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Abstract

In this paper, we deal with the Caputo—Fabrizio fractional integral operator with a nonsingular
kernel and establish some new integral inequalities for the Chebyshev functional in the case of
synchronous function by employing the fractional integral. Moreover, several fractional integral
inequalities for extended Chebyshev functional by considering the Caputo—Fabrizio fractional
integral operator are discussed. In addition, we obtain fractional integral inequalities for three
positive functions involving the same operator.

Keywords: Caputo—Fabrizio fractional integral (/search?
q=Caputo%E2%80%93Fabrizio+fractional+integral); fractional integral inequality (/
search?q=fractional+integral+inequality)

MSC: 26D10; 26D33

1. Introduction

Fractional calculus is a generalization of traditional calculus which deals with nonnegative
integer order integration and differentials which have various applications in different fields of
science and technology. On this vast subject, we may cite [1,2,3,4,5,6]. In order to introduce
some preliminary background to our findings, let us consider the following:

1 [ 1 "2 1 [
—— j d(ep(§)ds — m—— j ¢(€)d€r2 — J @(§)d§, 1)

1 1 1
W ¢ and ¢ are two integrable functions which are synchronous on [rl,rz], ie.,
( We@@&(gggb}laﬁj&g&}rmegig any ¢,&, €|ry,r,]. Further development of this

T(p,0): =
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furrﬁ%n\sllf(al\)n be found in [7,8]. Now, we present the extended Chebyshev’s function defined by
i

T(P, ¥, 9,9) ==j <P(€)d€j P(§) @ () ¥ (§)dé

K A : —_
~ 2 (toggle_desktop_layout_cookie) Q =

+j ¢>(f)dfj p(§) @ (§) ¥ (§)d¢

—j ¢(€)‘D(€)d€j p(§) ¥ (§)d¢

¢ —j <P(€)¢(€)d€j $(§) ¥ (§)ds. >

See [9]. In the literature, many specialists have proposed fractional integral inequalities for
Chebyshev functional (1) and extended Chebyshev functional (2), see [1,9,10,11,12]. Recently,
many researchers in several fields have found different results about some known fractional
integral inequalities and applications by means of the generalization of the Riemann—Liouville,
Caputo, Hadamard, Erdelyi—-Kober, Saigo, Katugamapola and some other fractional integral
operators, see [1,9,13,14,15,16,17,18,19,20,21,22].

The main motivation of the Caputo—Fabrizio integral and derivative operator is that it is a
general fractional integral and derivative. In addition, it has a non singular kernel which can be
described as a real power turned into an integral by means of the Laplace transform.
Consequently, an exact solution can be easily found for several problems. Nowadays, fractional
integral and derivative play big role for modeling various phenomenon physics. However, in
[23,24], Caputo and Fabrizio introduced new fractional derivatives and integrals without a
singular kernel. Certain phenomena related to material heterogeneities cannot be well-modeled
by considering the Riemann-Liouville and Caputo fractional derivatives due to the singular
kernel. It stems from Caputo and Fabrizio’s proposal of a new fractional integral involving the

nonsingular kernel e‘%(f‘s),o < k < 1. Recently, many mathematicians in applied sciences
are using the Caputo—Fabrizio fractional integral operator to model their problems. For more
details, we refer to [25,26,27,28,29,30,31]. In [32], the authors presented the fundamental
solutions to the Cauchy and Dirichlet problems based upon a heat conduction equation
equipped with the Caputo—Fabrizio derivative, which is investigated on a line segment. The main
advantage of the Caputo—Fabrizio integral operator is that the boundary condition of the
fractional differential equations with Caputo—Fabrizio derivatives admits the same form as for the
integer-order differential equations. In the literature, very little work has been conducted on
fr al integral inequalities using Caputo and Caputo—Fabrizio integral operators. In
[1 165178,18)dheyautbarsebavemsiablished some new integral inequalities for the Chebyshev

50f27 18-06-2024, 16:35
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ve investigated several new estimations of the Hermite-Hadamard type inequality via
generalized convex functions of the Raina type. In [34,§§J, the authors established fractional
integral inequalities involving the Caputo—Fabrizio operétb'lgﬂlg?gm@ﬁ%)%ggs_g‘%%g )wo K the
main objective of this paper is to obtain some fractional integral inequalities for the functionals
(1) and (2) by considering the Caputo—Fabrizio fractional integral operator. In addition, we
establish some fractional integral inequalities for three positive and synchronous functions. The
paper is organized into the following sections. Section 2 gives some basic definitions of
fractional calculus. Section 3 is devoted to the proof of some fractional inequalities for
Chebyshev functionals using the Caputo—Fabrizio fractional operator. Section 4 presents some
idequalities involving the extended Chebyshev fractional in the case of synchronous function by
employing the Caputo—Fabrizio fractional integral operator. Finally, concluding remarks are

given in Section 5.

anfﬁstsrll?(%d Chebyshev functionals using different fractional operators. Recently, in [33], the
author

2. Preliminaries

Here, we provide some basic definitions of fractional calculus related to the Caputo—
Fabrizio fractional integral operator.

Definition 1 ([24,34]). Let k € R such that 0 < k < 1. The Caputo—Fabrizio fractional integral of
order k of a function ¢ is defined by

3
1 1ok e o
I5elp(®)] =~ j e”w CTI9(s)ds. )
0
For k =1, itis reduced to

¢
70.¢[9(9)] = j p(s)ds.

The above defintion may be extended to any k > 0.

Definition 2 ([24,34]). Let x,a € R such that 0 <k < 1. The Caputo—Fabrizio fractional
derivative of order k of a function ¢ is defined by

¢
1 K g,
Jaeld(@] = mj e T-x C79¢ (s)ds. 4)

In this study, the focus is put on the Caputo—Fabrizio fractional integral operator, aiming to
d@trate some new inequalities involving it.
L web-font Gyre-Pagella/DoubleStruck/Regular
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naI Inequalities for Chebyshev Functional

He\e)we obtain inequalities for the Chebyshev functional using the Caputo—Fabrizio

fractional operator. ~ 2 _(itoggle_desktop_layout_cookie) O =

Theorem 1. Let ¢ and ¢ be two synchronous functions on [O, os) ) Then for all £,k > 0, we have

T5.¢lpp(§)] = T0,¢[#(E)]175 ¢l ()], (5)

1
T5¢l1]
where J§ ¢[1] = le 1—e % &

Proof. Since ¢ and ¢ are synchronous on [O, ol ) forall u, 6 > 0, we have
) o) — ¢ (0)p(1) — (6) = 0. ©
From (6), we get
P(We() + ¢(0)p(6) = dp(W)p(6) + P (O)e(1) - (7)
By multiplying (7) by ie_l;rc’c(f_“), which is positive, and then integrating the resulting

identity with respect to u from 0 to &, we have

§ §

1 oK e 1 1K e

—je K“”ammmw+;je = E1g(0)p(8)du
0 0

K

> —
K

$ 3
1 1K e 1 1K e
je x“”ammmw+;je = 1000 (Wdp.
0 0
Hence,

¢
1 1-k
Jo,e[0](§) + ¢(9)<P(9)Ej e T C-Hgy
0

§ §
1 oK e 1 1K e
zmm;je x@”me+am;je = 0wy
0 0

which implies that
T5,¢[dp ()] + d(0)9(0)T5 ¢ [1] = (6)T5,¢ () + P(6)Tg ¢ 9(E). (10)

1—K
By multiplying (10) by ie‘T(f_g), which is positive, and then integrating 6 from 0 to &, we
have

Qweb-font Gyre-Pagella/DoubleStruck/Regular
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K\ 1 ¢ 1 1 f 1
_1zKkez_g =K (s-0
MDPL L4, (£)] - j e (700 + 75 1] - j e & € Dp(6)p(6)do
0 0
3 $ ma Q, (1)
_ _(itoggle_desktop_layout_cookie) =
1 _l-ke 1 A — — _—
> 95 6[$(D)] - j e” 7 E9(0)d0 + 35 9(8) j W
0 0

Therefore

J0,e[0(£)170,£[1] + T £[1]75 e [P0 (§)] (12)
> 15 £ [0()]90,[0 (O] + 95 [0 ()]0, [#(E)] .-

It follows that

¢ T0,¢[11275 ¢[99(9)] = 275 £[P()]70,£[0(D)]. (1)

This ends the proof of Theorem 1. o
Theorem 2. Let ¢ and ¢ be two synchronous functions on [0, « ). Then, for all £x,A > 0, we
have

1 _1-2 1 ik

> 75 e [6()175 £ [0()] + 75 e [0()175 £ [P(].

(14)

1-2
Proof. To prove this theorem, first multiply the inequality (10) by %e"T(f_e), which is positive.

Then, by integrating the resulting identity with respect to 6 over 0 to ¢, we obtain

¢ £
1 [ _1-a,_ 1[0 _1-a,_
76‘,5[¢<p(€)];j e x ¢ md@”&[ﬂ;j e” 7 C9(6)p(6)do
0 0

§ §
1 1-2 1 1Al
> 75 [6(0] 5 j e T € 0p(0)d0 + 75 [0(6)] 5 j e T €O (0)ao,
0 0

and this ends the proof of Theorem 2. o
Remark 1. Applying Theorem 2 for k = A, we rediscover Theorem 1.

Theorem 3. Let (¢,) be positive increasing functions on [0, o ). Then, for all & x > 0,

i=1,2,..,n
we have
75e | |00 2 75000 | [ 98l (16)
i=1 i=1
Proof. We prove this theorem by induction. Clearly, for n = 1, we have 7§ ¢[¢, (£)] = 75 ¢ [¢, (€)]
,forall &,k > 0.
For n = 2, applying the Equation (5), we obtain
75 el b, (D] = 75 [1] 795 [, (D]75 [0, (D] (17)
L web-font Gyre-Pagella/DoubleStruck/Regular
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ﬁg\jse that, by induction hypothesis,

7051_[ [,(5)] = 9511 nngof[d’ ©) (18)

2 (toggle_desktop_layout_cookie) O =

for all £ x> 0. Now, since (¢,) are positive increasing functions, then (17" ¢,)(€) is

i=1,2,...,n
an increasing function. Therefore we can apply Theorem 1 to the functions Hin=_11 ¢, = ¢ and

¢,, = ¢, and we obtain

T5e 1_[ [6,)] =75, 1_[ [6,6,(D] = 75 [0 (2]
« 2 75,¢[11775 [0 (D75 ¢ [#(£)] ,

2 75e1) 795 | [ #00756l0,9))
> 75 (1175617 | |95 elo, D15 el )]

> 735[1]1_n1_[755[¢i(5)] :

This completes the proof of Theorem 3. o

4. Fractional Inequalities for Extended Chebyshev Fractional

Here, we present some inequalities on extended Chebyshev fractional in the case of
synchronous functions by employing the Caputo—Fabrizio fractional integral operator.

Lemma 1. Let ¢ and ¢ be two integrable and synchronous functions on [0, oo) and
u,v:[0, o ) > [0, o0 ). Then, for all k,& > 0, we have

96,¢[u(©)175 e [vdpe ()] + 70,6 [v(§)]70 e [upep(§)] =

T Wb 1T o)) + 75 Lo 175 c[up (O] -
Proof. Since ¢ and ¢ are synchronous functions on [0, 0 ) forall u,0 = 0, we have
o) — ¢ (0)p(u) — (6) = 0. (21)
Owing to (21), we obtain
P(We(w) + ¢(0)9(6) = ¢(we(0) + $(O)p(1) . (22)

By multiplying (22) by —= (“) B _K(f “) , Which is positive, and then integrating with respect to

uao to &, we have
L web-font Gyre-Pagella/DoubleStruck/Regular
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74 J 1—k d 1—K
@&hﬂfwumwmw(mau - 1 J e e CTMu()p(0)p(0)dp

23
1 § 1k 1 d ® 2 (toggle_desktop_layout_cookie) O = —( )
>~ j e * CTu(up(up(6)du + j = E0u(B(0)g(du.
0 0
Consequently,
96,6 [udpp(§)] + ¢(0)p(0)35 ¢ [u(£)] ”

= 9(0)75 ¢ [ud(E)] + ¢(0)75 ¢ [up(9)].
By multiplying (24) by ( ) - (¢-0) , which is positive, and then integrating with respect to

¢'from 0 to &, we have >
¢
1 _l-k o
95,6 [uge()] — J e $=9y(0)do
0
1 ¢ 1—-K
+70,6[w(©)] j e C7u(0)p(6)p(6)do
O (25)

§
> 75 [ug(2)] - j e D00 (0)d0

0
1 ¢ 1-k
+75,¢[ue(O)] ~ J e T C~Dy(0)p(0)dd.
0

This completes the proof of the inequality (20). o
Now, we give our main result.

Theorem 4. Let ¢ and ¢ be two integrable and synchronous functions on [0, 0 ) and r,p,q:
[0, 00 ) = [0, o). Then, for all k,& > 0, we have
235,¢[r()195,¢[p()170,e[adp ()] + 70,6 [a(§)]75 ¢ [P ()] +
275,¢[P(O)175,[a()]9g, e [rpe(E)] =
96,¢[r()196,¢ [P ()15, [ap(©)] + 9o, [ad ()10, [P ()] + (26)
96,6 [P35, ¢ [ ()95, ¢ [a9(E)] + T5,¢[ap()]1T5 ¢ [rp ()] +
96,¢[a(O)]95,¢[rd ()]0 e[pp(O)] + T5,¢[pP(1T0 ¢ [rep (D] -

Proof. To prove this theorem, put u = p, v = q, and using Lemma 1, we get

90,e[p(O)NT5 e[app(©)] + I £[a(©)]Tg, [pde(§)] =
@ T0,elp(O)]70,e[a@(©)] + 35 e[ap(©)]Tg e[pp(E)] -

WetFoalihingy bathosides i kRINpY I6 ¢ [r(¢)], we have

10 of 27 18-06-2024, 16:35
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10,¢[r(E)170,¢[P(D)]70 e [adpe ()] + T5 £[a(D)]T0 s [P ()] =

ml\n\ryu) (28)

90,e[r(O]75 e [pd()]175 e[aw ()] + 75 e [ad(D)]Tg e [P ()] .

Again, b ttin =r,v = ¢g, and using Lemma 1, . —
gain, by putting u =r,v = ¢q using ng@oggle desktop_layout_cookie) Q, =

90,e[r(O)]T0 [adp(O)] + T5 [a(©)]9g ¢ [rPpe(§)] =

95 (195 a9 (D) + 75 ad @V rp(©)]. )
By multiplying both sides of (29) by 7§ ¢[p(&)], we have
I6,¢[P())70,[r()1I5 eladp(§)] + Ig £[a(§)]T0, ¢ [rde(§)] = o)
90,670, [rd (175 e [ap ()] + 7o, [ap ()]0, [re(9)].
With the same arguments as in the inequalities (29) and (30), we can write ,

96,6[a(§)170,[r()175, e [ppp(§)] + 70,6 [P(£)195 ¢ [rdpp] (§) =
90,6[a(9)175 e[rd (176, e [P ()] + T5 e [pP ()70, £ [T ()] .
Adding the inequalities (28), (30) and (31), we get the required inequality (26). o
Lemma 2. Let ¢ and ¢ be two integrable and synchronous functions on [0, o ) and u,v:
[0, 0] = [0, ). Then, for all £,x,1 > 0, we have
75,6 [1()175 £ [vp@ ()] + T £ [V()175 ¢ [upep(£)] =
95 ¢ [ud()175 ¢ [vo ()] + 75 £ [vp()175 ¢ [uw ()]
v(6)

A

(31)

(32)

1-1
Proof. By multiplying both sides of (24) by e‘T(f_e), which is positive, and then

integrating with respect to 6 from 0 to &, we have

3
1 1A,
95.¢udp(©] j e 1 $=y(0)do

0

§
+ 75 fu@)] j e~ T EOu(0)p(0)g(0)d0

0

§
> 95 ug(O] 3 j o7 € O(0)p(0)do

0

¢
+ 95 [up (O] 3 j aaororn

0

This completes the proof of Lemma 2. o
Theorem 5. Let ¢ and ¢ be two integrable and synchronous functions on [0, o ) and r,p,q:
[0, 0 ) > [0, 0 ). Then, forall &,x,1 > 0, we have

Qweb-font Gyre-Pagella/DoubleStruck/Regular
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95 e [r @175 (a1 92 elpdp(©)] + 275 £ [p(E)] 72 e [adp(D)]

+ 35 :[a(©)] 75 e [P ()]
+I5[PO1 e [a©) + 5 PO 5 a1 5 elr &AL gostton.tavout contie) Q o
95 e [r @) 75 e [pd ()] 72 [ag(©)] + T [ap(©)] 95 Ipp(©)] +
95 [P 95 [rd (©)] 72 elag(©)] + 72 lap(©)] 5 e[ro(©)] +
95 e[a(D)] 7 ¢ [rd (178 e [p(O)] + 7§ ¢ [pf (O] 5 ¢[rep(9)] .

Proof. To prove this theorem, we put u = p, v = q and, by using Lemma 2, we get

95 e [p(O)195 e [app(O] + 75, £[a(O)] 75 s [ppo ()] =
95 e [pd()] 38 e[a@(O)] + 75 e[ad (O] Ik £ [pe(©)].

iryo,

Now, multiplying both sides of (35) by 7§ :[r()], we obtain ’
985 e [r(O198 e [p(D]1 98 e [app(D] + 78 [a(D]IE s [P (8)] =
95 1)1 8 p$ O 72 law(©)] + 72 lad()] 3 lpo (). o
By putting u = r, v = q, and using Lemma 2, we get
15¢[r(O1 95 elado (O] + 73 £[a(©)] T e [rpp(D)] =
5 (O T lap(©) + T elad ()] 3 elro )], o
By multiplying both sides of (37) by 7§ ¢[p(£)], we have
98 e[p(O175 ¢ [r(O]1 95 eladp(@)] + 78 £[a(O)] I e [rdpp(©)] =
5 (I (O 7L (O] + T2 lad €] 3 elro(E)]. o
With the same argument as in the Equations (37) and (38), we obtain
15¢[a(©] 76 [r(©] 95 e [pdp(O)] + 75 ¢ [P(D] I e [rdpep(©)] = )

95 e[a(@]1 95 [rp(©)] 98 e (O] + 78 e [P ()] 95 £ [r(D)].

Adding the inequalities (36), (38) and (39), we get the inequality (34). o
Remark 2. If ¢, ¢, r,p and q are functions satisfying the following conditions:

1. The functions ¢ and ¢ are asynchronous on [0, o ).

2. The functions r, p, q are negative on [0, o ).

3. Two of the functions r, p, q are positive and the third is negative on [0, o )
Then, the inequalities (26) and (34) are reversed.

Here, we give some fractional integral inequalities involving the Caputo—Fabrizio fractional
integer operator.

Tﬁm 6. Let ¢, ¢ and x be three positive functions on [0, o ) such that
h

web-font Gyre-PageIIa/D%h‘éI)eS_trﬁ?c S’gh‘ﬂr" (p(H))((u) + X(H) 20, (40)
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for; 6 > 0. Then
| ﬂﬁfﬁm
1-x

1 - K K
T5elbox(Oly—1-e " * ‘ + I5[bp(] I e[x(©)] .
® 23(toggle_desktop_layout_cookie) Q E( )

> J5 e [@()] 90, [dx (O] + 75 e[9 ()] To e[0T,

for all k, ¢ > 0.
Proof. From the condition (40), for any u, 8 > 0, we have

¢ o) x(w) + (e x(8) + ¢(0)p(0) x(1) + H(0)p(6)x () 2
= p()e(8) x(u) + ¢(8)p(W)x(w) + ¢(8)p(w)x(8) + p(We(8)x(6).

1-K
By multiplying both sides of the inequality (42) by %e"T(f"“), which is positive, and then

integrating with respect to 4 from 0 to &, we get >

¢ ¢
! J e G )¢(u)<p(u)x(u)du+% j e C M () p(w)x(6)du

K

K

¢ ¢
+ j e € (0)p(0)x(W)du + j e € (8)(6)2(6)d

¢ ¢ (43)
> j e % E P () () () + j e = p(0)p () (W)du
1 ¢ 1-K 1 ¢ 1-K
+- J "% CTPO)p(0x(B)du + j e” % ST (We(0)x(0)dn,
which implies that
Jo,eldpx (D] + x(0)Tg [dp(E)] + $(0)0(0)Tg £ [x(8)]
3
+H(O)p(O)(6) J e C0du > p(6)75 ([ px(©) (44)

+¢(0)70,6[px ()] + ¢(O)x(0)75 [0 ()] + @ (0) x(8)T5 ¢ [H(E)].
Again, multiplying inequality (44) by ie_l;rcx(f_e), which is positive, and integrating with

respect to 6 from 0 to &, we have
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= ¢ 1—-k d 1—-K
@@4@)]% j o600+ 3590 (o) j e~ €0y (6)a0

$
495 L) j e % €D g(6)p(6)ds

0

¢
Vool | -0
T T J e $(0)¢(6)x(6)d0
0
T lox(©] [* iz L[
> o007 KX Je‘7(5‘9)<p(9)d9+ jgf[cpx(g)]gj e ® C(0)do
0 0
7o) [* 1o 78] [* _am
+—°'fjf j em® COp(0)x(0)do + === j e C7D(0)x(6)d6.
0 0
Hence,
1 1-x

1—e" % *I5[ppx(D] + I8 e[dp(©)] 6 ¢ [x(8)]

11—k
1 1-K
+ 30,6 (190, lp@()] + T—1 - e” & I8 c[ppx(d)]

= 15,e[dx (D] 70,6[0 (O] + T5,el0x (9] 70, £[0(£)]
+70,6[0(] 70,6[ox (D] + T5,6[d()]Tg e[dx (D]

This completes the proof of the inequality (41). o
Theorem 7. Let ¢, ¢ and x be three positive functions on [0, oo} ) such that
() — PO () + 9(0)x(1) + x(6) = 0,
forall u,8 = 0. Then

96,6 (9] 95, lox ()] + T0,6[dx ()] 75 [9(£)]

> J0,:[ox(©)]70,:[0(E)] + T5,6[x ()] 70 £ [dp(E)],
for all k, & > 0.
Proof. From the condition (40), for any u, 6 = 0, we have

PWe(wx(w) + W (W x(0) + (e (8)x (W) + ¢(We(6)x(6)
= p(0)p(Wx(w) + d(O)p(W)x(6) + ¢(0)p(O) x (1) + H(O)(8)x(6) -

R A H —
© Z-(ltoggle_desktop_layout_cookie) Q=

(45)

(46)

(48)

(49)

1—K
By multiplying both sides of the inequality (49) by ie‘T(f_“), which is positive, and then

integrating with respect to u from 0 to ¢, we get
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74 § 1—-k ¢ 1—K
@@JW R oo x(wdu + x(6) 3 J e CTHP(Wep(u)dp

ltoggle_desktop_layout_cookie) O =

'3 '3 K A
1 1=k o 1 [ 1o pt
+<p(9); j e w ¢ “)¢(u)x(u)du+<p(9)x(9); j e R BH ¢(u)du
0 0

£ £ (50)
> 9(6) j e~ E (0 xu)du+ 2(0) j e E g (0)p ()
01 e 0 1 .
+6(0)0(9) J ™% CTx(Wdp+ $(0)p(0)x(0) j e w Wy,
which implies that ’
Jo,eldpx(D] + x(6) 5 e[Pp(D)] + 0(6)T5 e[Ppx ()] + 0(8)x(6) Ig,[#($)]
> x(0) 95,¢[ox(§)] + x(6) Ig £ [dp(§)] + p(8)p(8) Ig ¢ [x(£)] (51)
+p(O)p(O)1(O) 1~ R C.
With the same argument as in inequality (45), we obtain
1 RS (O] + 3800 (D] 78 L(©)]
+36,.[ox ()] 0. [0()] + 0,6 [9(£)] T5, ¢ [9x (9] 2)

> Jo,elox(©)] 75 e[P()] + To,[d0(§)]Tg,[x(E)]

498 LDV b (O] + 701 — 7% S35 c[pp()].

This completes the proof of inequality (48). o

5. Concluding Remarks

In this paper, we studied the novel fractional integral inequalities for the Chebyshev and
extended the Chebyshev functionals by considering the Caputo—Fabrizio fractional integral
operator. In addition, we studied some inequalities for three positive functions using the same
operator. The inequalities investigated in this paper make some contribution to the fields of
fractional calculus and Caputo—Fabrizio fractional integral operators. In the future, we hope that
inequalities presented in this paper can prove the existence and uniqueness of some ordinary
differential equations, as well as initial and boundary value problems involving Caputo—Fabrizio
fractional operators.
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