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Abstract

Some generalizations of the concept of a supplemented lattice, namely a soc-
supplemented-lattice, soc-amply-supplemented-lattice, soc-weak-supplemented-lattice,
soc-®-supplemented-lattice and completely soc-®-supplemented-lattice are
introduced. Various results are proved to show the relationship between these lattices.
We have also proved that, if L is a soc-@-supplemented-lattice satisfying the summand
intersection property (SIP), then L is a completely soc-@-supplemented-lattice.
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Mutlu[1], Tohidi[2], Wang and Ding[3], Wisbauer[4] and many others have studied the
concept of a supplemented module and its generalizations. Let N and L be submodules
of a module M. N is called a supplement of L if N + L = M and N is minimal with
respect to this property. A module M is called an amply supplemented module if for
any two submodules 4 and B of M with A + B = M, B contains a supplement of 4. A
module M is called &- supplemented if each submodule of M has a supplement that is
a direct summand of M.

In 2012, Tohidi[2] introduced some generalizations of the concept of a supplemented
module namely, a soc-supplemented-module, a soc-amply-supplemented-module, a
soc-weak-supplemented-module, a soc-®-supplemented-module and a completely soc-
@-supplemented-module. He proved various results to show relationship between these
modules. He showed that, a direct summand of a soc-amply-supplemented-module is
also a soc-amply-supplemented-module.

Calugareanu[5] used lattice theory in module theory and studied several concepts from

module theory in lattice theory. He introduced the concept of a supplement in terms of
elements. Alizade and Toksoy|[6] introduced the concepts of an ample supplement and
an amply supplemented lattice in the context of a complete modular lattice. In[7] they

also introduced the concepts of a weak supplement, a weakly supplemented lattice in
the context of a complete modular lattice.

In this paper, we introduce the concepts of a soc-supplemented-lattice, a soc-amply-
supplemented-lattice, a soc-weak-supplemented-lattice, a soc-®-supplemented-lattice
and a completely soc-@-supplemented-lattice and obtain some results in the context of
modular lattices.

Throughout in this paper L denotes a lattice. Wherever necessary we assume that
Soc (a) exists for any @ € L and Soc (L) = Soc (1).

2. Preliminaries

We recall some terms from lattice theory. These and undefined terms can be found in
Grdtzer[8].

Definition 1
A lattice L is called modular if for a,b,c € L witha <c,aV (bAc) = (aVb) Ac

Definition 2

1o b oc T ococue b.thata V b = c and a A b = 0 then we say that a, b are direct
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Definition 3

Let L be a lattice with 0. An element a € L is called an atom, if there does not exist any
b€ Lsuchthat0 < b < a.

Definition 4

A lattice L with 0 is said to be an atomistic lattice if every non-zero element a € L is the
join of atoms of L contained in a.

Definition 5

[5, p. 47]

The join of all atoms of L, denoted by Soc (L), is called the socle of the lattice L.

For a € L, Soc (a) is the socle of the lattice [0, a].

We recall some definitions from Alizade and Toksoy|[[6], [7]] and from Calugareanu[5].
Definition 6

An element a € L is said to be small in L if a VV b # 1 for every b # 1. We then write
a< L.

Definition 7

An element @ € L is called a supplement of an elementb € LifaVb=1andais
minimal with respect to this property.

Lemma 1

Let L be a modular lattice and a,b € L. a is a supplement of bin L ifand only ifa Vb =1
and a A bis small in [0, al.

Proof

Suppose that a is a supplement of b in L. Then a V b = 1 and a is minimal with respect
to this property. Let (a A b) V ¢ = a for some ¢ € [0,a],c < a.Then
l1=aVb=(aAb)VeVb=>bVc=1,acontradiction. Hence a A b is small in [0, a].

Conversely, suppose thata Vb= 1and a A bis small in [0, a]. Let ¢ V b = 1 for some
c < a.WehavecV (bAa) = (cVb)Aa = a,acontradiction. Hence a is a supplement
of bin L.
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The above equivalence does not hold in a nonmodular lattice.
Example 1

In the lattice shown in Fig. 1,bV ¢ = 1and b A ¢ = O is small in [0, b] but bis not a
supplement of c.

Download : Download high-res image (59KB)

Download : Download full-size image

Fig. 1.

Definition 8

An element @ € L is said to have ample supplements in L if for every element b € L
witha V b =1, [0, b] contains a supplement of @ in L.

A lattice L is said to be amply supplemented if every element a € L has ample
supplements in L.

Definition 9

An element a € L is a weak supplement of b € L in L if and only if a V b = 1 and
aANb< L.

A lattice L is said to be weakly supplemented if every element a € L has a weak

supplement in L.

3. Soc-s-lattices, soc-a-s-lattices and soc-w-s-lattices

In this section, L denotes a lattice with 0 and 1.
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Leta,b € L,a # 0,1and b # 0,1 be such thata V b = 1, then b is called a soc-
supplement of a in case a A b < Soc (b).

An element a € L is called a soc-supplement element if a is a soc-supplement of some
element in L.

A lattice L is called a soc-supplemented lattice if every element of L has a soc-
supplement in L. In short we say that L is a soc-s-lattice.

Example 2

Every complemented lattice is a soc-supplemented lattice.

Example 3

Let L be a finite lattice with only one atom and two dual atoms whose meet is different
from that atom. Then L is not a soc-supplemented lattice.

Definition 11

A lattice L is called a soc-amply-supplemented lattice if 1 = a V b, where a,b € L imply
that a has a soc-supplement ¢ € L such that ¢ < b. In short we say that L is a soc-a-s-
lattice.

An element a € L is called a soc-amply-supplemented element if a = b V ¢, where
b < a,c < aimply that b has a soc-supplement d < a such that d < c. In short we say
that a is a soc-a-s-element.

Let L be a lattice and a € L. a is said to have a soc-ample-supplement in L if for any
b € LwithaVb=1,ahasasoc-supplement ¢ € L such that ¢ < b.

Example 4
Every atomistic complemented lattice is a soc-a-s-lattice.
Example 5

In the lattice L shown in Fig. 2, for elementse, f € L,1 =eV f, herec < fbutcisnota
soc-supplement of e because ¢ VV e # 1. Hence L is not a soc-a-s-lattice.
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Fig. 2.

The following two results are analogues of Proposition 2.1 and Lemma 2.2 from Tohidi[2].
Theorem 2

Let L be a modular soc-a-s-lattice and a € L be a direct summand of 1. Then a is a soc-a-s-

element.
Proof

Let L be a soc-a-s-lattice and let a be a direct summand of 1. Then a @ b = 1 for some
be L.

To show: a is a soc-a-s-element. Let a = ¢ V d, where ¢,d € L. Then
1=(cvVd)Vb=cV(dVb)=cV(de®b).Since L is a soc-a-s-lattice, there exists

f € Lsuchthat f < cwith fV (d®b)=1and f A (d® b) < Soc(f). Now, by using
modularity, we get

a=aAN[fV(@dVbd]=FfV[dVvbAal=fV[dV(bAa)]=fVd.
Also, fAd < fA(d®b) < Soc(f).Hence a is a soc-a-s-element.
Theorem 3

Let L be a modular lattice, a,b € L and a be a soc-s-element. If a \VV b has a soc-supplement

T +l. A L
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Suppose that a V b has a soc-supplement say cin L. Then (a V b) V¢ =1 and
(a Vb) A e < Soc(c).Since ais a soc-s-element and (¢ V b) A a < a, there existsd € L
suchthatd < a,a=[(cVb) Aa]Vdand [(cVb) Aa] Ad < Soc(d). Then
(c VvV b) Ad < Soc(d). Now, by modularity, we get

l=aVvbVe={[(cvd) ANa]Vvd}VvbVve={an[(cvbd)Vd]}Vv(bVec)=(bVecVa)
A(evbVvd)=(cVvb)Vd.

Thus, d is a soc-supplement of ¢ V bin L.
Claim
cV dis a soc-supplement of b in L.

Clearly (cVd) Vb =1 Wehave (dVb) Ac < (aVb)Ac< Soc(c). By modularity, we
get

(VAL (eVA)A([EAVD)A(cVDd)<(dVb) A(cVd)A(cVDb)
<A{l(dVvb)Ac]Vd}A(cVbd) <[ecA(dVDb)]VI[dA (cVb)] < Soc(c)V Soc(d)
< Soc(cVd).

Thus ¢ V d is a soc-supplement of b in L.
Theorem 4

Let L be a modular lattice and a,b € L be soc-supplemented elements. If 1 = a & b, then L
is a soc-s-lattice.

Proof

Letc € LbesuchthataVbVe=1anda VbV chas trivially a soc-supplement 0 in L.
Then by Theorem 3, b V ¢ has a soc-supplement in L. Again by Theorem 3, ¢ has a soc-
supplement in L. Hence L is a soc-s-lattice.

The following result is analogue of Proposition 2.5 from Tohidi[2].
Theorem 5

Let L be a modular lattice and a,b € L be such thata vV b = 1. If a and b have soc-ample-
supplements in L then a A b also has a soc-ample-supplement in L.

Proof

Leta,b € L be such thata V b = 1. Suppose that a and b have soc-ample-supplements in

T
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To show: a A b has a soc-ample-supplement in L. Let ¢ € L be such that (a Ab) V¢ = 1.
Thena = (aAb) V(cAa)and b= (a Ab)V (c Ab). Therefore,1 = a V (c A b) and
1 =>bV (¢ A a).Since a and b have soc-ample-supplements in L, there exist d,e € L
suchthatd < cAbande<cAa.AlsoaVd=1aAd< Soc(d)andbVe=1,
bAe< Soc(e).Nowd < cande < cimplies thatd V e < c.Now,a = (a A b) V e and
b= (bAa)Vd Therefore, 1 = (a A b) V (e V d). Now, by modularity, we get

(evVd)A(anb) < (eVdAA(AV(aAd)A(eV(aAd) < (dV(aAd)A(eVd)
AEeV(and)<{dVieA(dV(anbd)]}A(eV(and)<[eA(dV (aAb))]
VI[dA(eV(aAb))] <[eA(dVa)AbVIdA(eVD)ANa] <[eA1ADV[dALAa]
<(eAb)V (dAa)< Soc(e)V Soc(d) < Soc(eVd).

Hence d V e is a soc-a-supplement of a A bin L.

The following result is an analogue of Theorem 2.6 from Tohidi[2].

Theorem 6

Let L be a modular lattice and a € L. Then the following statements are equivalent.

(i) There is a decomposition 1 = b @ ¢, where b,c € Lwithb < aandc A a < Soc (c).
(ii) a has a soc-supplement d € L in L such that d A a is a direct summand of a.

Proof

() = (id) Letl=bd dwithb<aandd A a < Soc(d). Thena Vd =1 and
a A d < Soc(d) which means d is a soc-supplement of a in L.

Wehavea=aAl=aA (bVd)=>bV (dA a) by using modularity. Also
bA (dAa)=0.Henced A ais a direct summand of a.

(4¢) = (%) Suppose that d is a soc-supplement of a such thata = b @ (d A a). Then,
l1=aVd=bV(dha)Vd=bVdandbAd= (bAa)Ad=0.Hencebis adirect
summand of 1.

Cilugireanu[5] developed the concept of an essential element in a lattice with least
element O.

Definition 12

[5, p. 39]

Typesetting math: 99% 1 0. An element a € L is called an essential element if a A b # 0, for
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If a is essential in [0, b] then we say that a is essential in b and write a <. b and call b as
an essential extension of a.

If a <. band thereisno ¢ € L such thata <, cand b < ¢, then we say thatbis a
maximal essential extension of a.

Theorem 7

Let L be a modular lattice, a,b € L. Let b be a soc-supplement of a in L. If a is an essential
element of L, then a A b = Soc (b) is a minimal essential element of [0, b].

Proof

Let 0 # ¢ € L be such that ¢ < b. Since a is essential in L,a A ¢ # 0,50 (a Ab) Ac # 0.
Thus a A b is an essential element in [0, b]. Now Soc (b) < a A b. Since b is a soc-
supplement of @ in L, we have 1 = a V band a A b < Soc (b). Thus a A b = Soc (b).
Hence Soc (b) = a A bis a minimal essential element in [0, b].

Theorem 8

Let L be a modular lattice. If every element in L is a soc-s-element, then L is a soc-a-s-
lattice.

Proof

Leta,b € L be such thata V b = 1. We have a A b < b and since b is a soc-s-element. Let
c € Lbesuchthatec <b,b= (aAb)Vcand(aAb)Ac< Soc(c).Thusa A ¢ < Soc(c)
Alsol=aVb=aV[(aAb)Ve=aVeThusl=aVcandaAc < Soc(c) imply L
is a soc-a-s-lattice.

Definition 13

A lattice L is said to be a soc-weakly supplemented lattice if for any elementa € L,
a # 0,1 there exists b € L suchthata Vb= 1anda A b < Soc(1). In short we say that
L is a soc-w-s-lattice.

An element @ € L is called soc-weak-supplement if a is a soc-weak-supplement of some
element b € L.

Example 6
Every complemented lattice is a soc-w-s-lattice.

Example 7

Typesetting math: 99%
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In the lattice L shown in Fig. 3, for elements f, h € L such that f vV h = 1 but
d= fAh £ Soc(1) = athatisd £ a. Hence L is not a soc-w-s-lattice.

Download : Download high-res image (99KB)

Download : Download full-size image

Fig. 3.

The following lemma is an analogue of Proposition 9.8 from Anderson and Fuller[9].

Lemma9

Let L and L' be two lattices and f : L — L' be a homomorphism satisfying
f (Viera;) = Vier f (a;) then f (Soc (1)) < Soc(1') for1 € Land1' € L.

Proof

Forl € Land 1’ € L', Soc (1) = Vv(all atoms of L) and

Soc (1) = v(all atoms of L"). Now,

f(Soc(1)) = f[V (all atoms of L)] = V [f (all atoms of L)] = Soc (1').

Hence, f (Soc (1)) < Soc (1).

Typesetting math: 99% )morphic image of a Soc-w-s-lattice is a Soc-w-s-lattice under a

condition.
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Theorem 10

Let L be a lattice satisfying f (Viera;) = Vier f (a;). Then any homomorphic image of a soc-
w-s-lattice is a soc-w-s-lattice.

Proof

Let f : L — L' be an epimorphism and L be a soc-w-s-lattice. To show: L' is a soc-w-s-
lattice. Let @ € L' then ' (a) < L. Since L is a soc-w-s-lattice, ! (a) has a soc-weak-
supplement b € L, that means L = f~* (a) Vband f* (a) A b < soc(1). Then

F(F @) V@) =71)=1 L implyl =aV f(b). Now,

anfd)=F(f"(a)Ab) < f(Soc(1)) < Soc(l') (by Lemma 9).

Thus1' =aV f(b) anda A f(b) < Soc(1") implies L' is a soc-w-s-lattice.

Lemma 11

Let L be an atomistic lattice and a,b € L. Ifa < b, then

Soc(a) = a A Soc (b).

Proof

Leta < b.Itis clear that Soc (a) < a A Soc (b). Letz < a A Soc (b). Since L is atomistic,

xz = V{g; : ¢; isan atom of L and ¢; < z}. Now, z < a implies g; < a forall ¢; < z.
Then z < Vg; < Soc(a). Thus Soc (a) = a A Soc (b).

Theorem 12

Let L be an atomistic modular lattice. If L is a soc-w-s-lattice then every supplement element
of L is a soc-w-s-element.

Proof

Suppose that ¢ € L is a supplement in L. Since L is a soc-w-s-lattice, for any element
b € L such thatb < q, there exists ¢ € L such thatbV ¢ =1and b A ¢ < Soc(1). Now,
by modularity, we geta=aAl=aA bV =bV|aAc| and
bA(aNc)=aA(bAc)<aASoc(l)= Soc(a) < Soc(1)byLemma 11. Thus
a=bV(aAc)andbA (aAc) < Soc(l)imply a is a soc-w-s-element.

The following result is analogue of Lemma 2.18 from Tohidi[2].

Theorem 13

Typesetting math: 99%
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Let L be a modular lattice, a,b € L and a be a soc-w-s-element. If a V b has a soc-w-
supplement in L, then so does b.

Proof

Let a V b have a soc-w-supplement in L, then there exists ¢ € L such that
(avd)Ve=1and(aVb)Ac< Soc(l).Since ais asoc-w-s-element and
(cVb)Aa < a,thereexistsd € Lsuchthatd < a,a=[(cVb)Aa]Vdand
[(eVbd) Aa] Ad < Soc(a) thatis (¢ vV b) A d < Soc (a). Now, by modularity, we get

l=aVvbVec={[(cvbd) ANa]vd}VvbVe={aA[(cvd)Vd]}V(bVc)=(bVcVa)
AlevbVvd)=(cvb)Vd=(cVvd)VDd

and

(VA< (eVd)A([@AVD)A(cVD)<(dVDb) A(cVd)A(cVDd)
<A{l[(dVvb)Ac]Vd}A(cVbd) <[ecA(dVD)]VI[dA (cVb)] < Soc(l)V Soc(a)
< Soc(1).

Thus ¢ V d is a soc-w-supplement of b in L.
Theorem 14

Let L be a modular latticeand1 = a V b, a,b € L. If a and b are soc-w-s-elements, then L is
a soc-w-s-lattice.

Proof

Letc € LsuchthataVvVbVe=1andletaV bV chave asoc-w-supplement 0 in L. Then
by Theorem 13, a V ¢ has a soc-w-supplement in L. Again by Theorem 13, ¢ has a soc-w-
supplement in L. Hence L is soc-w-s-lattice.

Theorem 15

Every soc-a-s-lattice is a soc-s-lattice and every soc-s-lattice is a soc-w-s-lattice.

Proof

Let L be a soc-a-s-lattice. To show: L is a soc-s-lattice. Let a,b € L such thata vV b = 1.
We claim: a A b < Soc (b).

Since L is a soc-a-s-lattice, there exists ¢ € L suchthate < b,1 =a V cand
a/c<Soc(c).Now,aAc<aAb< Soc(c) < Soc(b). Thusa Ab < Soc(b). Hence L

| VS
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Next, let L be a soc-s-lattice. To prove: L is soc-w-s-lattice. Let @ € L. Since L is a soc-s-
lattice, there exists b € L such thata Vb =1and a A b < Soc (b). Now
a Ab < Soc(b) < Soc(1) thatis a A b < Soc(1). Hence L is soc-w-s-lattice.

Remark 2
The following example shows that the converse of the above theorem need not be true.
Example 8

The lattice L shown in Fig. 2 is a soc-w-s-lattice but not a soc-a-s-lattice. Since, for
e,f€L,1=eV f herec < fbutcisnotasoc-supplement of e because c V e # 1.
Hence L is not a soc-a-s-lattice.

4. Soc-d-supplemented-lattices, completely soc-@-supplemented-
lattices and lattices satisfying the summand intersection property

Definition 14

A lattice L is called a soc-®-supplemented-lattice if every element a € L has a soc-
supplement b € L such that 1 = b & ¢, for some ¢ € L. In short we say that L is a soc-®-
s-lattice.

Example 9

Every complemented lattice is a soc-&-s-lattice.

Example 10

In the lattice L shown in Fig. 4,d V b = 1. Here b is a soc-supplement of d, but b is not a
direct summand of 1. Hence L is not a soc-@®-s-lattice.
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Fig. 4.

The following theorem is an analogue of Lemma 3.1 from Tohidi[2].
Theorem 16

Let L be a modular lattice and a,b € L be such that a V b has a soc-supplementc € L in L
and a A (b V c) has a soc-supplement d € L in a. Then ¢ V d is a soc-supplement of b in L.

Proof

Let ¢ be a soc-supplement of @ V b in L and d be a soc-supplement of a A (b V ¢) in a.
Then (e Vbd) Ve=1with (aVbd) Ac < Soc(c)and [a A (bV )] Vd=awith
[an (bVec)] Ad < Soc(d)thatis (bV ¢) Ad < Soc(d). Now, by modularity, we get

l=aVvbVve={[(cvd) ANa]Vvd}VvbVve={aNn[(cvbd)Vd]}Vv(bVec)=(bVecVa)
AlevbVvd)=cVvbvd=0bV(cVd)

and

(VAL (eVA)A([@AVD)A(cVbd)<(dVb) A(cVd)A(cVDb)
<A{l(dVvb)Ac]Vd}A(cVbd) <[ecA(dVD)]VI[dA (cVb)] < Soc(c)V Soc(d)
< Soc(cVd).

Thus1l = (c¢Vd)Vband (cVd) Ab< Soc(cVd)imply ¢V disasoc-supplement of b
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Theorem 17

Let L be a modular lattice, a,b € L be soc- @-s-elements and 1 = a & b. Then L is a soc- &-
s-lattice.

Proof

Letc € L.Thena VbV ¢ = 1suchthata V bV chas trivially soc-supplement 0 in L. Let
d € L be a soc-supplement of b A (a V ¢) inb, so that d is a direct summand of b. Then by
Theorem 16, d is a soc-supplement of @ V cin L. Let e be a soc-supplement of a A (¢ V d)
in a such that e is a direct summand of a. Again by Theorem 16, we have d V e is a soc-
supplement of ¢ in L. Since d is a direct summand of b and e is a direct summand of a
thene ® d = e V dis a direct summand of 1. Hence L is a soc-®-s-lattice.

Definition 15

A lattice L is said to be completely soc-&-s-lattice if every direct summand of 1 other
than an atom is a soc-@-s-element.

Example 11

In the lattice L shown in Fig. 5, direct summands e and f of 1 which are not atoms are
soc-®-s-elements. For example, e € L withe = a V b such thata A b= 0, Soc (b) = b
and 0 < b, here b is a soc-supplement of a in e which is a direct summand of e. Hence L
is a completely soc-@-s-lattice.

Download : Download high-res image (75KB)

Download : Download full-size image

Fig. 5.

Example 12

Typesetting math: 99% n Fig. 4, direct summands d and e of 1 which are not atoms are not

soc-@-s-element because there is no such w, z,y, z € L such thatd = w V x and
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e =y V z. Hence L is not a completely soc-&®-s-lattice.

The concept of the summand intersection property is known in module theory, see
Akalan, Birkenmeier and Tercan[10].

The concept of the summand intersection property is also known in lattice theory, see
Nimbhorkar and Shroff[11].

Definition 16

A lattice L satisfies Summand Intersection Property (SIP), if for any direct summands
a,b € Lof1,aAbisalso adirect summand of 1.

Theorem 18

Let L be a modular lattice. Suppose that L is a soc- @-s-lattice satisfying SIP. Then L is a
completely soc- @-s-lattice.

Proof

Let a € L be a direct summand of 1. To show: a is a soc-@-s-element. Let b < a. Since L
is soc--s-lattice, there exists a soc-supplement ¢ € L of bsuchthatbV ¢ =1,

b A c < Soc(c)and ¢ ® d = 1. Now, by modularity, we get
a=aNl=aA(bVec)=>bV(cAa).Since L satisfies the property SIP,a A cisa
direct summand of 1.Sob A (a Ac) =bAc,bAc < Soc(c) < Soc(1) thatis

bAc< Soc(l)andbAc < aAc. Therefore,b A c < (aAc) A Soc(l) = Soc(aA c).
Thus a A cis a soc-supplement of b in @ which is a direct summand of a. Hence a is a soc-
@ -s-lattice.
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