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A tumtmn is fau to be bi-univalent in if both fand £ *are L tin
u ] openﬂ ]
</> access

MAT*"PEMATICAL"J NAL)’@ Taylor-Maclaurin series expansion \1’3L

nzeresting examples of functions in the class 3. see [28 (see also 14]). From the work of Srivastava et al [28], we choose to recall the
following examples of functions in the class 3
717, -logAPOBIdE
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TTOWEVET \’dHHUcH MO TUTTCTIONT TS TIOU A TTTETTTIIET \’Z
The class of bi-univalent funct ons was investigazed by Lewin [231, who proved that |a;| < 151. In 1981, Styer and Wright 301 showed

that | bsequently, 3rannan and Clunie 13l improved Lewin's result to lazl<z. Netanyahu 141, showed that maxfezlazl-43. Ir

1985, Brar 2l proved Bieberbach con ect.re which showed tha:

lanlsn; (neh-1

N being positive integer.

the
assyin

The problem of finding coefficient estimates for the bi-univalent functicns nas re ed much attention in recent years. In facl

s of bi-univalent function <l

aforecited work of Srivastava et al (28] essentia ly revived the investigation of various subclas:

“ecent years and that it leads to a flood cf papers on the subject (see, for eg., 16, 19, 25, 26, 27, 29N it was followed

2y such works as those by Tang ef al . 131], Xu et al. 32, 33/ and Lashin [12], and other: 8)). The coeficient estimate

oroblem involving the bound of |a,)(n € N 11, 21) for each fe 3 is still an open problem

In the field of geometric furction theory, various subclasses of the rormalized aralytic funct on class .A heve been studied
from different view points. “he g-calc.lus as well as the fractional calcu.us provide important tools -hat have beer usec in order to
nvestigate various subclasses of ‘A | I storically speaking, the firm footing of the usage of the g-calculus in the context of

geomelric funclion Lheory which was ac uaUy provided and g-hy,

omelric funclions were firsl used in geometlric funclion Lheory

for delals, 18, of
functions via g-calculus on some subclasses ofcm/hc functions RP(,EHM/ Purohit ard Raina (16] investigated applications of

na 0ook chapler by Srivaslava ed lhe class of genera

mplex

fractional g-calculus ope-ator to define new classes of functions which are analytic in uniz disk “ | (see, for details, 19D,

For € < g <1, the g-derivative ¢
(12)Dgf2)-IfqR)-

afuncton fgiven by (11 is defined as
fz){g-Dzfor z#C flO)for z-0

\W/e note
(13)0g

that limg->1 Dafz)-fz). From (22}, we deduce that
1+3K-2o0 Klgakzk-1

(7).

wherees g=> 17
(14)klg-1-gki-g-1+g+.+qgk->k

Making use of the g-differertial operator for function E A

operator as given below
15)DqCf(2)-f2Dg1fiz)-zDafz)Danfiz)-zDoDgn--fz)Dgnz)-z+gk-2eelklgnakzk  (neN0,zel).

. we ntroduced the Sala

cean g-d flerential

Ve note that limg > 1
(1.6)DNnf(2)-z+3k-200knakzk  (neNC,zeU),

the famil ar Salagean derivative [1/]
tly, Kamble and Shrigan (11l introdl

on first two Taylor

he following two subclasses of the bi univa.ent function class § and cbtained estimate
claurin coefic ents |a.l and la-| for functions in these subclasse

5 as follows,

Definition 1.1.(11])

Foro<as1. 0<g<t Azt u20andne Ny, afunction A2 given by (1) is said to be in the classHzq.pn.aN if the following
conditions are satisfied

(17)fez and larg1-N) (Dgnf2Z2)u- N Ognfl) (Dgnfiz)2p-Vl<amne

and

(8)arg1-» Cgngtuvip-NCang ) (Dgrgmwp-1ll<amnz,

where the funcion gis given by

(19)gm)=w-a2w2

-a3)w/3-(6e2

a3raqwgr
and Dgn is the Salagean g-differential ope-ator.
Theorem 12(11))

Let 2 given oy (11) be in the fui
(110Nazl2aalZ 2N wislgn-e2aw

and
1a3ls4o2 Az 2lger+2aleA-wl3lgn,
re0<asl,0<g<l Azl uz0andneN,

Wi

Definition 1.3.(11))

Foro<B<1.0<g<1.A21 u20ard neN,, afunction A2 given by (11 is said to be in the classHzg.uin.B.N if the following
conditions are satisfied

(112)fez and Rell1-N (DanfzzuADanfiz) (Danf2zu-1>

and

113)Rel1-N (Dgrghwnp-AMDgnghe) (Dgngtwh)p-11>B.

Theorem 1.4.(11)

Lot R2) given oy (11) be in the function classHEc.wn B.N. Then

18-06-2024, 13:11



Coefficient Estimates for a Subclass of Bi-univalent Functions Defined ...

3of5

alazlsminlaa-glzElgn+u-vlzlgeneawl 21-Bswlzlgn!

and

WUNG‘PTQQKW gl [Plazniwdl-2lozniptblizBlon-p-viziozniew f copen

\ R EYIAL 5+ access
(/)

MATHEMATICAL JOURNAL

/ specializing the parameters in Definition 11 and 1.3, we can get several known subclasses of the bi-univalent function

BB thavgal] the bi-univalent funclippfias
Foru-1n-0andg=>1 weoblainthe bi-univelen functon classes HI1 10 a N-Bya@N and K110 BN-BIB Nisea| 8)

505 HEL PO a N-NIpa N  Ead A HE OB N-NEIuB N see [ 2o Rayieyers
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Forp-1and g->1 we obtain -he bi-univalent function c asses H21.1n,aN-BZn,a ) and  H21,1(n.B.N-BZn BAN
Foru-1.n-0A-1and g-> 1, we obtain the bi-univalent function classes H21,10.a1)-HZa and  HI1.1U0.BD-HIBNsee | 28))
Foru-0.rn-0A-2and g-> 1, we obtan the bi-unvalent function classes H21.000.a.1D-S (@ and  H21,00,B,10-SZ'(Blsee
4h

see| 18]

This paper is a sequel to some of the a“orecited woks (especially see [11, 32, 33]). Here we introduce and investigate the general

s Hzh ppn.q) (0<q<1 A2, u20) o the analytic functior class ‘A which is given by Definition 1€ below.

Definition 1.6

Let A, l | I > ‘ i be analytic functions and

TiniRe(h(z).Re

subc

p>0  (zel) and  ho)-plo-1

Al

t the function faiven by (11, be in the analytic function class ‘A We say thatfeHzh pun.g)  (0<g<1A21u20 and

1eN0)

f “he following conditions
(116)fez and (1-N (Dgnf22uANDgnf2) (Dgnfiz)2u-1ehil) zel)
and

(117)(1-N (DggmuNDgng ) (Dangp-1epll) (el

satisTed

where the funciion gis given by (1Q)

[T fexzh pApn.q). then

(118)fez and |arg(1-N (Dgnfiz)2)usNOgnfiz) (Dgnflz)z)u-l<an?
and

(119)la"g1-N) (DgngtwvnpNDgng) (Dg g wip-1l<an?

or

(120)fez and Rel(1-N) {Dgnf22u-NDgnf@)(Dgnfl2)z)u-11>

imates or the initizl coefficierts

Qur pape meM/ated and Qtwmut 1—-(1 especialy by the wor< of Srivastava ef
univalent function subclass Hzh,pA.p.r.g) of the function cless 3 and find
nthe

1, 28] Here we propose to investigate the bi-

ol and &l for functions

w subclass of the function ¢l

S ¥ using Salagean g-difterential operator

Set of General Coeflicient Estimates

In this ion, we derive estimates on the initial coefficients |a| and |a;| for funct ons in subclass #3h pA.un.Q) given by Definition 16

Theorem 21

(11 be in the function class

Let the function fiz 1 serie:
Ip‘u‘l”“\}\*u 2l2] \qm Ih (O1+1p ©@l2eAwlp-Dl2lozn+23lgnll

2 Vlazlgmirlih @12+

a
2 20a3lsminlih 2+l oz -pzlz]gzn+Ih O+ ON4EA-pl3)gn p-Dl2lgzn+4l3lgnl IO+ lp-1112lg2nlp Ol4ER I 3Ignlip-1)
[z]czrv?[‘]qul

O<g<LA2L u20an0 7€ N,

ws from (116) and (1.17) that
1-N (Dgnf2Zw A Danf(2) (Danf2)zp-1-h(U)

and
(2.2)1-N (DgnghwiwluADgngt (Dangtwiwip-1-piL)

icents of zand 2 in (2.3 and (2.4), we have

2.27)-\+p [2lgnaz-p1

Comparing tl
BN 2lgnaz
and

(28)-Caw 13lgnas+lzlen+p-1 [2lg2n) Aep2) a22-p2

(28)(p-1) A+p2) [2lg2naz2+2a+p) [3lgnas-

Frorr (2.5) and (27), we obtain

Therefore, we find from the equatiors (?.10) an
lazlsinoNz+lponzewzlzlgzn

and

la2lgIn O+ OI2EAwlip-1) 2 qawz[ Ic
ectively. S0 we get tre ¢

cent \d;\, we subtract (2.8) from (26), we get

Next, in crder to find the bound on the

18-06-2024, 13:11
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(2azzienw [3lgn. gniza+rwaze-he-p2

Upon substituting the value of a2z from (210} into (2.12), we arrive at
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i @ 1 access
3Iih O)l2+lp ©lz2Awzlzlgen+ I O+ 1P O)l4eAw [31gn </> :
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a3-lu-2 [2lgen-2[3lgnithz«(p-1 [2lgenpzeea [3lgriip-1) [2lgen+2(3lgn]

ntly, we nave

( 3l v l2lgzn+4Elgnl NI+ 1 2lgenip ol4@hw [Rlgn 1w 1) [2lg2n+2[31gnl
This evidently &RQMEREHOBFRE! of Theorem 21 Avrticles For Authors For Reviewers
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. v
3. Corollaries and Consequences
By Scttingu -1, g > 17 and n - 0 in Theorem 2.1, we deduce the following corsequence of Theorem 2.1
Corollary 31
Let the function f2) given by Taylor-Maclaurin series expansion (11) be in the function classBzh pN) A21). Then
(3plazlsminlinolz+pollza-hz I O+ (ON4(1+2)]
lminfln)2+Ip (O)22(1+N2+1h ()= 1R O)l4(+2N), 1IN (0} 2(1+2N)]

By Settingu=0.4-2 g1 and n- 01 Theorem 21, we deduce the following
Corollary 32(5)

10 f2) given by Taylor-Maclaurin series expansion (11 be in the function classBzh.p. Then
3 <>Ia¢|<mm<|w z+p N2z, Ih Ol 1p ()4l
and
(3. 4lazlgminlih @12+IpN28- 1" o)+ (ON8 31N ©)1+Ip (18]
Remark 3.3
Corollary 32 is an improvement of the following estimates obtained by Xu et al. [33]
Corollary 3.4.33)

the function f2) given by Taylor-Maclaurin series expansion (11 be in the function classBzh piN A21). Then
(3elazl<in o g (ONaz2zn
and
(3ola3IsIn O)Iz2N
By SettingA-1,u-1, g->1 and n1- 0 in Theorem 2.1, we deduce the following Corollary 35
Corollary 35.032)
Let the function f2) given by Taylor-Maclaurin series expansion (11) be in the function classizhp. Then
(37NazIsih O R 2
and
(391a31slh 16
Goto v

4. Concluding Remarks and Observations

The main objective in his paper has been to derive Arst two Taylor-Maclaurin ceefficient estimates for functions belonging to a new

subclass Hzh pA pn.g) of anaylic and bi-univalent furclion in the open unil disk l I Indeec, by using Salagean g-calculus

operator, we have successfuly determined the frst two “aylor-Maclaurin coefficient estimates for function:
S HEN PN
By means of ¢

ging tc a new

SL

ollaries and corsequences which we scializing the paramete

Nt works of X

. we have also shown already that the results pre ed in this paper would gereralize anc improve some

32, 33 and other authors
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