidean space, as well as on the real axis. One of
the central points was the relation connecting fractional powers of m-accretive operators and fractional
derivatives in the most general sense. By virtue of such an approach, we express fractional derivatives in
terms of infinitesimal generators. In this regard, operators such as the Kipriyanov operator, Riesz potential,
and difference operator are considered. In addition, in [52], Yosida studied the semigroup that generates
the involved fractional integro-differential operators due to the Balakrishnyan formula. We think that it would
be interesting to illustrate the relevance of the topic by presenting and comparing the well-known
Chebyshev inequality in L;. In [53], the Chebyshev functional for two integrable functions v and v on [a, b]

is defined as follows:
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MBPUO (0,0 = — [ uowir—— [ uar— [ veo |
B ul(x), vix ~5—a ul(x)v(x)dx b—a ul(x xb—a v(x)dx. (1)

Many applications and several inequalities related to ChelysHiegaléudestitaralayoutgodiie) QuREE in
[6,54,55,56]. Let us now consider the following extended Chebyshev functional [3]:

b b b b
Tlu(x), v(x),p(x),.q(x)] = j q(x)dx j p(u(x)v(x)dx + j p(x)dx f q()u(x)v(x)dx

b b
- f p(x)u(x)dx f q(x)v(x)dx (2)

4

b b
- f q()u(x)dx f p(x)v(x)dx,

where u and v are two integrable functions on [a, b], and p and q are positive integrable functions on [a, b].
In order to present a famous inequality for this function, let us now introduce the concept of synchronous
(asynchronous) functions.

Definition 1. Two functions u and v are called synchronous (asynchronous) functions on [a, b] if

u(t) —u(o)v(r) —v(o) = (<)0,7,0 € [a,b]. (3)

Hence, if u an v are synchronous on [a, b], then T[u(x), v(x), p(x), q(x)] = 0.

Motivated by [3,19,34,38,39,43,44], our purpose in this paper is to obtain fractional integral inequalities
for the extended Chebyshev functional and other fractional inequalities, using the generalized Hadamard
proportional integral. The assumption of synchronous (asynchronous) functions will sometimes be made.

The paper has been organized as follows. in Section 2, we recall basic definitions, remarks, and
lemmas related to generalized Hadamard proportional integrals. In Section 3, we obtain fractional integral
inequalities for extended Chebyshev functionals using generalized Hadamard proportional integrals. In
Section 4, we present some other fractional integral inequalities using generalized Hadamard proportional
integrals. In Section 5, we give the concluding remarks.

2. Preliminary

Here, we present some important definitions, remarks, and lemmas of the generalized proportional
Hadamard fractional integral operator, which will be used throughout this paper. Recently, Rahman et al.
[43] presented the left and right-sided generalized proportional integral operators as follows:

Definition 2. The left- and right-sided generalized proportional fractional integrals are, respectively, defined
by

1

SP2(0)] (x) =
SN = Jrr

X
B=1 _
je g t)(x—t)a z()dt,a < x 4)
a

(here, the first x between the brackets refers to the variable of the function z(x), and the second x between

the brackets refers to the integral upper bound; other notations are possible), and
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ﬁw\bpl 0 S 2(0)] (x) = = be%(t_x)(t — 0% 2(t)dt, x < b (5)
> " BT (@) oo

where the proportionality index is € (0,1], a € C with R(a) > 0, 24d!tdudle)déskier layoutshoakiodkBBWN
gamma function.

Remark 1. If we consider g =1 in Equations (4) and (5), then we obtain the well-known left- and right-
sided Riemann-Liouville integrals, which are, respectively, defined by

1

SEWIE = T

f (x—0)* "z(Ddt,a < x (6)

apd

v

b
I2(0)](x) = ﬁ j (t—x)*""z()dt,x < b,

—~
~-

where a € C with R(a) > 0.

On the other hand, recently, Rahman et al. [44] proposed the following generalized Hadamard
proportional fractional integrals.

Definition 3. The left-sided generalized Hadamard proportional fractional integral of order « > 0 and
proportional index B € (0, 1] is defined by
1 ¥ B-1 nx—1n _12(t)
ap - I (1 Int) _ a-14\%)
dH P [z(x)](x) 37T (“)f e (Inx— Int) . dt,a < x. (8)

Definition 4. The right-sided generalized Hadamard proportional fractional integral of order « > 0 and
proportional index f € (0,1] is defined by

b
1 B-1 - _12(t)
a,pB _ 7 (Int-Inx) _ a-1
Hpy' " [z(x)](x) T (@ (“)J e (Int— Inx) —~ dt,x <b. 9)
Remark 2. If we consider a = 1 in Equation (8), then we obtain
1 [ Etneemm L 2(0)
a,B - - B (1 x—1 t) _ a—1 A\
1H %P z(x)](x) 37T (“)f e (Inx— Int) . dt,x > 1. (10)
1

Hereatfter, to lighten the notation, we set HF[z(x)] =, #%F[z(x)](x).
Remark 3. If we consider 8 = 1, then Equations (8)—(10) will lead to the following well known Hadamard
fractional integrals, indicated as

T z(0)](x) = ﬁj‘ (Inx—In t)a_litt)dt,a < x, (11)
sl - - [ 120
b zx)](x)—Ta) (Int— Inx) Tdt,x<b, (12)

and
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m\bpl 0 HEB2(x)] = L x( Inx— In t)a_lﬁdt x>1 (13)
7 Lx I (a) t '
1

R A H —
) ) _(toggle_desktop_layout_cookie) =
One can easily prove the following results. o Q

. , , -1 (Inx) A-1
Lemma 1. With the special function: z(x) = e # (Inx)” , we have

-1 - r@ -1 -
e B " (1n ) 1=—ﬁar(ill)e 7m0, (14)

and the following semigroup property holds:

HEEHIE200] = 7L P [2(0]. (15)
Hemark 4. If B = 1, then Equation (14) reduces to the result of [57] as defined by »
3%, (In WMt = r(4) yatA-t (18]

—m(lnx

3. Fractional Integral Inequalities for Extended Chebyshev Functional

In this section, we establish a fractional integral inequality involving generalized proportional
Hadamard fractional integral operators. We now prove the following lemma.

Lemma 2. Let f and g be two integrable and synchronous functions on [1, o ), and u,v:[1, o ) - [0, o).
Then, forall x > 1, « > 0 and 8 € (0,1], we have
HER IH R 0f g (0] + HEZ [ OIH K Tuf g (0] 2
e uf (2 g ()] + 52 Tof (]2 Tug ()]
It is understood that, for instance, vfg(x) = v(x)f(x)g(x).

Proof. Since fand g are synchronous functions on [1, o ), for all 7 > 0 and ¢ > 0, the following inequality
holds:

(17)

f(@) = f(o)g(r) —g(o) 2 0. (18)
Then, Equation (18) becomes
f@g @)+ f(o)g(o) = f()g(o) + f(o)g(x). (19)
Let us now consider
Y(x, 1) = me%(lnxqm)(lnx— Int) ', (20)

We can clearly state that the function ¥(x,7)u(r) remains positive, because for all 7€ (1,x),
(x > 1),a,8 > 0. Multiplying both sides of Equation (19) by 1¥(x,7), then integrating the resulting identity
with respect to t from 1 to x, we obtain
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7 x B—
ﬂw\DPL 0 mj eTl(lnx_lm)(lnx— In T)a_lu(r)f(r)g(r)g
1
1 x B=1 sy Int . ":h(/t_oggle desktop_layout_cookie) Q =
+,B“F(a)j e B (nx )(lnx— In 1) 1u(r)f(a)g(057
" (21)
1 -1 nx-Int a- d
ZB“F(a)j e B UMD o) 1u(r)f(r)g(a)7f
1
1 i E(lnx—lnﬂ:) a-1 dt
+ﬁaF—@f e B (Inx—1In1) u(r)f(a)g(r)7.
1
Consequently, ’
HELufg(0)] + £(0)g(o)H 14 [u(x)] )

> g(O)H L ETuf ()] + F(0)H L Tug ()]

Taking both sides of Equation (22) and multiplying them by ¥(x, o)v(c), which remains positive because
for all o € (1,x), (x > 1),a,B8 > 0, then integrating the resulting identity with respect to ¢ from 1 to x, we
obtain

X
1 B-1 _ _ d
}ff'f[ufg(x)]mj e B Unx lnU)(lnx— Ino)“ 1v(a)76
1

+H ) s f 7 I (1 0) " (o) f(0)g(0)
L (23)
> 1 W) oy f T I (1 0) (o)g(0)
1

+?-[‘1x_'f[ug(x)] mf e%(lnx—lng)(ln e In G)a_lv(a)f(g)d?g_
1

This completes the proof of Inequality (17). o
We present below the major result of the paper.

Theorem 1. Let f and g be two integrable and synchronous functions on [1, © ), and
r,0,q:[1, © ) = [0, » ) (so are positive). Then, forall x > 1, a > 0 and 8 € (0, 1], we have
21 rIH L P IH T [af g (0] + HIE [a@IH T [pfg (0] +
2 (1T [a (1L rfg ()] =
HUErOIH YL f 1K [ag ()] + H L [af Q1K L [pg ()] + (24)
HE P @H L [rf (0131 E ag ()] + 71 E [af (1L [rg (0] +
H L [qENH L [rf (OIH L [P ()] + H L [pf ()1H £ [rg ()]

Proof. To prove this theorem, we put u = p and v = q into Lemma 2, and we obtain
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m\bfym ﬂf’i[p(")mf[jfg(x” +H1:,’€[q(x)]%f'f£pfg(x)] > 05
1 fO)H L [ag(0)] + L [af ()1H L [pg ()]
Now, multiplying both sides of Equation (25) by #%£[r(x)], we havex 2 toggle_desktop_layout_cookie) Q_ =
1 [0 L [0 L [af 9 (0] + #H L [q()1H T [pfg ()] =
B WL o NI lag ()] + 1 laf N Ipg (D], )
Again, putting u = r and v = q, into Lemma 2, we obtain
P [r(0)]37E [af ()] + L lq()] T E [rfg(x)] =
#0199 (0] + # 1L [af )13 E [rg(x), )
Nultiplying both sides of Equation (27) by #5"2[p(x)], we have >
HEE VL [r 1Y [af 9] + H L [qGo)H L [rfg(x)] =
WP oL £ Tag (] + 1 af P rg o). )
With the same arguments as in Equations (26) and (28), we can write
H gL [r@1H L [pf g (0] + H T POV L [rf gl (x) = 20

HiElaCOIHTE Irf COIHTE pg (O] + H L [pf (131X [rg ().
Adding Inequalities (26), (28) and (29), we obtain Inequality (24). o
Lemma 3. Let f and g be two integrable and synchronous functions on [1, o ), and u,v:[1, o ) - [0, o).
Then, forall x > 1, B, ¢ € (0,1], and a, ¢ > 0, we have
HiE w1 vf g (O] + L wIH T [ufg ()] 2
H L uf QOVH L [vg(0)] + 1L [vf )13 L [ug ()]

Proof. Multiplying both sides of Equation (22) by

(30)

2=t (e _
pr ey (Inx lrla)(lnx— Ino)® o€ (1x),x>1¢¢>0, which remains positive (in view of the

argument mentioned above in the proof of Lemma 2). Then, integrating the resulting identity with respect to
o from 1 to x, we have

X
1 -1 - _ do
a,pB (Inx-1no) _ ¢p—-1
Hix [ufg(x)] 29T (9) J; e ¢ (lnx—Ino)” "v(o) -

H L) s j T ") I x— 1 0)* () (0)g(0)
o (31)
a, 1 (p—_l nx—Ino - d
27{1,’f[uf(x)]mf e @ MMy Ing)? 1v(0)9(0)70
1

—1 (Inx—1no)

FH P [ug ()] —— %
P T ) |

This completes the proof of Inequality (30). o
Theorem 2. Let f and g be two integrable and synchronous functions on [1, oo),

(Inx— In 0)¢_1v(a)f(a)d7a.

oy ) ) T

g gn& [MathJ!ax]/JaJdoutput/i’-WMLl

PSR ey | B P — { ]
and a,¢ > 0, we have
ensforalxz kB 5. L0.1) ¢
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e r(o]| #1E1aG) # L [pfg ()] + 2 7L [p()] 3L [af 9 ()]
+ 318 [q(0)) 1L f g ()]
+ 1P Ip )] 1L [a@)] + H L)) H L Fq()] #5E [7f 9% JiEpggle_desktop_layout_cookie) O =.
()] 15 f Q) HEE [ag (0] + 1L [af )] # 1L [pg ()] +
HL O H L[ f O H L lag(@)] + HE[af () H L [ra(x)] +
H g HEL[rf ) HEE [pg (0] + HEE [pf (Ol H L lrg(x)].
Proof. To prove this theorem, we put u = p and v = q into Lemma 3, and we obtain
HE ) 7T lafg(@)] + HEF[a() 7L [pfg(x)] =
) 1 f ) HEE[ag(0] + 1L [af @) #H L [pg ()] ,
Now, multiplying both sides of Equation (33) by #"£[r(x)], we have
HEE Ol H L L [p () 7P laf g (0 + 7L [qC H L pf ()] =
POl H L [pf (01 H L [ag (0] + L [af ()] # 1L [pg ()]
Now, putting u = r and v = q into Lemma 3, we obtain
HEE ) H L laf 9G] + HEE[a@) H L [rfg(x)] =
HL[rf Q) H L [ag ()] + 1L [af (Ol L [rg(2)].
Multiplying both sides of Equation (35) by #5"5[p(x)], we have
1 O H L r ) 7L laf g(0)] + HE[qGO) H L [rfa(0)] =
HI L [pO H L [rf )] L [ag ()] + 282 [af () H L [rg(2)].
Arguing as for Equations (34) and (36), we obtain
1 [q@) HEEr @) H L [pfg(0)] + HEE[p (O 7L [rfg(x)] =
HEL[qO] L [rf ()] H P2 [pg ()] + 2L pf () 7 E [rg ()]

Adding Inequalities (34), (36) and (37), we obtain Inequality (32). o
Remark 5. We assume f, g, r, p and q satisfy the following conditions:

ﬁw\b\ry(n

(34)

(39)

(36)

(37)

1. the functions f and g are asynchronous on [1, o );
2. the functions r, p, q are negative on [1, o );
3. two of the functions r, p, q are positive and the third is negative on [1, « ).

Then, Inequalities (24) and (32) are reversed.

4. Some Other Fractional Integral Inequalities

Now, we give some other fractional integral inequalities using generalized proportional Hadamard
fractional integral operators.

Theorem 3. Suppose that f, g, and h are positive and continuous functions on [1, o ) such that

(g(r) - g(a))% - % >0,1,0€(1,x) x>1. (38)
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rfhj:n)forallx >1,a>0andp € (0,1], we have
HiR @] 52 1gf ()]
Hix ()] #IE[gh(O]

(39)
K A . —_—
% 2 (toggle_desktop_layout_cookie) Q =

Proof. Since f, g, and h are three positive and continuous functions on [1, o ), by Equation (38) we obtain

f(o) f(@ f(o) f@)
IO 5 T )h() 9O )~ ()h()ZO,T,UE(O,x)x>O. (40)

Multiplying both sides of Equation (40) by h(c)h(t), we have

9@ f(@)h(z) — g(@)f(®)h(o) — g(o)f(a)h(z) + g(a)f(t)h(0) = 0. (1)
Now, multiplying Equation (41) by (x,7) defined by Equation (20), then integrating the resulting identity
wiith respect to T from 1 to x, we obtain 4
B‘{ga()af) f e%(lnx_ lm)( Inx— In T)a_lg(r)h(r) ?
1
—%[ eﬁﬂl(lnx lm)( Inx— In T)a_lg(r)f(r)?
1 x (42)
—];(fzﬂg((z)) j e%(lnx_ lnT)( Inx— In T)a_lh(‘r) %
1
o J T g 0 T 20
1
It follows from Equation (42) that
f(@)7 5L [gh(0)] + g()r(@)HTLf ()] )

~9()f (HLL[h()] = M)HTY[gf (0] 2 0.
Again, let us multiply Equation (43) by lp(x, a) as defined by Equation (20), which remains positive because

for all o € (1,x), (x > 1),a,8 > 0. Then, integrating the resulting identity with respect to o from 1 to x, we
obtain

H L OIH L [gh()] — KL ROOIH T E g f ()]

iy iy (44)
— HL [gf @IHTL RG] + HTL[GhCIIHTE[F ()] 2 0,
which implies that
HR I Igh(O] = HELh@)H T [9f (). (45)
This completes the proof of the theorem. o
Theorem 4. Suppose that f, g, and h are positive and continuous functions on [1, o ), such that
fl@) f(@)
(g(r) —g(o ))W—EZO, 7,0 € (1,x) x>1, (46)
Then, forall x > 1, B,¢ € (0,1], and a, ¢ > 0, we have
H QN9 () + HAL N [9hGo) .
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Pr@ %tlplylng Equation (43) by ¢r(¢)a T(lnx lrlU)(l nx— In a) ,0€(1,x),x>1,¢,¢0>0,
which is always positive, then integrating the resulting identity with respect to ¢ from 1 to x, we have

® 2 (toggle_desktop_layout_cookie) Q =

X
2= (Inx— - b
fe g (nx lnJ)(lnx— In 0)¢ 1f(0)7

£ hg ()] 5o

—1 (Inx—1no)

~H T 0f W) 15 j (inx= 1n0)* (o) 7
1

x (48)
a 1 -1 nx—Ino _ do
—7{1,'f[h(x)]mfl e v (nx! )( Inx— In a)¢ 1gf(0')7

+}[1£[f(x)] ¢[‘(¢)j e(p(;l(lnx—lna)(lnx_ In a)(p—lfh(a)d?-o'zo.

This gives us the following relation:

HELFO1H L [gh()] — P [RG)12T ELgf (2)]

@ (49)
—H LG fOIH LR + 1P [ghIHTE[F ()] = 0
From Equation (49), we obtain
HELU COIHTE [gh(] + 3L [gh(oloeie[f ()] 50

> HEE@H L [gf O] + HEL [gf CIHTE RG]
This yields Inequality (47). This completes the proof of the theorem. o
Remark 6. If we take a = ¢ and 8 = ¢ in Theorem 4, then we obtain Theorem 3.
Theorem 5. Suppose that f and h are two positive continuous functions such that f < h on [1, o) ) If i is

decreasing and f is increasing on [1, o ), then, foranyp =1, x > 1, a > 0 and 8 € (0, 1], we have

HIR @] L [P0
HEEh()] %ff[h”(x)]

(61)

Proof. Now, by taking g = f”~ ' in Theorem 3, we obtain

HIU ] HIL P @)
HEE ()] %ff[hf” W]

(52)

Since f < hon [1, o ), we have
hfP~t < AP, (53)

Multiplying Equation (53) by w(x,r) defined by Equation (20), then integrating the resulting identity with
respect to T from 1 to x, we obtain

X
1 B-1 _ _ d
ﬁar(a)f e B Un* lnT)(lnx— In7)* 1fp_1h(r)?r (54)
1
1 [ =2 d
Smf e B (Inx- lnT)(lnx— In T)a_lhp(r)?r, (55)
1
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whighimplies that
F

Thus, we have = 7 (Itoggle_desktop_layout_cookie) Q =

Hixl P @) #lfr @]
@) ]

HEPRP 7 (0] < HEE[RP (). (56)

(57)

From Equations (52) and (57), we obtain Equation (51). o
Theorem 6. Suppose that f and h are two positive continuous functions such that f < h on [1, o) ) If % is

decreasing and f is increasing on [1, o ) then, foranyp > 1,x > 1, B, € (0, 1], a,¢ > 0, we have

HEL[F ()] }ff;ép[hp(x)] + HPElf (x)]?fff[h”(x)]

‘ PG + 7] i
Proof. Taking g = f?~' in Theorem 4, we obtain
A VACI LT AR ) ks P VACIi LTACO) I - (59)
H @IHL [P 0] + HE L I[P ()]
then, by hypothesis, f < h on [1, 00 ) which implies that
hfP~t < hP. (60)
Now, multiplying both sides of Equation (60) by

1 —
prr (lnx_lna)( Inx— In 0)¢ Yoe(1,x),x>1,¢,¢>0, which remains positive. Then,

integrating the resulting identity with respect to o from 1 to x, we have

X

1 —‘p_l(lnx—lna) ¢-1, -p—1 do

(p¢r(¢)je¢’ (Inx— Ino)” "hf (a)a
1

1 e
< - ®
TefT@) )

Integrating both sides of Equation (61) with respect to ¢ over 1 to x, we have

_ _ d
(Inx lnU)(lnx— In a)d) 1hp(a)70

HPE [P 00] < [P @), (62)
Multiplying both sides of Equation (62) by #{"2[£(x)], we obtain
HELF L [fP 7 @)] < HEL[FIH TS [RP ()], (63)
Hence, from Equations (56) and (63), we obtain

HEEF OO DL P~ ()] + LR LF O L [Rf P ()]

(64)
< HEPIF QISP [RP ()] + H EPLF 01 T [RP (x)].

From Equations (59) and (64), we obtain Equation (58). This ends the proof of the theorem. o

5. Concluding Remarks

In [42], the authors proposed the concept of generalized proportional fractional integral operators with

et(pacamgmg%l JE%)}B?J%@Q%WE&/ME/Gﬁ@-@%éﬂ/ﬁﬁt@tagém] worked on these operators and established some
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fﬁbﬁ I i equalltles for convex functions by considering Hadamard proportional fractional integrals. In this
dy,\xwrobtalned some fractional integral inequalities for the extended Chebyshev function by
considering the generalized proportional Hadamard fractional integral operator. The inegualities
investigated in this paper represent novel contributions in the fields“of f%gc?tllzr?g?kct:%?cﬁmgtacr?akg)erﬁ%rél"zed
proportional Hadamard fractional integral operators. They are also expected to lead to some applications
for determining the uniqueness of fractional differential equation solutions. We also believe that the findings
of this study will help to solve additional practical problems in mathematical physics, statistics, and
approximation theory.
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