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Abstract

The major goal of this work is investigating
sufficient conditions for the existence and
uniqueness of solutions for implicit impulsive
coupled system of -Hilfer fractional differential
equations (FDEs) with instantaneous impulses and
terminal conditions. First, we derive equivalent
fractional integral equations of the proposed
system. Next, by employing some standard fixed

point theorems such as Leray—Schauder alternative
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uniqueness of solutions. Further, by mathematical
analysis technique we investigate the Ulam—Hyers
(UH) and generalized UH (GUH) stability of
solutions. Finally, we provide a pertinent example
to corroborate the results obtained.

1 Introduction

Fractional differential equations (FDEs) have
attracted the interest of researchers from various
disciplines as they are a useful tool in modeling the
dynamics of numerous physical systems and have
applications in many fields of applied sciences,
engineering and technical sciences, and so on. For
further details, see [26, 36, 38, 40]. There are
various definitions of fractional calculus (FC) used
in FDEs for modeling and describing the memory
accurately. Among the famous operators of this
calculus, there are Riemann-Liouville, Riemann,
Griinwald-Letnikov, Caputo, Hilfer, and
Hadamard, which are the most used. For more

33, 34, 36, 41]. There is a prominent and noticeable
interest in the investigation of qualitative
characteristics of solutions (existence, uniqueness,
stability) of FDEs. For applications and recent
work, we refer the readers to [4, 7, 14, 18, 37, 42,
43].

In recent years, the impulsive fractional differential
equations have become an important and successful
tool in modeling some physical phenomena that
have sudden changes and have discontinuous
jumps by imposing impulsive conditions on the
fractional differential equations at discontinuity

points. For applications and recent work, we refer

the readerctn [ o 19 12 17 97 98 29 a4l
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On the other side, the study of coupled systems
involving FDE:s is also important as such systems
occur in various problems of applied nature. For
some theoretical works on coupled systems of
FDEs, we refer to series of papers [11, 16, 19, 20, 23,
30].

The topic of system stability is one of the most
important qualitative characteristics of a solution,
but to our knowledge, the results on UH and UHR
stability of solutions for implicit impulsive coupled
systems are very few in the literature.

Very recently, Kharade and Kucche [35] studied the
existence and uniqueness of solutions and UHML
stability for the following impulsive implicit
problem:

\textstyle\begin{cases}
\mathcal{D}_{a”{+}}"{\mathfrak{y},\mathfrak{p};\mathfrak{\varphi
Hu( \sigma )=f(\sigma ,u(\sigma ),u(h(\sigma
)),\mathcal{D}_{a”{+}}"{
\mathfrak{y},\mathfrak{p};\mathfrak{\varphi
Hy(\sigma )),&\sigma \in \mathcal{J}:=[ 0,T ]
,\sigma \neq \sigma _ {k},k=1,\ldots,p, \\ \Delta
I_{o"{+}}"{1-\mathfrak{\gamma
},\mathfrak{\varphi }}u( \sigma _{k})\vert
_{\sigma =\sigma _ {k}}=J_{k}u(\sigma

_ ki {-D),& k=1,\ldots,p,\\ I_{o"{+}}"{1-
\mathfrak{\gamma },\mathfrak{\varphi
yru(o)=u_{o}, \\ u(\sigma )=\phi (\sigma
),&\sigma \in [ -1,0 ], \end{cases}

where

\mathcal{D}_ {a”{+}}"{\mathfrak{y},\mathfrak{p
};\mathfrak{\varphi }} denotes the ¢-Hilfer
fractional derivative (FD) of order \mathfrak{y}\in

Loading [MathJax]/jax/output/SVG/autoload/mtable.js
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\mathbb{R} \times \mathbb{R} \longrightarrow
\mathbb{R} is a continuous function. Via standard
fixed point theorems, Ahmed et al. [10] studied the
existence, uniqueness, and different kinds of
stability of the following switched coupled implicit
@-Hilfer fractional differential system:
\textstyle\begin{cases}
\mathcal{D}_{a”{+}}"{\mathfrak{y,p,\varphi
}\mathfrak{u}(\sigma )=f( \sigma ,\mathfrak{u}
(\sigma
),\mathcal{D}_ {a”~{+}}"{\mathfrak{y,p,\varphi }}
\vartheta (\sigma )),&\sigma \in J:=[ 0,T ], \\
\mathcal{D}_ {a”~{+}}"{\mathfrak{y,p,\varphi
}\vartheta (\sigma )=g( \sigma
,\mathcal{D}_{a"{+}}"{\mathfrak{y,p,\varphi
H\mathfrak{u}(\sigma ), \vartheta (\sigma
)),&\sigma \inJ:=[ 0,T ], \\ I_{a"{+}}"{1-
\gamma ,\mathfrak{\varphi }}\mathfrak{u}(a)=
\mathfrak{u}_{a},\qquad I_{a"{+}}"{1-\gamma
,\mathfrak{\varphi }}\vartheta (a)= \vartheta
_{a},\mathfrak{u}_ {a},&\vartheta _{a}\in
\mathbb{R} ,\end{cases}

where

\mathcal{D} {a”~{+}}"{\mathfrak{y,p,\varphi }}
denotes the @-Hilfer FD of order \mathfrak{y}\in (
0,1 ) and type \mathfrak{p}\in[ 0,1 ], and f,g: [ 0,T
] \times \mathbb{R} \times \mathbb{R}
\longrightarrow \mathbb{R} are continuous
functions.

Abdo et al. [5], via standard fixed point theorems,
studied the existence and uniqueness of the
following impulsive problem:
\textstyle\begln{cases} ’\{AB}\mathcal{D} {[

Loadlng [MathJax]/Jax/output/SVG/autoIoad/mtabIer
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\sigma \neq \sigma _ {k},k=1,\ldots,m, \\ \Delta u
\vert _{\sigma =\sigma _ {k}}=I_{k}u(\sigma
_{k}{-H,&k=1,\ldots,m,\\
u(o)=u_{o}.\end{cases}

On the other hand, Almalahi et al. [15] studied the

existence and uniqueness of solution for the

following FDEs:

\textstyle\begin{cases}
\mathcal{D}_{a”{+}}"{\mathfrak{y},\mathfrak{p};\mathfrak{\varphi
3yy(\sigma )=f (\sigma ,y(\sigma

),\mathcal{D}_{a"{+}}"{
\mathfrak{y},\mathfrak{p};\mathfrak{\varphi

Hy(\sigma ) ) ,&\sigma \in (a,T ] ,a>0, \\

y(T)=w\in \mathbb{R} ,\end{cases}

where

\mathcal{D}_ {a”{+}}"{\mathfrak{y},\mathfrak{p
};\mathfrak{\varphi }} is the ¢-Hilfer FD of order
\mathfrak{y}\in ( 0,1 ) and type \mathfrak{p}\in [

0,1].

Abdo et al. [6] studied the existence, uniqueness,

and UH stability of the following system:
\textstyle\begin{cases}

\mathcal{D}_ {a”{+}}"{\mathfrak{y}_{1},\mathfrak{p}_ {1};
\mathfrak{\varphi }}y(\sigma )=f_{1} ( \sigma

,y(\sigma ) ) ,& \sigma \in (a,T ] ,a>0 \\

\mathcal{D} {a”{+}}"{\mathfrak{y}_{2},\mathfrak{p}_{2};
\mathfrak{\varphi }}x(\sigma )=f_ {2} ( \sigma

,y(\sigma ) ) \\ y(T)=w_{1}\in \mathbb{R} , \\
x(T)=w_{2}\in \mathbb{R} , \end{cases}

where
\mathcal{D} {a”{+}}"{\mathfrak{y}_{1},\mathfr

ak{p}: \mathfrak{\varphi }},
Loading [MathJax]/jax/output/SVG/autoload/mtable.js athfr
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ak{p}; \mathfrak{\varphi }} are the -Hilfer FDs of
orders \mathfrak{y} {1},\mathfrak{y} {2}\in (0,1
) and type \mathfrak{p}\in[ 0,1].

Motivated by the preceding works, in this paper, we
investigate the existence, uniqueness, and UH
stability for more general implicit impulsive
coupled systems of ¢-Hilfer FDEs:
\textstyle\begin{cases} \mathcal{D}_{[ \sigma ]
"~ {\mathfrak{y,p,\varphi }} \mathfrak{u}(\sigma
)=f(\sigma ,\mathfrak{u}(\sigma ),\mathcal{D} {
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}\vartheta
(\sigma )),\quad \sigma \in J:=[ 0,T ] ,\sigma \neq
\sigma _ {k},k=1,\ldots,m, \\ \mathcal{D}_{[
\sigma ] }"{\mathfrak{y,p,\varphi }} \vartheta
(\sigma )=g(\sigma ,\mathcal{D} {[ \sigma ] }"{
\mathfrak{y,p,\varphi }}\mathfrak{u}(\sigma
),\vartheta (\sigma )),\quad \sigma \in J:=[ 0,T ]
,\sigma \neq \sigma _ {k},k=1,\ldots,m, \\ \Delta
\mathfrak{u} \vert _{\sigma =\sigma _ {k}}=7_{k}
\mathfrak{u}(\sigma _{k}"{-}),\quad
k=1,\ldots,m, \Delta \vartheta \vert _{\sigma
=\sigma _{k}}=Z7_{k}\vartheta (\sigma
_{k}*{-}),k=1,\ldots,m, \\ \mathfrak{u}
(T)=w_4{1},\qquad \vartheta (T)=w_{2},

\end{cases}

(1.1)

where \mathcal{D}_{[ \sigma ]
}*{\mathfrak{y,p,\varphi }}denotes the ¢-Hilfer
FD of order \mathfrak{y}\in ( 0,1 ) and type
\mathfrak{p}\in [ 0,1 ], [ \sigma ] =\sigma _ {k} for
\sigma \in ( \sigma _{k},\sigma _{k+1} |, k=0,
1,\ldots,m, \sigma _{0}=0. The functions

C h AW \ Pl I R B o = Y TN WL \ 21 11 )
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Z_{k}:\mathbb{R} \longrightarrow \mathbb{R},
k=1,2,\ldots,m , are continuous functions fulfilling
some conditions that will be described later.
Further, w_{1},w_{2}\in \mathcal{\mathbb{R} },
\sigma _ {k} satisfy o=\sigma _{o}<\sigma _ {1}
<\cdots <\sigma _ {k}<\sigma _{k+1}=\sigma , .
\Delta \mathfrak{u} \vert _{\sigma =\sigma
_{k}}=\mathfrak{u}(\sigma _ {k}"{+})-
\mathfrak{u}(\sigma _{k}"{-})=\mathfrak{u}
(\sigma _ {k}"{+})-\mathfrak{u}(\sigma _ {k}),
\mathfrak{u}(\sigma
_{k}M{+}H=\lim_{h\rightarrow
o™{+}}\mathfrak{u}(\sigma _{k}+h),
\mathfrak{u}(\sigma
_{k}*{-})=\lim_ {h\rightarrow 0" {-}}\mathfrak{u}
( \sigma _{k}+h) represent the right and left limits
of \mathfrak{u}(\sigma ) at \sigma \in ( \sigma
_{k},\sigma _{k+1} ], k=0,1,\ldots,m, . \Delta
\vartheta \vert _{\sigma =\sigma _ {k}}= \vartheta
(\sigma _ {k}"{+})-\vartheta (\sigma
_{k}*{-})=\vartheta ( \sigma _ {k}"{+})-\vartheta
(\sigma _ {k}), \vartheta (\sigma
_{k}*{+})=\lim_ {h\rightarrow o~ {+}}\vartheta (
\sigma _ {k}+h) and \vartheta (\sigma
_{k}*{-})=\lim_{h\rightarrow o {-}}\vartheta (
\sigma _ {k}+h) represent the right and left limits of
\vartheta (\sigma ) at \sigma \in ( \sigma
_{k},\sigma _{k+1} ], k=0,1,\ldots,m.

The coupled systems of @-Hilfer FDEs with
impulsive conditions considered in this work are

a wider class of coupled systems of BVPs that
incorporates the BVPs for FDEs involving the most
broadly used Riemann-Liouville and Caputo

fractional derivatives. Regardless of this, the
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function ¢ and parameter \mathfrak{p} include
coupled systems of FDEs involving the Hilfer,
Hadamard, Katugampola, and many other
fractional derivative operators.

« If \varphi (\sigma )=\sigma and \mathfrak{p}=1,
then system (1.1) reduces to an implicit impulsive
coupled system with the Caputo fractional
derivative.

« If \varphi (\sigma )=\sigma and \mathfrak{p}=o0,
then system (1.1) reduces to an implicit impulsive
coupled system with the Riemann—Liouville
fractional derivative.

« If \mathfrak{p}=0, then system (1.1) reduces to an
implicit impulsive coupled system with the ¢-
Riemann-Liouville fractional derivative.

« If \varphi (\sigma )=\sigma , then system (1.1)
reduces to an implicit impulsive coupled system
with the Hilfer fractional derivative.

« If \varphi (\sigma )=\log \sigma , then system
(1.1) reduces to an implicit impulsive coupled
system with the Hilfer—Hadamard fractional
derivative.

« If \varphi (\sigma )=\sigma ~{\rho }, then system
(1.1) reduces to an implicit impulsive coupled
system with the Katugampola fractional derivative.
The major contribution of this paper is obtaining an
equivalent fractional integral equation of the
proposed system and establishing the existence,
uniqueness, and UH and GUH stability of a solution
for an implicit impulsive coupled system with ¢-
Hilfer FD. Our analysis relies on the Banach and
Leray—Schauder fixed point theorems. Though we
use the standard methodology to obtain our results,

its exposition to the proposed system is new. The
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general and cover many parallel problems that
contain particular cases of functions because our
proposed system contains a global fractional
derivative that integrates many classic fractional
derivatives. Moreover, the results obtained in this
work can be extended to n-tuple fractional systems
(FSs). Our results include the results of Almalahi et
al. [15], Abdo et al. [6], and Kharade et al. [35] and
will be a useful contribution to the existing
literature on this topic.

This paper is organized as follows. In Sect. 2, we
render the rudimentary definitions and prove some
lemmas and present some concepts of fixed point
theorems. In Sect. 3, we prove the existence and
uniqueness of solutions for impulsive implicit
coupled system (1.1). In Sect. 4, we discuss the
stability by means of mathematical analysis
techniques. In Sect. 5, we give a pertinent example
illustrating our results. Concluding remarks are
presented in the last section.

2 Background material and auxiliary results

In this part, we give important definitions and
auxiliary lemmas pertinent to our main results.

Let J:=[ 0,T ] and J*{\prime }:= (0,T ] . Let
\mathcal{\mathbb{R} }=\mathcal{C} (J ) be the
Banach space of continuous functions
\mathfrak{u}:J”*{\prime }\rightarrow \mathbb{R}
with the norm \Vert \mathfrak{u} \Vert =\max \{
\vert \mathfrak{u}(\sigma ) \vert :\sigma \in J\}.
Clearly, \mathcal{\mathbb{R} } is a Banach space
with this norm, and hence the product space
\mathcal{\mathbb{R} }\times
\mathcal{\mathbb{R} } is also a Banach space with

the narm
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\bigl\Vert ( \mathfrak{u},\vartheta ) \bigr\Vert =
\Vert \mathfrak{u} \Vert + \Vert \vartheta \Vert .

We define the space \mathcal{PC} ( J ) of piecewise
continuous functions \mathfrak{u}:J*{\prime
Hrightarrow \mathbb{R} by

\mathcal{PC} (J ) =\left \{ \textstyle\begin{array}
{c} \mathfrak{u}:J*{\prime }\rightarrow
\mathbb{R} ;\mathfrak{u}(\sigma )\in
\mathcal{C} ( ( \sigma _{k},\sigma _{k+1} ]
,\mathbb{R} ) ;k=0,1,\ldots,m, \\ \mathfrak{u}
(\sigma _ {k}"{+})\text{ and }\mathfrak{u}(\sigma
_{k}{-PH\text{ exist}\text{ }\text{ with
Hmathfrak{u}(\sigma _ {k}"{+})= \mathfrak{u}
(\sigma _ {k}"{-})\text{ for
tk=0,1,\ldots,m\end{array}\displaystyle \right \} .

Obviously, \mathcal{PC} ( J ) is a Banach space
endowed with the norm

\Vert \mathfrak{u} \Vert _{\mathcal{PC} (J) }=
\underset{\sigma \in J}{\max } \bigl\vert
\mathfrak{u}(\sigma ) \bigr\vert .

Define the product space
\mathcal{B}=\mathcal{PC} (J ) \times
\mathcal{PC} (J ) with the norm

\bigl\Vert ( \mathfrak{u},\vartheta ) \bigr\Vert _{
\mathcal{B}}= \Vert \mathfrak{u} \Vert
_{\mathcal{PC} (J ) }+ \Vert \vartheta \Vert
_{\mathcal{PC} (J) }

for ( \mathfrak{u},\vartheta ) \in \mathcal{B}.

Definition 2.1

([36)
Loading [MathJax]/jax/output/SVG/autoload/mtable.js
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Let \mathfrak{y}>0 and f\in L_{1} (J ) . Then the
generalized RL fractional integral of a function f of
order \mathfrak{y} with respect to ¢ is defined as
\mathcal{I} {o”{+}}"{\mathfrak{y},\varphi
H(\sigma )= \frac{1}{\Gamma (\mathfrak{y})} \int
_{o}*{\sigma }\varphi *{\prime }(s) \bigl( \varphi
(\sigma )-\varphi (s) \bigr)
A{\mathfrak{y}-1}(s)\,ds.

Definition 2.2

([41])
Let n-1<\mathfrak{y}<n\in \mathbb{N} , and let

f,\varphi \in \mathcal{PC}"{n} (J ) . Then the
generalized Hilfer fractional derivative of a function
fof order \mathfrak{y} and type o\leq
\mathfrak{p}\leq 1 with respect to ¢ is defined as
\begin{aligned}
~{H}\mathcal{D}_{o"{+}}"{\mathfrak{y},\mathfrak{p},\varphi
H(\sigma )

=& \mathcal{I}_{o"{+}}"{\mathfrak{p}(n-
\mathfrak{y});\varphi }f { \varphi

M {[n]}\mathcal{I}_{o"{+}}"{ ( 1-\mathfrak{p} ) (
n- \mathfrak{y} ) ,\varphi }(\sigma ) \\
=&\mathcal{I}_{o"{+}}"{\mathfrak{p}(n-
\mathfrak{y});\varphi }f { \varphi }"*{[n]}
\mathcal{I} {o”{+}}"{n-\mathfrak{\gamma
Js\varphi H( \sigma ) \\

=& \mathcal{I}_{o"{+}}"{\mathfrak{p}(n-
\mathfrak{y});\varphi }

\mathcal{D} {a”{+}}"{\mathfrak{\gamma
};\varphi }( \sigma ),\quad \mathfrak{\gamma
y=\mathfrak{y}+n \mathfrak{p}-\mathfrak{yp},
\end{aligned}

3 PR,
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\mathcal{D} {o”{+}}"{\mathfrak{\gamma
J;\varphi }(\sigma )=f_{ \varphi }"{[n]}
\mathcal{I}_{o”"{+}}"{(1-\mathfrak{p})(n-
\mathfrak{y}); \varphi }(\sigma ),\quad
\text{and} \quad f_{\varphi }"{[n]}= \biggl(
\frac{1}{\varphi "{\prime }(\sigma )} \frac{d}
{d\sigma } \biggr) *{n}.

Lemma 2.3

([41])
Let \mathfrak{\gamma

}=\mathfrak{y}+\mathfrak{p}-\mathfrak{yp},
\mathfrak{y}>o0, \mathfrak{p}>o0, and u\in
\mathcal{PC}_{1-\mathfrak{\gamma };\varphi
" {\mathfrak{\gamma }} (J ). Then
\mathcal{I}_{o”{+}}"{\mathfrak{\gamma
};\varphi
Hmathcal{D}_{o0”{+}}"{\mathfrak{\gamma
};\varphi ju=

\mathcal{I} _{o”{+}}"{\mathfrak{y}; \varphi
Htextit{ }*{H}
\mathcal{D}_{o”{+}}"{\mathfrak{y},\mathfrak{p};\varphi
tu\quad \textit{and} \quad

\mathcal{D} {0”{+}}"{\mathfrak{\gamma
};\varphi }

\mathcal{I} _{o”{+}}"{\mathfrak{y};\varphi }u=
\mathcal{D} {o0”{+}}*{\mathfrak{p}(1-
\mathfrak{y});\varphi }u.

Theorem 2.4

([41])
Let 0\leq \mathfrak{\gamma }<\mathfrak{y} and

u\in \mathcal{PC} (J ). Then
\mathcal{I} {o”{+}}"{\mathfrak{y};\varphi }\

LN\ b | \ | WL A C D) C

) lim
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Lemma 2.5

([36, 41])

Let \mathfrak{y},\mathfrak{p}>0 and \delta >o.
Then

\begin{aligned}&

\mathcal{I} {o”{+}}"{\mathfrak{y},\varphi
Hmathcal{I} {o”{+}}"{ \mathfrak{p},\varphi }H{(
\sigma
)=\mathcal{I}_{o"{+}}"{\mathfrak{y}+\mathfrak{p},
\varphi }(\sigma ), \\&

\mathcal{I} {o”{+}}"{\mathfrak{y},\varphi }
\bigl( \varphi (\sigma )- \varphi (0) \bigr) "{\delta
-1}= \frac{\Gamma (\mathfrak{\gamma })}
{\Gamma (\mathfrak{y}+\mathfrak{\gamma })}
\bigl( \varphi (\sigma )- \varphi (0) \bigr)
A{\mathfrak{y}+\delta -1}, \end{aligned}

and
~{H}\mathcal{D}_{o”{+}}"{\mathfrak{y},\mathfrak{p},\varphi
} \bigl( \varphi ( \sigma )-\varphi (0) \bigr)
~{\mathfrak{\gamma }-1}=0, \quad

\mathfrak{\gamma
Y=\mathfrak{y}+n\mathfrak{p}-\mathfrak{yp}.

Lemma 2.6

([41])

If f\in \mathcal{PC}"{n} (J ), n-1<\mathfrak{y}

<n, and o\leq \mathfrak{p}\leq 1, then
\mathcal{I}_{o”"{+}}"{\mathfrak{y};\varphi

Ftextit{ }*{H}

\mathcal{D} {o”{+}}"{\mathfrak{y},\mathfrak{p},\varphi
H(\sigma )=f(\sigma )-\sum _{k=1}"{n} \frac{ (

\varphi (\sigma )-\varphi (0) )

~{\mathfrak{\gamma }-k}}{\Gamma

VAN 1 C 10\ i T | N C \ 1 YA CTC k]}
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\mathcal{I}_{a”{+}}"{(1-\mathfrak{p})(n-
\mathfrak{y});\varphi }(0),

and
“{H}\mathcal{D}_{o”"{+}}"{\mathfrak{y},\mathfrak{p},\varphi
} \mathcal{I}_{o”{+}}"{\mathfrak{y};\varphi

H(\sigma )=f(\sigma ).

Lemma 2.7

([31] (Leray—Schauder alternative))

Let \Xi :\mathcal{X}\rightarrow \mathcal{X} be a
completely continuous operator, and let \digamma
(\Xi)= \{ y\in \mathcal{X}:y=\xi \Xi (y),\xi \in [
0,1 ] \}. Then either the set \digamma (\Xi ) is

unbounded, or E has at least one fixed point.

Theorem 2.8

([29] (Banach fixed point theorem))

Let \mathcal{X} be a Banach space, let K\subset
\mathcal{X} be closed, and let \Xi :K\rightarrow K
be a strict contraction, that is, \Vert \Xi (x)-\Xi (y)
\Vert \leq L \Vert x-y \Vert for some o< L<1 and
all x,y\in K. Then E has a fixed point in K.

Lemma 2.9

Let \mathfrak{\gamma
t=\mathfrak{y}+\mathfrak{p}-\mathfrak{yp},
\mathfrak{y}\in ( 0,1 ), \mathfrak{p}\in[ 0,1],
and let \varpi :J*{\prime }\rightarrow \mathbb{R}
be a continuous function. Then \mathfrak{u}\in
\mathcal{PC}"{\mathfrak{\gamma }} ( J ) satisfies
\textstyle\begin{cases} \mathcal{D}_{[ \sigma ]
" {\mathfrak{y,p,\varphi }} \mathfrak{u}(\sigma
)=\varpi (\sigma ),&\sigma \in J:=[ 0,T ] ,\sigma

\nea \siema {k}.k=1.\ldots.m. \\ \Delta
Loading [MathJax]/jax/output/SVG/autoload/mtable.js 7. {k}
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\mathfrak{u}(\sigma _ {k}"{-}),&k=1,\ldots,m,\\
\mathfrak{u}(T)=w \end{cases}

(2.1)

if and only if \mathfrak{u} satisfies the following
integral equations:

\mathfrak{u}(\sigma )= \textstyle\begin{cases}
\frac{ ( \varphi (\sigma )-\varphi (0) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(0) ) "{\mathfrak{\gamma }-1}} [ w-

\mathcal{I} {o”{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (T) ]
+\mathcal{I}_{o0”{+}}"{\mathfrak{y},\varphi
Fvarpi (s) ( \sigma ) ,\quad \sigma \in [ 0,\sigma
{131, \\ \sum_ {i=1}"{k+1} \frac{ ( \varphi
(\sigma _ {i})-\varphi (\sigma _{i-1}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _ {i-1}) ) *{\mathfrak{\gamma }-1}} [ w-
\mathcal{I}_{i-1*{+}}"{\mathfrak{y},\varphi
Hvarpi () (T) ]

+\sum_ {i=1}"{k}\mathcal{I}_{\sigma _{i-
13{+}}"{\mathfrak{y},\varphi }\varpi (s) ( \sigma
_{i}) \\ \quad {}+\mathcal{I}_{\sigma
_{k}*{+}}"{\mathfrak{y},\varphi }\varpi (s) (
\sigma ) +\sum_ {i=1}"{k}Z_ {i}\mathfrak{u}
(\sigma _{i}"{-}), \quad \sigma \in ( \sigma
_{k},\sigma _{k+1} ], k=1,\ldots,m.\end{cases}

(2.2)

Proof

First, let \mathfrak{u}\in
\mathcal{PC}"{\mathfrak{\gamma }} (J ) be a

anliitinn oaf nrahlam (o 1) _YAla nroxa that
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If \sigma \in [ 0,\sigma _ {1} |, then \mathcal{D}_{
[ \sigma ] }*{\mathfrak{y,p,\varphi }}
\mathfrak{u}(\sigma )=\varpi (\sigma ), [ \sigma ]
=0. Taking the operator
\mathcal{I} _{o”{+}}"{\mathfrak{y},\varphi } on
both sides of the first equation in (2.1) and using
Lemma 2.6, we have
\mathfrak{u}(\sigma )= \frac{ ( \varphi (\sigma )-
\varphi (0) ) *{\mathfrak{\gamma }-1}}{\Gamma
(\mathfrak{\gamma })}\mathcal{I}_{o"{+}}"{1-
\mathfrak{\gamma },\varphi } \mathfrak{u}
(0)+\mathcal{I}_{o”"{+}}"{ \mathfrak{y},\varphi
H\varpi (s) (\sigma ).

(2.3)

By the terminal condition we have
\mathcal{I}_{o”"{+}}"{1-\mathfrak{\gamma
},\varphi }\mathfrak{u}(o)= \frac{\Gamma
(\mathfrak{\gamma })}{ ( \varphi (T)-\varphi (0) )
A{\mathfrak{\gamma }-1}} \bigl[ w-
\mathcal{I}_{o”{+}}"{\mathfrak{y}, \varphi }
\varpi (s) (T ) \bigr] .

(2.4)

Putting (2.4) into (2.3), we get
\mathfrak{u}(\sigma )= \frac{ ( \varphi (\sigma )-
\varphi (0) ) *{\mathfrak{\gamma }-1}}{ ( \varphi
(T)-\varphi (0) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{o”{+}}"{\mathfrak{y},\varphi }
\varpi (s) (T ) \bigr] +\mathcal{I}_{o"{+}}"{
\mathfrak{y},\varphi }\varpi (s) ( \sigma ).

This means
Loading [MathJax]/jax/output/SVG/autoload/mtable.js
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\mathfrak{u}\bigl(\sigma _{1}"{-}\bigr)= \frac{ (
\varphi (\sigma _{1})-\varphi (0) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(0) ) *{\mathfrak{\gamma }-1}} \bigl[ w-
\mathcal{I}_{o”{+}}"{\mathfrak{y}, \varphi }
\varpi (s) (T ) \bigr] +\mathcal{I}_{o"{+}}"{
\mathfrak{y},\varphi }\varpi (s) ( \sigma _{1}).

Since \mathfrak{u}(\sigma
_{1}*{-})=\mathfrak{u}(\sigma _{1}"{+})-
Z_{1}\mathfrak{u}(\sigma _{1}"{-}), we get
\mathfrak{u}\bigl(\sigma _ {1}"{+}\bigr)= \frac{ (
\varphi (\sigma _{1})-\varphi (0) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(0) ) *{\mathfrak{\gamma }-1}} \bigl[ w-
\mathcal{I}_{o”"{+}}"{\mathfrak{y}, \varphi }
\varpi (s) (T ) \bigr] +\mathcal{I}_{o"{+}}"{
\mathfrak{y},\varphi }\varpi (s) ( \sigma _{1})
+7Z_{1}\mathfrak{u}\bigl( \sigma _ {1}"{-}\bigr).

If \sigma \in ( \sigma _ {1},\sigma _{2} ], then
\mathcal{D}_{[ \sigma ] }"{\mathfrak{y,p,\varphi
H\mathfrak{u}( \sigma )=\varpi (\sigma ), [
\sigma ] =\sigma _ {1}, and \mathfrak{u}(\sigma )
is given by

\begin{aligned} \mathfrak{u}(\sigma )

=& \mathfrak{u}\bigl(\sigma _{1}"{+} \bigr)+
\frac{ ( \varphi (\sigma )-\varphi (\sigma _{1}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{1}) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma
_{13M{+}{\mathfrak{y},\varphi } \varpi (s) (T)
\bigr] +\mathcal{I} {\sigma
_{13M{+}{\mathfrak{y}, \varphi }\varpi (s) (

\cioma Y\ —Q\ franS ((\yrarnhi (A ciama 1)
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(T)-\varphi (0) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{o”{+}}"{\mathfrak{y},\varphi }
\varpi (s) (T ) \bigr] + \frac{ ( \varphi (\sigma )-
\varphi (\sigma _ {1}) ) *{\mathfrak{\gamma }-1}}
{ (\varphi (T)-\varphi (\sigma _{1}))
A{\mathfrak{\gamma }-1}} \bigl[ w-

\mathcal{I} {\sigma _{1}"{+}}"{\mathfrak{y},
\varphi } \varpi (s) (T ) \bigr] \\ &

{}+\mathcal{I} {o”{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (\sigma _{1} ) +\mathcal{I} {\sigma
_{13M{+}{\mathfrak{y}, \varphi }\varpi (s) (
\sigma ) +Z_ {1}\mathfrak{u}\bigl(\sigma _{1}"{-}
\bigr). \end{aligned}

This means that

\begin{aligned} \mathfrak{u}\bigl(\sigma
_{2}"{-}\bigr) =& \frac{ (\varphi (\sigma _{1})-
\varphi (0) ) *{\mathfrak{\gamma }-1}}{ ( \varphi
(T)-\varphi (0) ) “{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{o”{+}}"{\mathfrak{y}, \varphi }
\varpi (s) (T ) \bigr] \\ &{}+ \frac{ ( \varphi
(\sigma _{2})-\varphi (\sigma _{1}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{1}) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma _{1}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+\mathcal{I}_{o”{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (\sigma _{1} ) +\mathcal{I} {\sigma
_{13M{+}}"{\mathfrak{y}, \varphi }\varpi (s) (
\sigma _ {2} ) +Z_{1}\mathfrak{u}\bigl( \sigma
_{1}~{-}\bigr). \end{aligned}

Since \mathfrak{u}(\sigma
_{2}"{-})=\mathfrak{u}(\sigma _{2}"{+})-

7Z Saol\\ mathfral-S1:W(\ ciagma JoWANAS A\ a0 ant
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\begin{aligned} \mathfrak{u}\bigl(\sigma
_{2}™{+}\bigr) =& \frac{ ( \varphi (\sigma _ {1})-
\varphi (0) ) *{\mathfrak{\gamma }-1}}{ ( \varphi
(T)-\varphi (0) ) “{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{o”{+}}"{\mathfrak{y}, \varphi }
\varpi (s) (T ) \bigr] \\ &{}+ \frac{ ( \varphi
(\sigma _{2})-\varphi (\sigma _{1}))
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{1}) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma _{1}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+\mathcal{I}_{o”{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (\sigma _{1} ) +\mathcal{I} {\sigma
_{13M{+}}"{\mathfrak{y}, \varphi }\varpi (s) (
\sigma _ {2} ) +Z_{1}\mathfrak{u}\bigl( \sigma
_{1}37{-}\bigr)+Z_{2}\mathfrak{u}\bigl(\sigma
_{2}"{-}\bigr). \end{aligned}

If \sigma \in ( \sigma _{2},\sigma _{3} ], then
\mathcal{D}_ {[ \sigma ] }"{\mathfrak{y,p,\varphi
}H\mathfrak{u}( \sigma )=\varpi (\sigma ), [
\sigma ] =\sigma _ {2}, and \mathfrak{u}(\sigma )
is given by

\begin{aligned} \mathfrak{u}(\sigma )

=& \mathfrak{u}\bigl(\sigma _{2}"{+} \bigr)+
\frac{ ( \varphi (\sigma )-\varphi (\sigma _{2}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{2}) ) “{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma

_{23M 43 {\mathfrak{y},\varphi } \varpi (s) (T )
\bigr] +\mathcal{I}_{\sigma
_{2}M{+}}{\mathfrak{y}, \varphi }\varpi (s) (
\sigma ) \\ =&\frac{ ( \varphi (\sigma _{1})-
\Varphl (o) ) ’\{\mathfrak{\gamma }- 1}}{ ( \varphi
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\varpi (s) (T ) \bigr] \\ &{}+ \frac{ ( \varphi
(\sigma _{2})-\varphi (\sigma _{1}))
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{1}) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma _{1}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{3+ \frac{ ( \varphi (\sigma )-\varphi (\sigma _{2})
) “{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{2}) ) “{1\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma _{2}"{+}}"{\mathfrak{y},
\varphi } \varpi (s) (T ) \bigr] \\ &
{}+\mathcal{I}_{o”{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (\sigma _{1} ) +\mathcal{I} {\sigma
_{13M{+}}"{\mathfrak{y}, \varphi }\varpi (s) (
\sigma _ {2} ) +\mathcal{I} {\sigma _{2}"{+}}"{
\mathfrak{y},\varphi }\varpi (s) ( \sigma )
+7_{1}\mathfrak{u}\bigl( \sigma _{1}"{-}
\bigr)+Z_{2}\mathfrak{u}\bigl(\sigma _{2}"{-}
\bigr). \end{aligned}

This means that

\begin{aligned} \mathfrak{u}\bigl(\sigma
_{3}"{-}\bigr) =& \frac{ ( \varphi (\sigma _{1})-
\varphi (0) ) *{\mathfrak{\gamma }-1}}{ ( \varphi
(T)-\varphi (0) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{o”{+}}"{\mathfrak{y}, \varphi }
\varpi (s) (T ) \bigr] \\ &{}+ \frac{ ( \varphi
(\sigma _{2})-\varphi (\sigma _{1}))
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{1}) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma _{1}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+ \frac{ (\varphi (\sigma _{3})-\varphi (\sigma
_{2}) ) ’\{\mathfrak{\gamma - 1}}{ ( \Varphl (T)-
313}
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\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+\mathcal{I}_{o"{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (\sigma _{1} ) +\mathcal{I} {\sigma
{3 {+}}"{\mathfrak{y}, \varphi }\varpi (s) (
\sigma _ {2} ) +\mathcal{I}_{\sigma _{2}"{+}}"{
\mathfrak{y},\varphi }\varpi (s) ( \sigma _{3} ) \\
&{}+Z_{1}\mathfrak{u}\bigl(\sigma _{1}"{-}
\bigr)+Z_{2}\mathfrak{u}\bigl(\sigma _{2}"{-}
\bigr). \end{aligned}

After impulse ( \mathfrak{u}(\sigma
_{3}"{-})=\mathfrak{u}(\sigma _{3}"{+})-Z_{3}
\mathfrak{u}(\sigma _{3}"{-}) ), we get
\begin{aligned} \mathfrak{u}\bigl(\sigma
_{3}"{-}\bigr) =& \frac{ ( \varphi (\sigma _{1})-
\varphi (0) ) *{\mathfrak{\gamma }-1}}{ ( \varphi
(T)-\varphi (0) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{o”{+}}"{\mathfrak{y}, \varphi }
\varpi (s) (T ) \bigr] \\ &{}+ \frac{ ( \varphi
(\sigma _{2})-\varphi (\sigma _{1}))
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{1}) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma _{1}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+ \frac{ (\varphi (\sigma _{3})-\varphi (\sigma
_{2}) ) "{\mathfrak{\gamma }-1}}{ ( \varphi (T)-
\varphi (\sigma _{2}) ) *{\mathfrak{\gamma }-1}}
\bigl[ w-\mathcal{I}_{\sigma _{2}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+\mathcal{I}_{o"{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (\sigma _{1} ) +\mathcal{I} {\sigma
_{13M{+}}{\mathfrak{y}, \varphi }\varpi (s) (
\sigma _ {2} ) +\mathcal{I}_{\sigma _{2}"{+}}"{
\mathfrak{y} \varphl }\Varpl (s) ( \51gma _{3})\\
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\bigr)+Z_{3} \mathfrak{u}\bigl(\sigma _{3}"{-}
\bigr). \end{aligned}

If \sigma \in ( \sigma _{3},\sigma _{4} ], then
\mathcal{D}_{[ \sigma ] }"{\mathfrak{y,p,\varphi
H\mathfrak{u}( \sigma )=\varpi (\sigma ), [
\sigma ] =\sigma _ {3}, and \mathfrak{u}(\sigma )
is given by

\begin{aligned} \mathfrak{u}(\sigma )
=&\mathfrak{u}\bigl(\sigma _{3}"{+} \bigr)+
\frac{ ( \varphi (\sigma )-\varphi (\sigma _{3}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{3}) ) “{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma
_{33"{+}}"{\mathfrak{y},\varphi } \varpi (s) (T )
\bigr] +\mathcal{I}_{\sigma
_{3}"{+}}"*{\mathfrak{y}, \varphi }\varpi (s) (
\sigma ) \\ =&\frac{ ( \varphi (\sigma _{1})-
\varphi (0) ) *{\mathfrak{\gamma }-1}}{ ( \varphi
(T)-\varphi (0) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{o"{+}}"{\mathfrak{y},\varphi }
\varpi (s) (T ) \bigr] \\ &{}+ \frac{ ( \varphi
(\sigma _{2})-\varphi (\sigma _{1}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{1}) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma _{1}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{3+ \frac{ (\varphi (\sigma _{3})-\varphi (\sigma
_{2}) ) "{\mathfrak{\gamma }-1}}{ ( \varphi (T)-
\varphi (\sigma _{2}) ) *{\mathfrak{\gamma }-1}}
\bigl[ w-\mathcal{I}_{\sigma _{2}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+ \frac{ ( \varphi (\sigma )-\varphi (\sigma _{3})
) ’\{\mathfrak{\gamma } 1}}{ ( \Varphl (T) \Varphl
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\varphi } \varpi (s) (T ) \bigr] \\ &
{}+\mathcal{I}_{o"{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (\sigma _{1} ) +\mathcal{I} {\sigma
{3 {+}}"{\mathfrak{y}, \varphi }\varpi (s) (
\sigma _ {2} ) +\mathcal{I}_{\sigma _{2}"{+}}"{
\mathfrak{y},\varphi }\varpi (s) ( \sigma _{3})
+\mathcal{I}_{\sigma _{3}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) ( \sigma ) \\ &
{3+Z_{1}\mathfrak{u}\bigl(\sigma _{1}"{-}
\bigr)+Z_{2}\mathfrak{u}\bigl(\sigma _{2}"{-}
\bigr)+Z_{3} \mathfrak{u}\bigl(\sigma _{3}"{-}
\bigr). \end{aligned}

Assume that
\begin{aligned} \mathfrak{u}\bigl(\sigma
_{k}™{+}\bigr) =& \frac{ ( \varphi (\sigma _{1})-
\varphi (0) ) *{\mathfrak{\gamma }-1}}{ ( \varphi
(T)-\varphi (0) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{o”{+}}"{\mathfrak{y}, \varphi }
\varpi (s) (T ) \bigr] \\ &{}+ \frac{ ( \varphi
(\sigma _{2})-\varphi (\sigma _{1}))
~{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{1}) ) *{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma _{1}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+\cdots + \frac{ ( \varphi (\sigma _{k})-\varphi
(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}}{ (
\varphi (T)-\varphi (\sigma _{k-1}) )
A{\mathfrak{\gamma }-1}} \bigl[ w-
\mathcal{I} {\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi } \varpi (s) (T ) \bigr] \\ &
{}+\mathcal{I} {o”{+}}"{\mathfrak{y},\varphi
Hvarpi (s) (\sigma _{1} ) +\mathcal{I} {\sigma
_{1}"{+}}’\{\mathfrak{y} \varphi }\varpi (s) (
Loadlng [MathJax]/Jax/output/SVG/autolo;d/mtabIer k-
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\sigma _{k} ) \\ &
{}+Z_{1}\mathfrak{u}\bigl(\sigma _{1}"{-}
\bigr)+Z_{2}\mathfrak{u}\bigl(\sigma _{2}"{-}
\bigr)+ \cdots +Z_ {k}\mathfrak{u}\bigl(\sigma
_{k}~{-} \bigr). \end{aligned}

Then, inductively, for \sigma \in ( \sigma
_{k},\sigma _{k+1} ], we have \mathcal{D}_{[
\sigma ] }"{\mathfrak{y,p,\varphi }}\mathfrak{u}
(\sigma )=\varpi (\sigma ), [ \sigma ] =\sigma _ {k}
, and \mathfrak{u}(\sigma ) is given by
\begin{aligned} \mathfrak{u}(\sigma )
=&\mathfrak{u}\bigl(\sigma _{k}"{+} \bigr)+
\frac{ ( \varphi (\sigma )-\varphi (\sigma _{k}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{k}) ) “{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi } \varpi (s) (T)
\bigr] +\mathcal{I}_{\sigma
_{k}*{+}}"{\mathfrak{y}, \varphi }\varpi (s) (
\sigma ) \\ =&\sum_ {i=1}"{k+1} \frac{ ( \varphi
(\sigma _ {i})-\varphi (\sigma _ {i-1}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{i-1}) ) “{\mathfrak{\gamma }-1}} \bigl[
w-\mathcal{I}_{i-1"{+}}"{\mathfrak{y},\varphi }
\varpi (s) (T) \bigr] \\ &{}+\sum_{i=1}"{k}
\mathcal{I}_{\sigma _{i-1}"{+}}"{\mathfrak{y},
\varphi }\varpi (s) ( \sigma _{i})
+\mathcal{I}_{\sigma
_{k}*{+}}"{\mathfrak{y},\varphi }\varpi (s) (
\sigma )
+\sum_{i=1}"{k}Z_{i}\mathfrak{u}\bigl(\sigma
_{i}~{-}\bigr). \end{aligned}

Thiic (o a)ic caticfiad
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Conversely, assume that \mathfrak{u} satisfies
equation (2.2).

Case 1: \sigma \in [ 0,\sigma _{1} ].
Replacing o by T'in (2.2), we get \mathfrak{u}
(T)=w. On the other hand, applying
\mathcal{D} {0”{+}}"{\mathfrak{\gamma
};\varphi } to both sides of (2.2) and using Lemma
2.3, we get

\mathcal{D} {0”{+}}"{\mathfrak{\gamma
};\varphi }\mathfrak{u}(\sigma
)=\mathcal{D}_{o”{+}}"{\mathfrak{p}(1-
\mathfrak{y});\varphi }\varpi ( \sigma ).

(2.5)

Since \mathfrak{u}\in
\mathcal{PC}"{\mathfrak{\gamma }} (J ), by
definition of \mathcal{PC}"{\mathfrak{\gamma }}
(J ) we have

\mathcal{D} {0”{+}}"{\mathfrak{\gamma
};\varphi }\mathfrak{u}\in \mathcal{PC} (J ). So,
(2.5) implies

\mathcal{D} {0”{+}}"{\mathfrak{\gamma
};\varphi }\mathfrak{u}(\sigma

)=\mathcal{D} {o”{+}}"{\mathfrak{p}(1-
\mathfrak{y});\varphi }\varpi ( \sigma )\in
\mathcal{PC} (J).

For \varpi \in \mathcal{PC} (J ), it is obvious that
\mathcal{I}_{o"{+}}"{1-\mathfrak{p}(1-
\mathfrak{y});\varphi }\varpi \in
\mathcal{PC}"{1} (J ). Hence w and
\mathcal{I}_{o"{+}}"{1-\mathfrak{p}(1-
\mathfrak{y});\varphi }\varpi satisfy the conditions

of Thearem 2 A Now _annluvino

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

\Lllubll\aul LLJ - LU L T J J L \LlluLLlLl aIN LPJ \.L

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4

Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

25177



6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text
\mathfrak{y});\varphi } to both sides of (2.5) and
using Theorem 2.6, we get
~{H}\mathcal{D}_{o"{+}}"{\mathfrak{y},\mathfrak{p};\varphi
} \mathfrak{u}(\sigma )=\varpi (\sigma )-
\frac{\mathcal{I} {o”{+}}"{1-\mathfrak{p}(1-
\mathfrak{y});\varphi }\varpi (0)}{\Gamma
(\mathfrak{p}(1-\mathfrak{y}))}\bigl(\varphi
(\sigma )-\varphi (0)\bigr)*{\mathfrak{p}(1-
\mathfrak{y})-1}.

(2.6)

By Theorem 2.4 we have \mathcal{I} {o"{+}}"{1-
\mathfrak{p}(1-\mathfrak{y});\varphi }\varpi

(0)=0. Hence (2.6) becomes
~{H}\mathcal{D}_{o"{+}}"{\mathfrak{y},\mathfrak{p};\varphi
} \mathfrak{u}(\sigma )=\varpi (\sigma ),\quad

\sigma \in J.

Case 2: \sigma \in ( \sigma _ {k},\sigma _{k+1}].
By the same technique as in case 1 we can easily

prove case 2. O

Lemma 2.10

Let \mathfrak{\gamma
}=\mathfrak{y}+\mathfrak{p}-\mathfrak{yp} be
such that \mathfrak{y}\in ( 0,1 ), \mathfrak{p}\in
[0,1], and let f,g:J"{\prime }\times \mathbb{R}
\times \mathbb{R} \rightarrow \mathbb{R} be
continuous functions. If ( \mathfrak{u},\vartheta )
\in \mathcal{B} satisfies problem (1.1), then by
Lemma 2.9, ( \mathfrak{u},\vartheta ) satisfies the
following integral equations:
\textstyle\begin{cases} \mathfrak{u}(\sigma )=

\textstvle\begin{cases} \sum {o< \siema {k}<
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(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}}{ (
\varphi (T)-\varphi (\sigma _{k-1}) )
A{\mathfrak{\gamma }-1}} [ w_{1}-

\mathcal{I} {\sigma _{k-

13+ }}"{\mathfrak{y},\varphi }(s,\mathfrak{u}
(s), \mathcal{D}_ {[ \sigma ]

7~ {\mathfrak{y,p,\varphi }}\vartheta (s)) (T ) ] \\
\quad {}+\sum_{o< \sigma _{k}< \sigma
Hmathcal{I} {\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi }(s,\mathfrak{u}
(s),\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}\vartheta (s)) ( \sigma
_{k}) + \mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi
H(s,\mathfrak{u}(s), \mathcal{D}_{[ \sigma ]

" {\mathfrak{y,p,\varphi }}\vartheta (s)) ( \sigma
) \\ \quad {}+\sum_{o< \sigma _{k}< \sigma
}Z_{k}\mathfrak{u}(\sigma _{k}"{-}),\quad
\sigma \in ( \sigma _ {k},\sigma _ {k+1} ]
,k=1,\ldots,m,\end{cases}\displaystyle \\ \vartheta
(\sigma )= \textstyle\begin{cases} \sum_{o<
\sigma _ {k}< \sigma } \frac{ ( \varphi (\sigma
_{k})-\varphi (\sigma _{k-1}) )
~{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}} [
w_{2}-\mathcal{I} {\sigma _{k-

1} {+}}*{\mathfrak{y},\varphi
tg(s,\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}\mathfrak{u}
(s),\vartheta (s)) (T ) 1\\ \quad {}+\sum_{o<
\sigma _ {k}< \sigma }\mathcal{I}_{\sigma _{k-
13 {+}}"{ \mathfrak{y},\varphi
}g(s,\mathcal{D}_{[ \sigma ] }"*{
\mathfrak{y,p,\varphi }}\mathfrak{u}(s),\vartheta
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_{k}{+}}"{\mathfrak{y},\varphi
te(s,\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}\mathfrak{u}
(s),\vartheta (s)) ( \sigma ) \\ \quad {}+\sum_{o<
\sigma _ {k}< \sigma }Z_{k}\mathfrak{u}(\sigma
_{k}*{-}), \quad \sigma \in ( \sigma _ {k},\sigma
_{k+1} ] ,k=1,\ldots,m.\end{cases}\displaystyle

\end{cases}

Consider the continuous operator \Xi
:\mathcal{B}\rightarrow \mathcal{B} defined by
\Xi ( \mathfrak{u},\vartheta ) (\sigma )= \bigl( \Xi
_{1} (\mathfrak{u},\vartheta ) (\sigma ),\Xi _ {2} (
\vartheta , \mathfrak{u} ) (\sigma ) \bigr),

(2.7)

where

\Xi_ {1} ( \mathfrak{u},\vartheta ) (\sigma )=
\textstyle\begin{cases} \sum_{o< \sigma _{k}<
\sigma } \frac{ ( \varphi (\sigma _ {k})-\varphi
(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}}{ (
\varphi (T)-\varphi (\sigma _{k-1}) )
A{\mathfrak{\gamma }-1}} [ w_{1}-

\mathcal{I} {\sigma _{k-

13+ }}"{\mathfrak{y},\varphi }(s,\mathfrak{u}
(s), \mathcal{D}_ {[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}\vartheta (s)) (T ) ] \\
\quad {}+\sum_{o< \sigma _{k}< \sigma
HNmathcal{I}_{\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi }(s,\mathfrak{u}
(s),\mathcal{D}_{o}"{ \mathfrak{y,p,\varphi
¥\vartheta (s)) (\sigma _{k} )\\ \quad {}

+\mathcal{I}_{\sigma

AN VAN mathfrakdst \vvarnhi
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"~ {\mathfrak{y,p,\varphi }}\vartheta (s)) ( \sigma
)\\ \quad {}+\sum_{o< \sigma _ {k}< \sigma
}Z_{k}\mathfrak{u}(\sigma _{k}"{-}), \quad
\sigma \in ( \sigma _{k},\sigma _{k+1} ],
k=1,\ldots,m,\end{cases}

(2.8)

and

\Xi _{2} (\vartheta ,\mathfrak{u} ) (\sigma )=
\textstyle\begin{cases} \sum_{o< \sigma _{k}<
\sigma } \frac{ ( \varphi (\sigma _ {k})-\varphi
(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}}{ (
\varphi (T)-\varphi (\sigma _{k-1}) )
A{\mathfrak{\gamma }-1}} [ w_{2}-
\mathcal{I}_{\sigma _{k-

13+ }}"{\mathfrak{y},\varphi
}g(s,\mathcal{D}_{[ \sigma ]

" {\mathfrak{y,p,\varphi }}\mathfrak{u}
(s),\vartheta (s)) (T ) ]1\\ \quad {}+\sum_{o<
\sigma _ {k}< \sigma }\mathcal{I}_{\sigma _{k-
13M{+}}"{ \mathfrak{y},\varphi
tg(s,\mathcal{D}_{[ \sigma ] }"{
\mathfrak{y,p,\varphi }}\mathfrak{u}(s),\vartheta
(s)) (\sigma _{k} ) \\ \quad {}+

\mathcal{I}_ {\sigma
_{k}*{+}}"{\mathfrak{y},\varphi
te(s,\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}\mathfrak{u}
(s),\vartheta (s)) ( \sigma ) \\ \quad +\sum_{o<
\sigma _ {k}< \sigma }Z_{k}\mathfrak{u}(\sigma
_{k}*{-}), \quad \sigma \in ( \sigma _ {k},\sigma
_{k+1} ], k=1,\ldots,m.\end{cases}

(2.9)
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Note that the fixed points of the operator E are
solutions of problem (1.1).
3 Existence of solution

In this section, we consider a general coupled
system of Hilfer FDEs (1.1) involving an arbitrary
function ¢. To demonstrate our main results, we
introduce the following hypotheses.

(H,) The functions f,g:J\times \mathbb{R} \times

\mathbb{R} \rightarrow \mathbb{R} are
continuous, and there exist constant numbers
\varrho _{f},\varrho _{g},\varrho _ {f}"{\prime
},\varrho _{g}"~{ \prime }>0 such that for all (
\mathfrak{u},\vartheta ), (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) \in
\mathbb{R} \times \mathbb{R},

\begin{aligned} \bigl\vert f\bigl(\sigma
,\mathfrak{u} ( \sigma ) ,\vartheta ( \sigma )
\bigr)-f\bigl(\sigma ,\widehat{\mathfrak{u}} (
\sigma ) ,\widehat{ \vartheta } ( \sigma ) \bigr)
\bigr\vert \leq &\varrho _{f} \bigl\vert
\mathfrak{u} ( \sigma ) - \widehat{\mathfrak{u}} (
\sigma ) \bigr\vert +\varrho _ {f}"{\prime }
\bigl\vert \vartheta ( \sigma ) -\widehat{\vartheta
} (\sigma ) \bigr\vert, \\ \bigl\vert g\bigl(\sigma
,\mathfrak{u} ( \sigma ) ,\vartheta ( \sigma )
\bigr)-g\bigl(\sigma ,\widehat{\mathfrak{u}} (
\sigma ) ,\widehat{ \vartheta } ( \sigma ) \bigr)
\bigr\vert \leq &\varrho _{g} \bigl\vert
\mathfrak{u} ( \sigma ) - \widehat{\mathfrak{u}} (
\sigma ) \bigr\vert +\varrho _{g}"{\prime }
\bigl\vert \vartheta ( \sigma ) -\widehat{\vartheta
} (\sigma ) \bigr\vert . \end{aligned}

(H.) The functions f.g:J\times \mathbb{R} \times
Loading [MathJax]/jax/output/SVG/autoload/mtable.js
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continuous functions such that for each (
\mathfrak{u},\vartheta ) \in \mathbb{R} , there
exist nondecreasing continuous linear functions
\omega _ {f},\omega _{g}:\mathbb{R}
~+}\rightarrow \mathbb{R} ~{+} such that
\begin{aligned} \bigl\vert f\bigl(\sigma
,\mathfrak{u} ( \sigma ) ,\vartheta ( \sigma ) \bigr)
\bigr\vert \leq &\omega _ {f} \bigl\vert
\mathfrak{u} ( \sigma ) \bigr\vert +\omega _ {f}"{
\prime } \bigl\vert \vartheta ( \sigma ) \bigr\vert,
\\ \bigl\vert g\bigl(\sigma ,\mathfrak{u} ( \sigma )
,\vartheta ( \sigma ) \bigr) \bigr\vert \leq &\omega
_{g} \bigl\vert \mathfrak{u} ( \sigma ) \bigr\vert
+\omega _{g}"{ \prime } \bigl\vert \vartheta (
\sigma ) \bigr\vert . \end{aligned}

(H3) The functions Z_{k}:\mathbb{R} \rightarrow

\mathbb{R} are continuous, and there exists a
constant L._{Z}>o0 such that

\bigl\vert Z_{k}(\Theta )-Z_{k}\bigl(\Theta ~{\ast
}\bigr) \bigr\vert \leq L._{Z} \bigl\vert \Theta -
\Theta "~{\ast } \bigr\vert ,\quad k=1, \ldots,m,
\Theta ,\Theta ~{\ast }\in \mathbb{R} .

In the following, we will apply the Theorem 2.7 to

obtain an existence result for system (1.1).

Theorem 3.1
Assume that (H,)—(H3) hold. If

Q_{1}:=\frac{ (2m+1) [ \omega _{f} (1+\omega
_1g}) +\omega _{g}"{\prime }(1+\omega
_{f}*{\prime }) ] {2\Gamma (\mathfrak{y}+1) ( 1-
\omega _{f}"{\prime }\omega _{g}) } \bigl(
\varphi (T)-\varphi (0) \bigr)

N AY 1 C 1 c ) x rzy
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then problem (1.1) has at least one solution on J.

Proof

Define the closed ball set

\mathbb{B}_{R}= \biggl\{ (
\mathfrak{u},\vartheta ) \in \mathcal{B}:
\bigl\Vert ( \mathfrak{u},\vartheta ) \bigr\Vert _{
\mathcal{PC} (J ) }\leq R,\text{ } \Vert
\mathfrak{u} \Vert _{\mathcal{PC} (J ) }\leq
\frac{R}{2},\text{ } \Vert \vartheta \Vert
_{\mathcal{PC} (J ) }\leq \frac{R}{2} \biggr\}

with
R\geq \frac{m [ \vert w_{1} \vert + \vert w_{2}
\vert ] {1-Q_{1}}.

We will prove that the operator E defined by (2.7)
has a fixed point by using Theorem 2.7. For this, we
divide the proof into three steps.

Step 1: \Xi (\mathbb{B}_{R})\subset
\mathbb{B}_{R}.

For any ( \mathfrak{u},\vartheta ) \in
\mathbb{B} {R}, we have

\bigl\Vert \Xi ( \mathfrak{u},\vartheta ) \bigr\Vert
_{\mathcal{B}}\leq \bigl\Vert \Xi _ {1} (
\mathfrak{u},\vartheta ) \bigr\Vert
_{\mathcal{PC} (J) }+ \bigl\Vert \Xi _{2} (
\vartheta ,\mathfrak{u} ) \bigr\Vert
_{\mathcal{PC} (J) }.

From equation (2.8) we have

\begin{aligned} \bigl\vert \Xi _{1} (
\mathfrak{u},\vartheta ) \bigr\vert \leq
&\sum_{o< \sigma _{k}< \sigma } \frac{ ( \varphi

(\sigma _ {k})-\varphi (\sigma _{k-1}))
Loading [MathJax]/jax/output/SVG/autoload/mtable.js
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(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}} \\ &
\bigl[ \vert w_{1} \vert +\mathcal{I}_{\sigma _{k-
1}M{+}}*{\mathfrak{y},\varphi } \bigl\vert
f\bigl(s,\mathfrak{u}(s),\mathcal{D}_{[ \sigma ]
"~ {\mathfrak{y,p,\varphi }} \vartheta (s)\bigr)
\bigr\vert ( T ) \bigr] \\ &{}+\sum_{o< \sigma
_{k}< \sigma }\mathcal{I}_{\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi } \bigl\vert
f\bigl(s,\mathfrak{u}(s),\mathcal{D}_{o}"{
\mathfrak{y,p,\varphi }} \vartheta (s)\bigr)
\bigr\vert ( \sigma _{k}) \\ &
{}+\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi } \bigl\vert f
\bigl(s,\mathfrak{u}(s),\mathcal{D}_ {[ \sigma ]
"~ { \mathfrak{y,p,\varphi }} \vartheta (s)\bigr)
\bigr\vert ( \sigma ) \\ &{}+\sum_{o< \sigma _ {k}
< \sigma } \bigl\vert Z_ {k}
\mathfrak{u}\bigl(\sigma _ {k}"{-}\bigr)
\bigr\vert \\ \leq &m \vert w_{1} \vert
+m\mathcal{I}_{\sigma _{k-
13M{+}}"{\mathfrak{y},\varphi } \bigl\vert
f\bigl(s,\mathfrak{u}(s),\mathcal{D}_{[ \sigma ]
"~ {\mathfrak{y,p,\varphi }} \vartheta (s)\bigr)
\bigr\vert (T ) \\ &{}+m\mathcal{I}_ {\sigma _{k-
1}M{+}}"{\mathfrak{y},\varphi } \bigl\vert f
\bigl(s,\mathfrak{u}(s),\mathcal{D}_{[ \sigma ]
+~{ \mathfrak{y,p,\varphi }} \vartheta (s)\bigr)
\bigr\vert ( \sigma _{k}) \\ &
{+\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi } \bigl\vert f
\bigl(s,\mathfrak{u}(s),\mathcal{D}_ {[ \sigma ]
" { \mathfrak{y,p,\varphi }} \vartheta (s)\bigr)
\bigr\vert ( \sigma ) +mL_{Z} \bigl\vert
\mathfrak{u}(\sigma ) \bigr\vert \\ \leq &m \vert
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\Vert \mathfrak{u} \Vert _{\mathcal{PC} (J)
y+\omega _{f}"{\prime }\omega _{g}"{\prime }
\Vert \vartheta \Vert _{\mathcal{PC} (J) }}
{\Gamma (\mathfrak{y}+1) ( 1-\omega
_{fi*{\prime }\omega _{g} ) } \biggr] \bigl(
\varphi (T)-\varphi (0) \bigr) *{\mathfrak{y}} \\ &
{+mL_{Z} \Vert \mathfrak{u} \Vert
_{\mathcal{PC} (J ) } \\ \leq &m \vert w_{1} \vert
+ (2m+1) \biggl[ \frac{ ( \omega _ {f}+\omega
_{f}*{\prime }\omega _{g}"{\prime } ) R}
{2\Gamma (\mathfrak{y}+1) ( 1-\omega
_{f}*{\prime }\omega _{g} ) } \biggr] \bigl(
\varphi (T)-\varphi (0) \bigr)
A{\mathfrak{y}}+mL_{Z} \frac{R}{2}.
\end{aligned}

Using the same technique, we get

\bigl\Vert \Xi _{2} ( \vartheta ,\mathfrak{u} )
\bigr\Vert _{\mathcal{PC} (J) }\leq m \vert
w_{2} \vert + ( 2m+1 ) \biggl[ \frac{ ( \omega
_{fi\omega _{g}+\omega _{g}"{\prime } ) R}
{2\Gamma (\mathfrak{y}+1) ( 1-\omega
_{fi"{\prime }\omega _{g} ) } \biggr] \bigl(
\varphi (T)-\varphi (0) \bigr)
~{\mathfrak{y}}+mlL_{Z}\frac{R}{2}.

Thus

\begin{aligned} \bigl\Vert \Xi (
\mathfrak{u},\vartheta ) \bigr\Vert
_{\mathcal{B}} \leq & \bigl\Vert \Xi _ {1} (
\mathfrak{u},\vartheta ) \bigr\Vert
_{\mathcal{PC} (J) }+ \bigl\Vert \Xi _{2} (
\vartheta ,\mathfrak{u} ) \bigr\Vert
_{\mathcal{PC} (J) } \\ \leq &m \bigl[ \vert

. J1 W \xravrt 1 \xrovt sarz Jal \xrart \ hiaor]l 20O S+ }R\leq
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Hence \Xi (\mathbb{B}_{R})\subset
\mathbb{B}_{R}.

Step 2: E is continuous and compact.

Let ( \mathfrak{u}_ {n},\vartheta _{n})bea
sequence such that ( \mathfrak{u}_{n},\vartheta
_{n}) \rightarrow ( \mathfrak{u},\vartheta ) in
\mathbb{B}_{R}. Then we have

\begin{aligned}& \bigl\vert \Xi _ {1} (
\mathfrak{u}_{n},\vartheta _{n}) ( \sigma )-\Xi
_{1} ( \mathfrak{u},\vartheta ) (\sigma ) \bigr\vert
\\& \quad \leq \sum_ {o< \sigma _{k}< \sigma
Hmathcal{I}_ {\sigma _{k-

13 {+}}"{\mathfrak{y},\varphi } \bigl\vert \bigl[
f\bigl(s,\mathfrak{u}_{n}(s), \mathcal{D}_{[
\sigma ] }"{\mathfrak{y,p,\varphi }}\vartheta _{n}
(s) \bigr)-f\bigl(s,\mathfrak{u}(s),\mathcal{D}_{[
\sigma ] }"{ \mathfrak{y,p,\varphi }} \vartheta
(s)\bigr) \bigr] \bigr\vert (T ) \\& \qquad
{}+\sum_{o< \sigma _ {k}< \sigma

Hmathcal{I} {\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi } \bigl\vert \bigl[
f\bigl(s,\mathfrak{u}_ {n}(s), \mathcal{D}_{[
\sigma ] }"{\mathfrak{y,p,\varphi }}\vartheta _{n}
(s) \bigr)-f\bigl(s, \mathfrak{u}(s),\mathcal{D}_{[
\sigma ] }"{\mathfrak{y,p,\varphi }} \vartheta
(s)\bigr) \bigr] \bigr\vert (\sigma _{k} ) \\&
\qquad {}+\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi } \bigl\vert
\bigl[ f\bigl(s, \mathfrak{u}_{n}(s),\mathcal{D}_{
[ \sigma ] }*{ \mathfrak{y,p,\varphi }} \vartheta
_{n}(s)\bigr)-f\bigl(s,\mathfrak{u}(s),
\mathcal{D}_ {[ \sigma ] }"{\mathfrak{y,p,\varphi
}\vartheta (s)\bigr) \bigr] \bigr\vert ( \sigma )
\\& \gquad {}+\sum_{o< \sigma _{k}< \sigma }
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_{k}"{-} \bigr)-Z_{k}\mathfrak{u}\bigl(\sigma
_{ki"{-} \bigr) \bigr\vert \\& \quad \leq
m\mathcal{I}_ {\sigma _ {k-

1} {+}}"{\mathfrak{y},\varphi } \bigl\vert \bigl[ f
\bigl(s,\mathfrak{u} {n}(s),\mathcal{D}_{[
\sigma ] }"{\mathfrak{y,p,\varphi }} \vartheta
_{n}(s)\bigr)-f\bigl(s,\mathfrak{u}(s),
\mathcal{D}_ {[ \sigma ] }"{\mathfrak{y,p,\varphi
}}\vartheta (s)\bigr) \bigr] \bigr\vert (T ) \\&
\qquad {}+m\mathcal{I} {\sigma _{k-
1}M{+}}"{\mathfrak{y},\varphi } \bigl\vert \bigl[
f\bigl(s, \mathfrak{u}_{n}(s),\mathcal{D} {[
\sigma ] }"*{\mathfrak{y,p,\varphi }} \vartheta
_{n}(s)\bigr)-f\bigl(s,\mathfrak{u}(s),
\mathcal{D}_{[ \sigma ] }"{\mathfrak{y,p,\varphi
}\vartheta (s)\bigr) \bigr] \bigr\vert ( \sigma _{k}
) \\& \qquad {}+\mathcal{I}_{\sigma
_{k}*{+}}*{\mathfrak{y},\varphi } \bigl\vert
\bigl[ f\bigl(s, \mathfrak{u}_{n}(s),\mathcal{D}_<{
[ \sigma ] }"{ \mathfrak{y,p,\varphi }} \vartheta
_{n}(s)\bigr)-f\bigl(s,\mathfrak{u}(s),
\mathcal{D}_ {[ \sigma ] }"{\mathfrak{y,p,\varphi
+\vartheta (s)\bigr) \bigr] \bigr\vert ( \sigma )
\\& \qquad {}+mlL_{Z} \bigl\vert \bigl[
\mathfrak{u}_{n}(\sigma )-\mathfrak{u}( \sigma )
\bigr] \bigr\vert \\& \quad \leq ( 2m+1)
\frac{\varrho _{f} \Vert \mathfrak{u}_ {n}-
\mathfrak{u} \Vert _{\mathcal{PC} (J ) }+\varrho
_{f}*{\prime }\varrho _{g}"{\prime } \Vert
\vartheta _{n}-\vartheta \Vert _{\mathcal{PC} (J
) }H\Gamma (\mathfrak{y+}1) ( 1-\varrho
_{f}*{\prime }\varrho _{g} ) } \bigl( \varphi (T)-
\varphi (0) \bigr) *{\mathfrak{y}} \\& \qquad
{3+mL_{Z} \Vert \mathfrak{u}_{n}-\mathfrak{u}
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By the same technique we get
\begin{aligned}& \bigl\vert \Xi _{2} (
\mathfrak{u}_{n},\vartheta _{n}) ( \sigma )-\Xi
_{2} (\mathfrak{u},\vartheta ) (\sigma ) \bigr\vert
\\& \quad \leq ( 2m+1) \frac{\varrho _{g}\varrho
_{f} \Vert \mathfrak{u}_{n}-\mathfrak{u} \Vert
_{\mathcal{PC} (J ) }+\varrho _{g}"{\prime }
\Vert \vartheta _{n}-\vartheta \Vert
_{\mathcal{PC} (J ) }}{\Gamma (\mathfrak{y+}1)
( 1-\varrho _{f}*{\prime }\varrho _{g} ) } \bigl(
\varphi (T)-\varphi (0) \bigr) *{\mathfrak{y}} \\&
\qquad {}+mlL_{Z} \Vert \vartheta _{n}-\vartheta
\Vert _{\mathcal{PC} (J ) }. \end{aligned}

Thus

\begin{aligned}& \bigl\Vert \Xi (
\mathfrak{u}_{n},\vartheta _{n}) - \Xi (
\mathfrak{u},\vartheta ) \bigr\Vert _{
\mathcal{B}} \\& \quad \leq \bigl\Vert \Xi _ {1} (
\mathfrak{u} {n}, \vartheta {n})-\Xi_{1}(
\mathfrak{u},\vartheta ) \bigr\Vert
_{\mathcal{PC} (J) }+ \bigl\Vert \Xi _{2} (
\mathfrak{u} {n},\vartheta _{n})-\Xi_{2}(
\mathfrak{u}, \vartheta ) \bigr\Vert
_{\mathcal{PC} (J ) } \\& \quad \leq ( 2m+1)
\biggl[ \frac{ ( \varrho _{f}+\varrho _{g}\varrho
_{f} ) \Vert \mathfrak{u} {n}-\mathfrak{u} \Vert
_{\mathcal{PC} (J ) }+ ( \varrho _{f}"*{\prime
Hvarrho _{g}"{\prime }+\varrho _{g}"{\prime } )
\Vert \vartheta _ {n}-\vartheta \Vert
_{\mathcal{PC} (J ) }}{\Gamma (\mathfrak{y+}1)
( 1-\varrho _{f}*{\prime }\varrho _{g} ) } \biggr]
\bigl( \varphi (T)- \varphi (0) \bigr)
’\{\mathfrak{y}} \\& \qquad {}+mL {Z} \bigl[
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\vartheta \Vert _{\mathcal{PC} (J ) } \bigr] \\&
\quad \rightarrow o\quad \text{as } (
\mathfrak{u}_{n},\vartheta _{n} ) \rightarrow (
\mathfrak{u},\vartheta ) . \end{aligned}

Hence E is continuous. Also, the operator E is
bounded on \mathbb{B}_{R}. Thus E is uniformly
bounded on \mathbb{B} {R}. Next, we prove that
E is equicontinuous. Let \sigma _{1},\sigma
_{2}\in J be such that \sigma _ {1}<\sigma _{2}. In
view of (H,), fixing \sup_{ ( \sigma, (
\mathfrak{u},\vartheta ) ) \in J\times
\mathbb{B}_{R}} \vert f(\sigma
,\mathfrak{u},\vartheta ) \vert = \widehat{f} and
\sup_{ ( \sigma , ( \mathfrak{u},\vartheta ) ) \in
J\times \mathbb{B}_{R}} \vert g(\sigma ,
\mathfrak{u},\vartheta ) \vert =\widehat{g}, we
have

\begin{aligned}& \bigl\vert \Xi _ {1} \bigl(
\mathfrak{u}(\sigma _{2}),\vartheta ( \sigma
_{2}) \bigr) -\Xi _ {1} \bigl( \mathfrak{u}(\sigma
_{1}), \vartheta ( \sigma _{1}) \bigr) \bigr\vert \\&
\quad =\bigl\vert \mathcal{I}_{\sigma
_{k}*{+}}"{\mathfrak{y},\varphi }
\bigl(s,\mathfrak{u}(s),\mathcal{D}_ {[ \sigma ]
" { \mathfrak{y,p,\varphi }} \vartheta (s)\bigr) (
\sigma _ {2} ) \\& \qquad {} -\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi }f\bigl(s,
\mathfrak{u}(s),\mathcal{D}_{[ \sigma ] }"{
\mathfrak{y,p,\varphi }} \vartheta (s)\bigr) (
\sigma _ {1} ) \bigr\vert \\& \quad \leq \widehat{f}
\biggl[ \frac{ ( \varphi (\sigma _{2})-\varphi
(\sigma _{1}) ) *{\mathfrak{y}}}{\Gamma

(\mathfrak{y})}- \frac{ ( \varphi (\sigma _ {1})-
amma
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(3.1)

From (3.1) we have

\bigl\Vert \Xi _ {1} \bigl( \mathfrak{u}(\sigma
_{2}),\vartheta ( \sigma _{2}) \bigr) -\Xi _ {1}
\bigl( \mathfrak{u}(\sigma _{1}), \vartheta (
\sigma _ {1}) \bigr) \bigr\Vert _{\mathcal{PC} (J)
Hrightarrow o\quad \text{as }\sigma
_{2}\rightarrow \sigma _ {1}.

(3.2)

By the same technique we get

\bigl\Vert \Xi _{2} \bigl( \mathfrak{u}(\sigma
_{2}),\vartheta ( \sigma _{2}) \bigr) -\Xi _{2}
\bigl( \mathfrak{u}(\sigma _{1}), \vartheta (
\sigma _ {1}) \bigr) \bigr\Vert _{\mathcal{PC} (J)
Hrightarrow o\quad \text{as }\sigma
_{2}\rightarrow \sigma _ {1}.

(3.3a)

It follows from (3.2) and (3.3a) that

\bigl\Vert \Xi \bigl( \mathfrak{u}(\sigma
_{2}),\vartheta ( \sigma _{2}) \bigr) -\Xi \bigl(
\mathfrak{u}(\sigma _{1}),\vartheta (\sigma _{1})
\bigr) \bigr\Vert _{{\mathcal{B}}}\rightarrow
o\quad \text{as }\sigma _ {2} \rightarrow \sigma
_{1}

Hence E is equicontinuous. By the Arzela—Ascoli
theorem we infer that E is compact in
\mathbb{B}_{R}. Therefore from the above steps

we conclude that E is completely continuous.
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Step 3: The set \digamma = \{ (
\mathfrak{u},\vartheta ) \in \mathcal{B}: (
\mathfrak{u},\vartheta ) =\xi \Xi (
\mathfrak{u},\vartheta ) ,\text{ }\xi \in ( 0,1) \} is
bounded.

Let ( \mathfrak{u},\vartheta ) \in \digamma . Then
( \mathfrak{u},\vartheta ) =\xi \Xi (
\mathfrak{u},\vartheta ) . Now, for \sigma \in J,
we have \mathfrak{u}(\sigma )=\xi \Xi _{1} (
\mathfrak{u},\vartheta ) and \vartheta (\sigma
)=\xi \Xi ( \mathfrak{u},\vartheta ) . According to
our hypotheses, we attain

\begin{aligned} \bigl\vert \mathfrak{u}(\sigma )
\bigl( \varphi (\sigma )-\varphi (0) \bigr) *{1-
\mathfrak{\gamma }} \bigr\vert =& \bigl\vert \xi
\Xi _{1} ( \mathfrak{u},\vartheta ) \bigr\vert \\
\leq & \bigl\Vert \Xi _{1} ( \mathfrak{u},\vartheta
) \bigr\Vert _{\mathcal{PC} (J) }. \end{aligned}

By step 1 we have

\begin{aligned} \Vert \mathfrak{u} \Vert
_{\mathcal{PC} (J ) } =& \bigl\Vert \xi \Xi _ {1} (
\mathfrak{u},\vartheta ) \bigr\Vert
_{\mathcal{PC} (J ) } \\ \leq & \bigl\Vert \Xi _ {1}
( \mathfrak{u},\vartheta ) \bigr\Vert
_{\mathcal{PC} (J ) } \\ \leq &m \vert w_{1} \vert
+ (2m+1) \biggl[ \frac{ ( \omega _{f}+\omega
_{t}*{\prime }\omega _{g}"{\prime } ) R}
{2\Gamma (\mathfrak{y}+1) ( 1-\omega
_{3"*{\prime }\omega _{g} ) } \biggr] \bigl(
\varphi (T)-\varphi (0) \bigr)
~{\mathfrak{y}}+mL_{Z} \frac{R}{2}
\end{aligned}

(3.4)
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and
\begin{aligned} & \\ \Vert \vartheta \Vert
_{\mathcal{PC} (J ) } \leq m \vert w_{2} \vert &+
(2m+1) \biggl[ \frac{ ( \omega _{f}\omega
_{gy+\omega _{g}"{\prime } ) R}{2\Gamma
(\mathfrak{y}+1) ( 1-\omega _ {f}"{\prime
F\omega _{g} ) } \biggr] \bigl( \varphi (T)- \varphi
(0) \bigr) *"{\mathfrak{y}}+mL_{Z} \frac{R}{2}.
\end{aligned}

(3.5)

From (3.4) and (3.5) we have

\bigl\Vert ( \mathfrak{u},\vartheta ) \bigr\Vert _{
\mathcal{B}}= \Vert \mathfrak{u} \Vert
_{\mathcal{PC} (J ) }+ \Vert \vartheta \Vert
_{\mathcal{PC} (J ) } \leq R.

Hence the set F'is bounded. According to the above
steps, together with Theorem 2.7, we conclude that

E has at least one fixed point. Consequently, system
(1.1) has at least one solutiononJ. o

In the following theorem, we prove the uniqueness

of solutions to system (1.1) by using Theorem 2.8.

Theorem 3.2

Assume that (H,)—(H3) hold. If
\mathcal{Q}= ( 2m+1) \rho +mL_{Z}< 1,

where \rho =\max \{\rho _{1},\rho _{2}\} with
\begin{aligned}& \rho _{1}= \frac{\varrho _{f} (
1+\varrho _{g} ) }{\Gamma (\mathfrak{y}+1) ( 1-
\varrho _{f}"{\prime }\varrho _{g} ) }, \\& \rho
_{2}= \frac{\varrho _{g}"{\prime }(1+\varrho

{fi*{\prime }}{\Gamma (\mathfrak{v}+1) ( 1-
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\varrho _{f}"{\prime }\varrho _{g}) },
\end{aligned}

then system (1.1) has a unique solution.

Proof

Consider the closed ball \mathbb{B}_{R} defined
in Theorem 3.1. First, we show that \Xi
(\mathbb{B}_{R})\subset \mathbb{B} {R}. By the
first step in Theorem 3.1 we have \Xi
(\mathbb{B}_{R})\subset \mathbb{B} {R}. Next,
we need to prove that E is a contraction map.
Indeed, for (\mathfrak{u},\vartheta ),
(\widehat{\mathfrak{u}}, \widehat{\vartheta })\in
\mathbb{B}_{R} and \sigma \in J, we obtain
\begin{aligned}& \bigl\vert \bigl( \Xi _{1} (
\mathfrak{u},\vartheta ) ( \sigma ) -\Xi _{1} (
\widehat{\mathfrak{u}}, \widehat{\vartheta } ) (
\sigma ) \bigr) \bigr\vert \\& \quad \leq
\sum_{o< \sigma _ {k}< \sigma } \frac{ ( \varphi
(\sigma _ {k})-\varphi (\sigma _{k-1}) ) *{1-
\mathfrak{\gamma }}}{ ( \varphi (T)-\varphi
(\sigma _{k-1}) ) *{1-\mathfrak{\gamma }}} \\&
\qquad {}\times \bigl[ \mathcal{I}_{\sigma _{k-
13+ }}"{\mathfrak{y},\varphi } \bigl\vert
f\bigl(s, \mathfrak{u}(s),\mathcal{D}_{[ \sigma ]
™ { \mathfrak{y,p,\varphi }}\vartheta (s) \bigr)-
f\bigl(s,\widehat{\mathfrak{u}}(s), \mathcal{D}_{
[ \sigma ] }"{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(s)\bigr) \bigr\vert ( T ) \bigr]
\\& \gquad {}+\sum_{o< \sigma _{k}< \sigma
Hmathcal{I} {\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi } \bigl\vert
f\bigl(s,\mathfrak{u}(s),\mathcal{D}_{[ \sigma ]
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[ \sigma ] }"*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(s) \bigr) \bigr\vert ( \sigma
_{k}) \\& \qquad {}+\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi } \bigl\vert f
\bigl(s,\mathfrak{u}(s),\mathcal{D}_ {[ \sigma ]
"~ { \mathfrak{y,p,\varphi }} \vartheta (s)\bigr)-
f\bigl(s,\widehat{\mathfrak{u}}(s),\mathcal{D}_<{
[ \sigma ] }*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(s)\bigr) \bigr\vert ( \sigma )
\\& \qquad {}+\sum_{o< \sigma _{k}< \sigma }
\bigl\vert Z_{k} \mathfrak{u}\bigl(\sigma
_{k}*{-}\bigr)-Z_{k}
\widehat{\mathfrak{u}}\bigl(\sigma
_{ki"{-}\bigr) \bigr\vert \\& \quad \leq
m\mathcal{I}_{\sigma _{k-

13" {+}}"{\mathfrak{y},\varphi } \bigl\vert \bigl[ f
\bigl(s,\mathfrak{u}(s),\mathcal{D} {[ \sigma ]
+7{ \mathfrak{y,p,\varphi }}\vartheta (s)\bigr)-
f\bigl(s,\widehat{\mathfrak{u}}(s), \mathcal{D}_{
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(s)\bigr) \bigr] \bigr\vert (T )
\\& \gqquad {}+m\mathcal{I}_{\sigma _{k-
1}{+}}"{\mathfrak{y},\varphi } \bigl\vert \bigl[
f\bigl(s, \mathfrak{u}(s),\mathcal{D}_{[ \sigma ]
"~ {\mathfrak{y,p,\varphi }}\vartheta (s) \bigr)-
f\bigl(s,\widehat{\mathfrak{u}}(s), \mathcal{D}_{
[ \sigma ] }*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(s)\bigr) \bigr] \bigr\vert (
\sigma _ {k} ) \\& \qquad {}+\mathcal{I}_{\sigma
_{k}*{+}}"{\mathfrak{y},\varphi } \bigl\vert
\bigl[ f\bigl(s, \mathfrak{u}(s),\mathcal{D} {[
\sigma ] }"{ \mathfrak{y,p,\varphi }}\vartheta (s)
\bigr)-f\bigl(s,\widehat{\mathfrak{u}}(s),
\mathcal{D}_{[ \sigma ] }"{\mathfrak{y,p,\varphi
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\sigma ) \\& \qquad {}+m \bigl\vert
Z_{k}\mathfrak{u}\bigl(\sigma _{k}"{-}\bigr)-
Z_{k} \widehat{ \mathfrak{u}}\bigl(\sigma
_{k}*{-}\bigr) \bigr\vert \\& \quad \leq ( 2m+1 )
\biggl[ \frac{ ( \varrho _{f} \Vert \mathfrak{u}-
\widehat{\mathfrak{u}} \Vert _{\mathcal{PC} (J)
t+\varrho _{f}*{\prime }\varrho _{g}"{\prime }
\Vert \vartheta -\widehat{\vartheta } \Vert
_{\mathcal{PC} (J) } ) }{\Gamma
(\mathfrak{y}+1) ( 1-\varrho _ {f}"{\prime
Hvarrho _{g} ) } \biggr] \bigl( \varphi (T)- \varphi
(0) \bigr) *{\mathfrak{y}} \\& \qquad {}+mL_{Z}
\Vert \mathfrak{u}-\widehat{\mathfrak{u}} \Vert
_{\mathcal{PC} (J) }, \end{aligned}

and, consequently, we obtain

\begin{aligned}& \bigl\Vert \Xi _ {1} (
\mathfrak{u},\vartheta ) ( \sigma ) - \Xi _{1} (
\widehat{\mathfrak{u}}, \widehat{\vartheta } )
\bigr\Vert _{\mathcal{PC} (J ) } \end{aligned}

(3.6)

\begin{aligned}& \quad \leq ( 2m+1 ) \biggl[
\frac{\varrho _{f} \Vert \mathfrak{u}-
\widehat{\mathfrak{u}} \Vert _{\mathcal{PC} (J)
+\varrho _{f}*{\prime }\varrho _{g}”{\prime }
\Vert \vartheta -\widehat{\vartheta } \Vert
_{\mathcal{PC} (J ) }}{\Gamma (\mathfrak{y}+1)
( 1-\varrho _{f}*{\prime }\varrho _{g} ) } \biggr]
\bigl( \varphi (T)- \varphi (0) \bigr)
A{\mathfrak{y}} \\& \qquad {}+mL_{Z} \Vert
\mathfrak{u}-\widehat{\mathfrak{u}} \Vert
_{\mathcal{PC} (J) }. \end{aligned}
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By the same way we obtain
\begin{aligned}& \bigl\Vert \Xi _{2} (
\mathfrak{u},\vartheta ) ( \sigma ) - \Xi _{2} (
\widehat{\mathfrak{u}}, \widehat{\vartheta } )
\bigr\Vert _{\mathcal{PC} (J ) } \\& \quad \leq (
2m+1 ) \biggl[ \frac{\varrho _{f}\varrho _{g} \Vert
\mathfrak{u}-\widehat{\mathfrak{u}} \Vert
_{\mathcal{PC} (J ) }+\varrho _{g}"{\prime }
\Vert \vartheta -\widehat{\vartheta } \Vert
_{\mathcal{PC} (J) }}{\Gamma (\mathfrak{y}+1)
( 1-\varrho _{f}*{\prime }\varrho _{g} ) } \biggr]
\bigl( \varphi (T)- \varphi (0) \bigr)
A{\mathfrak{y}} \\& \qquad {}+mL_{Z} \Vert
\vartheta -\widehat{\vartheta } \Vert _{
\mathcal{PC} (J ) }. \end{aligned}

(3.8)

From (3.7) and (3.8) it follows that
\begin{aligned}& \bigl\Vert \Xi (
\mathfrak{u},\vartheta ) ( \sigma ) -\Xi ( \widehat{
\mathfrak{u}}, \widehat{\vartheta } ) \bigr\Vert
_{\mathcal{B}} \\& \quad \leq \bigl\Vert \Xi _{1}
( \mathfrak{u},\vartheta ) ( \sigma ) -\Xi _ {1} (
\widehat{\mathfrak{u}}, \widehat{\vartheta } )
\bigr\Vert _{\mathcal{PC} (J ) }+ \bigl\Vert \Xi
_{2} (\mathfrak{u},\vartheta ) ( \sigma ) -\Xi _{2}
( \widehat{\mathfrak{u}},\widehat{\vartheta } )
\bigr\Vert _{\mathcal{PC} (J ) } \\& \quad \leq (
2m+1 ) \biggl[ \frac{\varrho _{f} ( 1+\varrho _{g})
\Vert \mathfrak{u}-\widehat{\mathfrak{u}} \Vert
_{\mathcal{PC} (J ) }}{\Gamma (\mathfrak{y}+1)

( 1-\varrho _{f}*{\prime }\varrho _{g} ) }+
\frac{\varrho _{g}"{\prime }(1+\varrho
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{\Gamma (\mathfrak{y}+1) ( 1-\varrho
_{f}*{\prime }\varrho _{g} ) } \biggr] \bigl(
\varphi (T)-\varphi (0) \bigr) *{\mathfrak{y}} \\&
\qquad {}+mL_{Z} \bigl[ \Vert \mathfrak{u}-
\widehat{\mathfrak{u}} \Vert _{\mathcal{PC} (J)
++ \Vert \vartheta - \widehat{\vartheta } \Vert
_{\mathcal{PC} (J) } \bigr] \\& \quad \leq ( 2m+1
) \bigl[ \rho _{1} \Vert \mathfrak{u}-
\widehat{\mathfrak{u}} \Vert _{\mathcal{PC} (J)
}+\rho _{2} \Vert \vartheta -\widehat{\vartheta }
\Vert _{ \mathcal{PC} (J ) } \bigr] \bigl( \varphi
(T)-\varphi (o) \bigr) *{\mathfrak{y}} \\& \qquad
{}+mL_{Z} \bigl[ \Vert \mathfrak{u}-
\widehat{\mathfrak{u}} \Vert _{\mathcal{PC} (J)
++ \Vert \vartheta - \widehat{\vartheta } \Vert
_{\mathcal{PC} (J) } \bigr] \\& \quad \leq \big][ (
2m+1 ) \rho +mL_{Z} \bigr] \bigl[ \Vert
\mathfrak{u}-\widehat{\mathfrak{u}} \Vert _{
\mathcal{PC} (J ) }+ \Vert \vartheta -
\widehat{\vartheta } \Vert _{\mathcal{PC} (J ) }
\bigr] \\& \quad \leq \mathcal{Q} \bigl\Vert (
\mathfrak{u},\vartheta ) - ( \widehat{
\mathfrak{u}},\widehat{\vartheta } ) \bigr\Vert
_{\mathcal{B}}. \end{aligned}

Thus the operator E is a contraction. So by
Theorem 2.8 system (1.1) has a unique solution. o
4 Stability analysis

To state the main theorem, we need the following
definitions. Let \epsilon _{i}>0 and \lambda
_{\phi _{i}}:J \rightarrow [ o,\infty ) (i=1,2 ) be
continuous functions. We consider the following
inequalities:

\begin{aligned} \bigl\vert \mathcal{D}_{[ \sigma
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\mathfrak{u}}(\sigma )-f\bigl(\sigma
,\widehat{\mathfrak{u}}( \sigma ),\mathcal{D}_{
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }( \sigma )\bigr) \bigr\vert \leq
&\epsilon _ {1}, \end{aligned}

4.1)

\begin{aligned} \bigl\vert \mathcal{D}_{[ \sigma
1 }*{ \mathfrak{y,p,\varphi }}\widehat{ \vartheta }
(\sigma )-f\bigl(\sigma ,\mathcal{D}_{o}"{
\mathfrak{y,p,\varphi }} \widehat{\mathfrak{u}}
(\sigma ),\widehat{\vartheta }( \sigma )\bigr)
\bigr\vert \leq &\epsilon _ {2}, \end{aligned}

4.2)

\begin{aligned} \bigl\vert \mathcal{D}_{ [ \sigma
1 }*{ \mathfrak{y,p,\varphi }}\widehat{
\mathfrak{u}}(\sigma )-f\bigl(\sigma
,\widehat{\mathfrak{u}}( \sigma ),\mathcal{D}_{
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }( \sigma )\bigr) \bigr\vert \leq
&\epsilon _{1}\lambda _ {\phi _{1}}( \sigma ),
\end{aligned}

4.3)

\begin{aligned} \bigl\vert \mathcal{D}_{[ \sigma
1 }7{ \mathfrak{y,p,\varphi }}\widehat{ \vartheta }
(\sigma )-f\bigl(\sigma ,\mathcal{D}_ {o}"{
\mathfrak{y,p,\varphi }} \widehat{\mathfrak{u}}
(\sigma ),\widehat{\vartheta }( \sigma )\bigr)
\bigr\vert \leq &\epsilon _{2}\lambda _ {\phi

_{2}}(\sigma ). \end{aligned}
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Definition 4.1
([39])

System (1.1) is UH stable if there exists a real
number \mathcal{M}>o0 such that for each \epsilon
=\max \{\epsilon _{1},\epsilon _{2}\}>0, there
exists a solution (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) \in
\mathcal{B} of inequalities (4.1) and (4.2)
corresponding to a solution (
\mathfrak{u},\vartheta ) \in \mathcal{B} of system
(1.1) such that

\bigl\Vert (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) - (
\mathfrak{u}, \vartheta ) \bigr\Vert _{
\mathcal{B}}\leq \mathcal{M}\epsilon,\quad
\varkappa \in J.

Definition 4.2

([39D)
System (1.1) is UHR stable with respect to the

nondecreasing function \lambda _ {\phi }(\sigma
)=\max_{\varkappa \in J}\{\lambda _{\phi _{1}}(
\sigma ),\lambda _ {\phi 2}(\sigma )\} if there
exists a real number \mathcal{N}>o0 such that for
each solution (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) \in
\mathcal{B} of inequalities (4.3) and (4.4), there
exists a solution ( \mathfrak{u},\vartheta ) \in
\mathcal{B} of system (1.1) such that
\bigl\Vert (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) - (
\mathfrak{u}, \vartheta ) \bigr\Vert _{
\mathcal{B}}\leq \mathcal{N}\epsilon \lambda
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Remark 4.3
A function (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) \in
\mathcal{B} is a solution of inequalities (4.1) and
(4.2) if and only if there exist functions
z_{1},z_{2}\in \mathcal{PC} ( J ) such that
(i) \bigl\{\scriptsize \begin{array}{c} \vert z_ {1}
(\varkappa ) \vert \leq \epsilon _{1},\text{ } \sigma
\in J, \\ \vert z_ {2}(\varkappa ) \vert \leq \epsilon
_{2},\text{ } \sigma \in J,\end{array}
(ii) \bigl\{\scriptsize \begin{array}{c}
\mathcal{D}_ {[ \sigma ] }"{\mathfrak{y,p,\varphi
}} \widehat{\mathfrak{u}}(\sigma )=f(\sigma
,\widehat{\mathfrak{u}}(\sigma ), \mathcal{D}_{
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(\sigma ))+z_{1}(\sigma
),\text{ }\sigma \in J, \\ \mathcal{D}_{[ \sigma ]
"~ {\mathfrak{y,p,\varphi }} \widehat{\vartheta }
(\sigma )=g(\sigma ,\mathcal{D}_{[ \sigma ]
" {\mathfrak{y,p,\varphi
H\widehat{\mathfrak{u}}(\sigma ),
\widehat{\vartheta }(\sigma ))+z_{2}(\sigma
),\text{ }\sigma \in J.\end{array}

Lemma 4.4

Let \mathfrak{y}\in ( 0,1 ) and \mathfrak{p}\in [
0,1 ] . If a function (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) \in
\mathcal{B} satisfies inequalities (4.1) and (4.2),
then ( \widehat{\mathfrak{u}},\widehat{\vartheta
} ) satisfies the following integral inequalities:
\textstyle\begin{cases} \vert
\widehat{\mathfrak{u}}(\sigma )-\mathcal{A} {
\widehat{\mathfrak{u}}}-\mathcal{I} {\sigma
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\widehat{\mathfrak{u}}(s),\mathcal{D}_{[ \sigma
1 }7{ \mathfrak{y,p,\varphi }}\widehat{\vartheta }
(s)) (\sigma ) \vert \leq \epsilon _{1}K, \\ \vert
\widehat{\vartheta }(\sigma )-\mathcal{A} {
\widehat{\vartheta }}-\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi
tg(s,\mathcal{D}_{[ \sigma ]

" {\mathfrak{y,p,\varphi }}
\widehat{\mathfrak{u}}(s),\widehat{\vartheta }
(s),) (\sigma ) \vert \leq \epsilon
_{2}K,\end{cases}

where

\textstyle\begin{cases}

\mathcal{A} {\widehat{\mathfrak{u}}}:=\sum_{o<
\sigma _ {k}< \sigma } \frac{ ( \varphi (\sigma
_{k})-\varphi (\sigma _{k-1}))
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}} [
w_{1}-\mathcal{I}_{\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi }(s,\widehat{\mathfrak{u}}
(s),\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}\widehat{\vartheta }
() (T)1\\

\hphantom{\mathcal{A} {\widehat{\mathfrak{u}}}:=}
{}-\sum_{o< \sigma _ {k}< \sigma
Hmathcal{I}_{\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi }(s,\widehat{\mathfrak{u}}
(s),\mathcal{D}_{[ \sigma ]
}~{\mathfrak{y,p,\varphi }}\widehat{\vartheta }
(s)) (\sigma _{k} ) -\sum_{o< \sigma _{k}<
\sigma }7Z_{k} \widehat{\mathfrak{u}}(\sigma
_{k}{-1), \\ \mathcal{A}_ {\widehat{\vartheta
}} \sum {o< \31gma {k}< \51gma } \frac{ (
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(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}} [
w_{2}-\mathcal{I}_{\sigma _{k-
1}M{+}}"{\mathfrak{y},\varphi
tg(s,\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}
\widehat{\mathfrak{u}}(s),\widehat{\vartheta }
(s)) (T)T\\

\hphantom{\mathcal{A} {\widehat{\vartheta
Hi=}}-\sum_{o< \sigma _{k}< \sigma
Hmathcal{I}_{\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi }g(s,\mathcal{D}_ {[ \sigma
1 }*{ \mathfrak{y,p,\varphi
H\widehat{\mathfrak{u}}(s),\widehat{\vartheta }
(s)) (\sigma _{k} ) -\sum_{o< \sigma _ {k}<
\sigma }7Z_{k}\widehat{\vartheta }( \sigma
_{k}"{-}),\end{cases}

and
K:= (2m+1 ) \frac{ ( \varphi (T)-\varphi (0) )
A{\mathfrak{y}}}{\Gamma (\mathfrak{y}+1)}.

Proof

Indeed, by Remark 4.3 we have
\textstyle\begin{cases} \mathcal{D}_{[ \sigma ]
"~ {\mathfrak{y,p,\varphi }}
\widehat{\mathfrak{u}}(\sigma )=f(\sigma
,\widehat{\mathfrak{u}}(\sigma ), \mathcal{D}_{
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(\sigma ))+z_{1}(\sigma
),&\sigma \in J, \\ \mathcal{D} {[ \sigma ]

"~ {\mathfrak{y,p,\varphi }} \widehat{\vartheta }
(\sigma )=g(\sigma ,\mathcal{D}_{[ \sigma ]

" {\mathfrak{y,p,\varphi
H\widehat{\mathfrak{u}}(\sigma ),
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Then, for \sigma \in ( \sigma _ {k},\sigma _ {k+1} ]
, k=1,\ldots,m, we get
\textstyle\begin{cases} \vert
\widehat{\mathfrak{u}}(\sigma )-\mathcal{A}_{
\widehat{\mathfrak{u}}}-\mathcal{I} {\sigma
_{k}{+}}"{\mathfrak{y},\varphi }(s,
\widehat{\mathfrak{u}}
(s),\mathcal{D}_{o}"{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(s)) ( \sigma ) \vert \\ \quad
\leq \sum_{0< \sigma _ {k}< \sigma } \frac{ (
\varphi (\sigma _{k})-\varphi (\sigma _{k-1}) )
A{\mathfrak{\gamma }-1}}{ ( \varphi (T)-\varphi
(\sigma _{k-1}) ) *{\mathfrak{\gamma }-1}} [
\mathcal{I}_{\sigma _{k-
13N+ {\mathfrak{y},\varphi } \vert z_{1}(s)
\vert (T) ]\\ \qquad {}+\sum_{o< \sigma _ {k}<
\sigma }\mathcal{I}_{\sigma _{k-1}"{+}}"{
\mathfrak{y},\varphi } \vert z_{1}(s) \vert ( \sigma
_{k}) +\mathcal{I}_{\sigma
_{k}M{+}}"{\mathfrak{y},\varphi } \vert z_{1}(s)
\vert ( \sigma ),\\ \vert \widehat{\vartheta }
(\sigma )-\mathcal{A}_{ \widehat{\vartheta }}-
\mathcal{I}_{\sigma
_{k}*{+}}"{\mathfrak{y},\varphi
}e(s,\mathcal{D}_{o}"{\mathfrak{y,p,\varphi
H\widehat{\mathfrak{u}}(s), \widehat{\vartheta }
(s)) (\sigma ) \vert \\ \quad \leq \sum_{0< \sigma
_{k}< \sigma } \frac{ ( \varphi (\sigma _ {k})-
\varphi (\sigma _ {k-1}) ) *{\mathfrak{\gamma
3-13}H{ (\varphi (T)-\varphi (\sigma _{k-1}) )
A{\mathfrak{\gamma }-1}} [ \mathcal{I}_{\sigma
_{k-1}"{+}}"{\mathfrak{y},\varphi } \vert z_ {2}
(s) \vert (T ) ]\\ \gquad {}+\sum_{o< \sigma
_{k}< \sigma }\mathcal{I}_{\sigma _{k-1}"{+}}"{
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_{k}) +\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi } \vert z_{2}(s)
\vert ( \sigma ).\end{cases}

It follows that

\textstyle\begin{cases} \vert
\widehat{\mathfrak{u}}(\sigma )-\mathcal{A} {
\widehat{\mathfrak{u}}}-\mathcal{I} {\sigma
_{k}{+}}"{\mathfrak{y},\varphi }H(s,
\widehat{\mathfrak{u}}(s),\mathcal{D}_{ [ \sigma
1 }7{ \mathfrak{y,p,\varphi }}\widehat{\vartheta }
(s)) (\sigma ) \vert \leq \epsilon _{1}K, \\ \vert
\widehat{\vartheta }(\sigma )-\mathcal{A} {
\widehat{\vartheta }}-\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi
teg(s,\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}
\widehat{\mathfrak{u}}(s),\widehat{\vartheta }
(s),) (\sigma ) \vert \leq \epsilon
_{2}K.\end{cases}

O
In the forthcoming theorem, we prove the stability

results for system (1.1).

Theorem 4.5

Assume that (H_{1}) and (H_{2}) hold. Then
\textstyle\begin{cases} \mathcal{D}_{[ \sigma ]
"~ {\mathfrak{y,p,\varphi }} \mathfrak{u}(\sigma
)=f(\sigma ,\mathfrak{u}(\sigma ),\mathcal{D}_{
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}\vartheta
(\sigma )), &\sigma \in J, \\ \mathcal{D}_{[
\sigma ] }"{\mathfrak{y,p,\varphi }} \vartheta
(\sigma )=g(\sigma ,\mathcal{D}_{[ \sigma ] }"{

\mathfrak{v n \varnhi }}\ mathfrak{m(\siom
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4.5)

are UH stable, provided that \Delta = ( 1-\Lambda
_{1f} ) (1-\Lambda _ {2g} ) -\Lambda
_{1g}\Lambda _ {2f}\neq 0, where
\begin{aligned} \Lambda _ {1f} =&\frac{\varrho
_{f} (\varphi (T)-\varphi (0) ) *{\mathfrak{y}}}
{\Gamma (\mathfrak{y}+1) ( 1-\varrho
_{f}*{\prime }\varrho _{g}) }, \qquad \Lambda
_{af}= \frac{ ( \varphi (T)-\varphi (0) )
~{\mathfrak{y}}\varrho _{f}\varrho _{g}}
{\Gamma (\mathfrak{y}+1) ( 1-\varrho
_{f}*{\prime }\varrho _{g}) }, \\ \Lambda _{1g}
=&\frac{ ( \varphi (T)-\varphi (0) )
~{\mathfrak{y}}\varrho _{f}"{\prime }\varrho
_{g}*{\prime }}{\Gamma (\mathfrak{y}+1) ( 1-
\varrho _{f}*{\prime }\varrho _{g} ) },\qquad
\Lambda _ {2g}= \frac{ ( \varphi (T)-\varphi (0) )
A{\mathfrak{y}}\varrho _{g}"{\prime }}{\Gamma
(\mathfrak{y}+1) ( 1-\varrho _ {f}"{\prime
Hvarrho _{g} ) }. \end{aligned}

Proof

Let \epsilon =\max \{\epsilon _{1},\epsilon
_{2}\}>0, let (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) \in
\mathcal{B} be functions satisfying inequalities
(4.1) and (4.2), and let ( \mathfrak{u},\vartheta )
\in \mathcal{B} be the unique solution of the
following system

\textstyle\begin{cases} \mathcal{D}_{[ \sigma ]
" {\mathfrak{y,p,\varphi }} \mathfrak{u}(\sigma
)=f(\sigma ,\mathfrak{u}(\sigma ),\mathcal{D} {

[ \sigma ] }"*{\mathfrak{y,p,\varphi }}\vartheta
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\sigma _ {k},k=1,\ldots,m, \\ \mathcal{D}_{[
\sigma ] }"*{\mathfrak{y,p,\varphi }} \vartheta
(\sigma )=g(\sigma ,\mathcal{D}_{[ \sigma ] }"{
\mathfrak{y,p,\varphi }}\mathfrak{u}(\sigma
),\vartheta (\sigma )),\quad\sigma \in J:=[ 0,T ]
,\sigma \neq \sigma _ {k}, k=1,\ldots,m, \\ \Delta
\mathfrak{u} \vert _{\sigma =\sigma _{k}}=
\Delta \widehat{\mathfrak{u}} \vert _{\sigma
=\sigma _ {k}}=Z7_{k} \widehat{\mathfrak{u}}
(\sigma _ {k}"{-}),\quad k=1,\ldots,m, \\ \Delta
\vartheta \vert _{\sigma =\sigma _ {k}}= \Delta
\widehat{\vartheta } \vert _{\sigma =\sigma
_{k}}=7Z_{k} \widehat{\vartheta }(\sigma
_{k}*{-}),\quad k=1,\ldots,m, \\
\widehat{\mathfrak{u}}(T)=\mathfrak{u}
(T)=w_{1},\qquad \widehat{\vartheta }
(T)=\vartheta (T)=w_{2}. \end{cases}

Then by Theorem 3.1 we have
\textstyle\begin{cases} \mathfrak{u}(\sigma
)=\mathcal{A}_{\mathfrak{u}}+\mathcal{I}_{\sigma
_{k}*{+}}"{ \mathfrak{y},\varphi
H(s,\mathfrak{u}(s),\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}\vartheta (s)) ( \sigma
), \\ \vartheta (\sigma )=\mathcal{A} {\vartheta
++\mathcal{I}_{\sigma
_{k}*{+}}*{\mathfrak{y},\varphi
}g(s,\mathcal{D}_{ [ \sigma ] }"{
\mathfrak{y,p,\varphi }}\mathfrak{u}(s),\vartheta
(s)) (\sigma ).\end{cases}

Since
\textstyle\begin{cases} \Delta \mathfrak{u} \vert
_{\sigma =\sigma _ {k}}= \Delta

\undohatS\ mathfral-S13 W0 \xravt N\ ciomma —\ oinma
D
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_{k}"*{-}),\quad k=1,\Idots,m, \\ \Delta \vartheta
\vert _{\sigma =\sigma _ {k}}= \Delta
\widehat{\vartheta } \vert _{\sigma =\sigma
_{k}}=Z_{k} \widehat{\vartheta }(\sigma
_{k}*{-}),\quad k=1,\ldots,m, \\
\widehat{\mathfrak{u}}(T)=\mathfrak{u}
(T)=w_{1}, \\ \widehat{\vartheta }(T)=\vartheta
(T)=w_{2},\end{cases}

we can easily prove that

\mathcal{A} {\mathfrak{u}}=\mathcal{A} {\wide
hat{\mathfrak{u}}} and \mathcal{A}_ {\vartheta
t=\mathcal{A} {\widehat{\vartheta }}. Hence

from (H,) and Lemma 4.4, for each \sigma \in J,

we have

\begin{aligned} \bigl\vert \widehat{\mathfrak{u}}
(\sigma )-\mathfrak{u}(\sigma ) \bigr\vert
=&\bigl\vert \widehat{\mathfrak{u}}(\sigma )-
\mathcal{A} {\widehat{\mathfrak{u}}}-
\mathcal{I} {\sigma
_{k}*{+}}"{\mathfrak{y},\varphi
H\bigl(s,\mathfrak{u}(s), \mathcal{D}_{[ \sigma ]
}~{ \mathfrak{y,p,\varphi }}\vartheta (s)\bigr) (
\sigma ) \\ &- \mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi }f\bigl(s,
\widehat{\mathfrak{u}}(s),\mathcal{D}_{[ \sigma
1 }7{ \mathfrak{y,p,\varphi }}\widehat{\vartheta }
(s)\bigr) ('\sigma )
+f\bigl(s,\widehat{\mathfrak{u}}(s),
\mathcal{D}_ {[ \sigma ] }"{\mathfrak{y,p,\varphi
}} \widehat{\vartheta }(s) \bigr) ( \sigma )
\bigr\vert \\ \leq & \bigl\vert
\widehat{\mathfrak{u}}(\sigma )-\mathcal{A} {
\widehat{\mathfrak{u}}}- \mathcal{I}_{\sigma
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(s),\mathcal{D}_{[ \sigma ] }"{
\mathfrak{y,p,\varphi }}\widehat{\vartheta }
(s)\bigr) (\sigma ) \bigr\vert \\
&+\mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi } \bigl\vert f
\bigl(s,\widehat{\mathfrak{u}}(s),\mathcal{D}_{ [
\sigma ] }"{ \mathfrak{y,p,\varphi }}
\widehat{\vartheta }(s)\bigr) ( \sigma ) -f\bigl(s,
\mathfrak{u}(s), \mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }} \vartheta (s)\bigr) (
\sigma ) \bigr\vert \\ \leq &K\epsilon
_{1}++\mathcal{I}_{\sigma
_{k}*{+}}"{\mathfrak{y}, \varphi } \bigl\vert
f\bigl(s,\widehat{\mathfrak{u}}(s),\mathcal{D}_{
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }(s)\bigr) ( \sigma ) -
f\bigl(s,\mathfrak{u}(s), \mathcal{D}_{[ \sigma ]
1~ {\mathfrak{y,p,\varphi }}\vartheta (s)\bigr) (
\sigma ) \bigr\vert \end{aligned}

(4.6)

and

\begin{aligned} \bigl\vert \widehat{\vartheta }
(\sigma )-\vartheta (\sigma ) \bigr\vert =&
\bigl\vert \widehat{\vartheta }(\sigma )-
\mathcal{A}_ {\widehat{\vartheta }}-

\mathcal{I} {\sigma

{41 \mathfrak{y},\varphi }g\bigl(s,
\mathcal{D} {[ \sigma ] }"{\mathfrak{y,p,\varphi
}} \mathfrak{u}(s), \vartheta (s)\bigr) ( \sigma ) \\
&- \mathcal{I}_{\sigma
_{k}*{+}}*{\mathfrak{y}, \varphi }g\bigl(s,
\mathcal{D}_ {[ \sigma ] }"{\mathfrak{y,p,\varphi

20\ .'11 » €\ .-11‘ 1€ MY/ N\ L . | i O\ : heta}
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\sigma ] }"{\mathfrak{y,p,\varphi }}
\widehat{\mathfrak{u}}(s), \widehat{\vartheta }
(s)\bigr) ( \sigma ) \bigr\vert \\ \leq & \bigl\vert
\widehat{\vartheta }(\sigma )-\mathcal{A} {
\widehat{\vartheta }}- \mathcal{I}_{\sigma
_{k}{+}}"{\mathfrak{y},\varphi
+g\bigl(s,\mathcal{D}_{[ \sigma ]

" {\mathfrak{y,p,\varphi }}
\widehat{\mathfrak{u}}(s),\widehat{\vartheta }
(s)\bigr) (\sigma ) \bigr\vert \\
&-+\mathcal{I}_{\sigma
_{k}*{+}}"{\mathfrak{y},\varphi } \bigl\vert g
\bigl(s,\mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y,p,\varphi }}
\widehat{\mathfrak{u}}(s),\widehat{\vartheta }
(s)\bigr) ( \sigma ) -g \bigl(s, \mathcal{D}_{[
\sigma ] }"{\mathfrak{y,p,\varphi }} \mathfrak{u}
(s),\vartheta (s)\bigr) ( \sigma ) \bigr\vert \\ \leq
&K\epsilon _{2}+\mathcal{I} {\sigma
_{k}{+}}"{\mathfrak{y}, \varphi } \bigl\vert
g\bigl(s,\mathcal{D}_{[ \sigma ] }"{
\mathfrak{y,p,\varphi }}\widehat{ \mathfrak{u}}
(s),\widehat{\vartheta }(s)\bigr) ( \sigma ) -
g\bigl(s, \mathcal{D}_{[ \sigma ] }"{
\mathfrak{y,p,\varphi }}\mathfrak{u}(s),\vartheta
(s)\bigr) ( \sigma ) \bigr\vert . \end{aligned}

“4.7)

Thus by (H,) we have

\Vert \widehat{\mathfrak{u}}-\mathfrak{u} \Vert
_{\mathcal{PC} (J) }\leq K \epsilon _{1}+ \biggl[
\frac{\varrho _{f} \Vert \widehat{\mathfrak{u}}-
\mathfrak{u} \Vert _{\mathcal{PC} (J ) }+\varrho

Loading [MathJax]/jax/output/SVG/autoload/mtable.js
\widehatq \vartheta ;-\vartheta \Vert

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4 58/77



6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

_{\mathcal{PC} (J ) }}{\Gamma (\mathfrak{y}+1)
( 1-\varrho _{f}*{\prime }\varrho _{g} ) } \biggr]
\bigl( \varphi (T)-\varphi (0) \bigr)
A{\mathfrak{y}}.

By the same technique we get

\Vert \widehat{\vartheta }-\vartheta \Vert _{
\mathcal{PC} (J ) }\leq K\epsilon _{2}+ \biggl[
\frac{\varrho _{f}\varrho _{g} \Vert
\widehat{\mathfrak{u}}-\mathfrak{u} \Vert
_{\mathcal{PC} (J ) }+\varrho _{g}"{\prime }
\Vert \widehat{\vartheta }-\vartheta \Vert
_{\mathcal{PC} (J ) }}{\Gamma (\mathfrak{y}+1)
( 1-\varrho _{f}*{\prime }\varrho _{g} ) } \biggr]
\bigl( \varphi (T)- \varphi (0) \bigr)
A{\mathfrak{y}}.

It follows that

\Vert \widehat{\mathfrak{u}}-\mathfrak{u} \Vert
_{\mathcal{PC} (J ) } (1- \Lambda _ {1f} ) - \Vert
\widehat{\vartheta }-\vartheta \Vert
_{\mathcal{PC} (J ) } \Lambda _ {1g}\leq
K\epsilon _ {1}

(4.8)

and

\Vert \widehat{\vartheta }-\vartheta \Vert _{
\mathcal{PC} (J ) } (1-\Lambda _{2g} ) - \Vert
\widehat{\mathfrak{u}}-\mathfrak{u} \Vert
_{\mathcal{PC} (J ) }\Lambda _ {2f} \leq
K\epsilon _{2}.

(4.9a)
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Inequalities (4.8) and (4.9a) can be rewritten in the
matrix form
\begin{pmatrix} ( 1-\Lambda _ {1f} ) & -\Lambda
_{1g}\\ -\Lambda _ {2f} & ( 1-\Lambda _ {2g}
)\end{pmatrix} \begin{pmatrix} \Vert
\widehat{\mathfrak{u}}-\mathfrak{u} \Vert _{
\mathcal{PC} (J ) } \\ \Vert \widehat{\vartheta }-
\vartheta \Vert _{ \mathcal{PC} (J)
F\end{pmatrix} \leq \begin{pmatrix} \epsilon
_{1}K\\ \epsilon _{2}K\end{pmatrix} .

By simple computations this inequality becomes
\begin{pmatrix} \Vert \widehat{\mathfrak{u}}-
\mathfrak{u} \Vert _{ \mathcal{PC} (J) }\\ \Vert
\widehat{\vartheta }-\vartheta \Vert _{
\mathcal{PC} (J ) }\end{pmatrix} \leq \frac{1}
{\Delta }\begin{pmatrix} ( 1-\Lambda _{2g} ) &
\Lambda _ {1g} \\ \Lambda _ {2f} & ( 1-\Lambda
_{1f} )\end{pmatrix} \times \begin{pmatrix}
\epsilon _{1}K\\ \epsilon _{2}K\end{pmatrix} .

This leads to

\begin{aligned}& \Vert \widehat{\mathfrak{u}}-
\mathfrak{u} \Vert _{ \mathcal{PC} (J) } \leq
\frac{ ( 1-\Lambda _{2g} ) \epsilon
_{1}K+\Lambda _{1g}\epsilon _{2}K}{\Delta },
\\& \Vert \widehat{\vartheta }-\vartheta \Vert _{
\mathcal{PC} (J ) } \leq \frac{\Lambda
_{aof}\epsilon _{1}K+ ( 1-\Lambda _ {1f} ) \epsilon
_{2}K}{\Delta }. \end{aligned}

Thus
\begin{aligned} \bigl\Vert (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) - (

\mathfrak{u}, \vartheta ) \bigr\Vert {
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\mathfrak{u}}-\mathfrak{u} \Vert _{\mathcal{PC}
(J) }+ \Vert \widehat{\vartheta }-\vartheta \Vert
_{\mathcal{PC} (J ) } \\ \leq &\frac{2-\Lambda
_{2g}+\Lambda _{1g}+\Lambda _ {2f}-\Lambda
_{1f}}{\Delta }\epsilon K \\ \leq
&\mathcal{M}\epsilon , \end{aligned}

(4.10)

where \epsilon =\max \{\epsilon _{1},\epsilon
_{2}\} and \mathcal{M}= \frac{2-\Lambda
_{2g}+\Lambda _ {1g}+\Lambda _{2f}-\Lambda
_{1f}{\Delta }K. Hence by inequality (4.10) and
Definition 4.1 the solution of system (1.1) is Ulam—
Hyers stable. Next, by setting \lambda _{\phi
}=\epsilon \mathcal{M} such that \lambda _ {\phi
}(0)=0 system (1.1) is generalized Ulam—Hyers
stable. O

5 An example

Consider the following problem:
\textstyle\begin{cases} \mathcal{D}_{[ \sigma ]
}*{\mathfrak{y},\mathfrak{p}, \varphi
Hmathfrak{u}(\sigma )= \frac{ ( \varphi (\sigma )-
\varphi (\frac{1}{5}) ) *{\mathfrak{\gamma -}1}}
{10e”{ (\varphi (\sigma )-\varphi (0) ) }} [ \frac{
\vert \mathfrak{u}(\sigma ) \vert }{ ( 1+ \vert
\mathfrak{u}(\sigma ) \vert ) }+ \frac{ \vert
\mathcal{D}_ {[ \sigma ]

M {\mathfrak{y},\mathfrak{p},\varphi }\vartheta
(\sigma ) \vert }{ ( 1+ \vert \mathcal{D}_ {[ \sigma
1 }*{\mathfrak{y},\mathfrak{p},\varphi }\vartheta
(\sigma ) \vert ) } ],\quad \sigma \in ( 0,1 ] - \{
\frac{1}{5} \}, \\ \mathcal{D}_{[ \sigma ]

"~ {\mathfrak{y},\mathfrak{p}, \varphi }\vartheta
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(\frac{1}{5}) ) *{\mathfrak{\gamma -}1}}{10e"{ (
\varphi (\sigma )-\varphi (0) ) }} [ \frac{ \vert
\mathcal{D}_ {[ \sigma ]

"~ {\mathfrak{y},\mathfrak{p},\varphi
Hmathfrak{u}(\sigma ) \vert }{ ( 1+ \vert
\mathcal{D}_ {[ \sigma ]

" {\mathfrak{y},\mathfrak{p},\varphi
Hmathfrak{u}(\sigma ) \vert ) }+ \frac{ \vert
\vartheta (\sigma ) \vert }{ ( 1+ \vert \vartheta
(\sigma ) \vert ) } ],\quad \sigma \in ( 0,1 ] - \{
\frac{1}{5} \}, \\ \Delta \mathfrak{u}(\frac{1}
{53M{-}H= \frac{ \vert \mathfrak{u}(\frac{1}
{5+"{-}) \vert }{8(1+ \vert \mathfrak{u}(\frac{1}
{5+"4{-}) \vert )}, \qquad \Delta \vartheta (\frac{1}
{537{-})= \frac{ \vert \vartheta (\frac{1}{5}"{-})
\vert H{8(1+ \vert \vartheta (\frac{1}{5}"{-}) \vert
)}, \\ \mathfrak{u}(1)=3,\qquad \vartheta
(1)=2,\end{cases}

(5.1)

Here \mathfrak{y}=\frac{1}{3},
\mathfrak{p}=\frac{1}{2}, \mathfrak{\gamma
t=\frac{2}{3}, w_{1}=3, w_{2}=2. Set \varphi
(\sigma )=e”{\sigma } .

Example 5.1

Define f,g: ( 0,1 ] \times \mathbb{R}
~2}\rightarrow \mathbb{R} as

\begin{aligned}& f\bigl(\sigma ,\mathfrak{u}
(\sigma ),\mathcal{D}_{o}"{
\mathfrak{y,p,\varphi }} \vartheta (\sigma )\bigr)=
\frac{ ( \varphi (\sigma )-\varphi (\frac{1}{5}) )
A{\mathfrak{\gamma -}1}}{10e”{ ( \varphi

(\ cicmao N Veramnai £aY Y VU \ hicall \ faaal \crant
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\mathfrak{u}(\sigma ) \vert ) }+ \frac{ \vert
\mathcal{D} {[ \sigma ]

M {\mathfrak{y},\mathfrak{p},\varphi }\vartheta
(\sigma ) \vert }{ ( 1+ \vert \mathcal{D}_ {[ \sigma
1 }*{\mathfrak{y},\mathfrak{p},\varphi }\vartheta
(\sigma ) \vert ) } \biggr], \\& g\bigl(\sigma
,\mathcal{D}_{o}"{\mathfrak{y,p,\varphi
H\mathfrak{u}( \sigma ),\vartheta (\sigma
)\bigr)= \frac{ ( \varphi (\sigma )-\varphi (\frac{1}
{51 ) *{\mathfrak{\gamma -}1}}{10e”{ ( \varphi
(\sigma )-\varphi (0) ) }} \biggl[ \frac{ \vert
\mathcal{D} {[ \sigma ]

" {\mathfrak{y},\mathfrak{p},\varphi
Hmathfrak{u}(\sigma ) \vert }{ ( 1+ \vert
\mathcal{D} {[ \sigma ]

" {\mathfrak{y},\mathfrak{p},\varphi
Hmathfrak{u}(\sigma ) \vert ) }+ \frac{ \vert
\vartheta (\sigma ) \vert }{ ( 1+ \vert \vartheta
(\sigma ) \vert ) } \biggr], \end{aligned}

and Z_{1},Z_{2}:\mathbb{R} \rightarrow
\mathbb{R} by

Z_{1}(\mathfrak{u})= \frac{ \vert \mathfrak{u}
\vert }{8(1+ \vert \mathfrak{u} \vert )}

and
Z_{2}(\vartheta )= \frac{ \vert \vartheta \vert }
{8(1+ \vert \vartheta \vert )}.

Then, for ( \mathfrak{u},\vartheta ),
(\widehat{\mathfrak{u}},\widehat{\vartheta } )
\in\mathbb{R} \times\mathbb{R} , we have
\begin{aligned} \bigl\vert f\bigl(\sigma
,\mathfrak{u} ( \sigma ) ,\vartheta ( \sigma )

\bigr)-f\bigl(\sigma .\widehat{\mathfrak{u}} (
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\bigr\vert \leq &\frac{1}{10} \bigl\vert
\mathfrak{u} ( \sigma ) - \widehat{\mathfrak{u}} (
\sigma ) \bigr\vert + \frac{1}{10} \bigl\vert
\vartheta ( \sigma ) - \widehat{ \vartheta } ( \sigma
) \bigr\vert, \\ \bigl\vert g\bigl(\sigma
,\mathfrak{u} ( \sigma ) ,\vartheta ( \sigma )
\bigr)-g\bigl(\sigma ,\widehat{\mathfrak{u}} (
\sigma ) ,\widehat{ \vartheta } ( \sigma ) \bigr)
\bigr\vert \leq &\frac{1}{10} \bigl\vert
\mathfrak{u} ( \sigma ) - \widehat{\mathfrak{u}} (
\sigma ) \bigr\vert + \frac{1}{10} \bigl\vert
\vartheta ( \sigma ) - \widehat{ \vartheta } ( \sigma
) \bigr\vert , \end{aligned}

and

\begin{aligned}& \bigl\vert Z_{1}(\mathfrak{u})-
Z_{1}(\widehat{ \mathfrak{u}}) \bigr\vert \leq
\frac{1}{8} \bigl\vert \mathfrak{u} ( \sigma ) -
\widehat{\mathfrak{u}} ( \sigma ) \bigr\vert, \\&
\bigl\vert Z_{2}(\vartheta )-Z_{2}(\widehat{
\vartheta }) \bigr\vert \leq \frac{1}{8} \bigl\vert
\vartheta ( \sigma ) - \widehat{\vartheta } ( \sigma
) \bigr\vert . \end{aligned}

Here \varrho _ {f}=\varrho _{f}"{\prime }=\varrho

_{g}=\varrho _{g}"{ \prime }=\omega
_{f}=\omega _{f}"{\prime }=\omega
_{gy=\omega _{g}"{ \prime }=\frac{1}{10} and

L {Z {1}}=L_{Z_{2}}=\frac{1}{8}. From the given
data we deduce that conditions (H_{1}), (H_{2}),
and (H_{3}) hold. Thus all the conditions of
Theorem 3.1 are satisfied. Therefore problem (1.1)
has at least one solution on [ 0,1 ] . Moreover, we
have \rho _{1}=\rho _{2}=0,1 and

\matheal/OV—n 4Q 1 Thiic all nanditinnae nf

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4

Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

64/77



6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text
Theorem 3.2 are satisfied. Therefore problem (1.1)
has a unique solutionon [ 0,1 ] .

Finally, for \epsilon =\max \{\epsilon _{1},\epsilon
_{2}\}>0, we find that the inequalities
\begin{aligned}& \bigl\vert \mathcal{D}_{[
\sigma ] }"{ \mathfrak{y,p,\varphi }}\widehat{
\mathfrak{u}}(\sigma )-f\bigl(\sigma
,\widehat{\mathfrak{u}}( \sigma ),\mathcal{D}_{
[ \sigma ] }"*{\mathfrak{y,p,\varphi }}
\widehat{\vartheta }( \sigma )\bigr) \bigr\vert \leq
\epsilon _ {1}, \\& \bigl\vert \mathcal{D} {[
\sigma ] }"{ \mathfrak{y,p,\varphi }}\widehat{
\vartheta }(\sigma )-f\bigl(\sigma
,\mathcal{D}_{o}"{ \mathfrak{y,p,\varphi }}
\widehat{\mathfrak{u}}(\sigma
),\widehat{\vartheta }( \sigma )\bigr) \bigr\vert
\leq \epsilon _{2} \end{aligned}

are satisfied. Then equation (4.5) is Ulam—Hyers
stable with

\bigl\Vert (
\widehat{\mathfrak{u}},\widehat{\vartheta } ) - (
\mathfrak{u},\vartheta ) \bigr\Vert
_{\mathcal{B}}\leq \mathcal{M}\epsilon,\quad

\varkappa \in J.

where
\mathcal{M}=2.3>0.
6 Concluding remarks

We obtained the existence, uniqueness, and UH
stability of solutions for a new problem of ¢-Hilfer
FDEs with impulse conditions. Our investigations
were based on the reduction of FDEs to FIEs and
application the standard Leray—Schauder and
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in this paper are more general and cover many of
the parallel problems that contain particular cases
of the function ¢, because our proposed system
contains a global fractional derivative that
integrates many classic fractional derivatives; for
instance, for various values of a function ¢ and
parameter \mathfrak{p}, the coupled system (1.1)
includes coupled systems of FDEs involving the
Hilfer, Hadamard, Katugampola, and many other
fractional derivative operators, which are described
in the introduction.
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The authors declare that all data and materials in
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References

1. Abdeljawad, T.: Fractional operators with
generalized Mittag-Leffler kernels and their
iterated differintegrals. Chaos 29, 023102
(2019) https://doi.org/10.1063/1.5085726

2. Abdeljawad, T.: Fractional difference operators
with discrete generalized Mittag-Leffler kernels.

Chaos Solitons Fractals 126, 315—324 (2019)

3. Abdeljawad, T., Baleanu, D.: On fractional
derivatives with generalized Mittag-Leffler
kernels. Adv. Differ. Equ. 2018, 468 (2018)

4. Abdo, M.S., Abdeljawad, T., Ali, S.M., Shah, K.,
Loading [MathJax]/jax/output/SVG/autoload/mtable.js pr

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4 66/77


https://doi.org/10.1063/1.5085726

6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text
weighted fractional order differential equations.
Chaos Solitons Fractals 141, 110341 (2020)

5. Abdo, M.S., Abdeljawad, T., Shah, K., Jarad, F.:
Study of impulsive problems under Mittag-
Leffler power law. Heliyon 6(10), e05109 (2020)

6. Abdo, M.S., Shah, K., Panchal, S.K., Wahash,
H.A.: Existence and Ulam stability results of a
coupled system for terminal value problems
involving y-Hilfer fractional operator. Adv.

Differ. Equ. 2020(1), 316 (2020)

7. Abdo, M.S., Thabet, S.T.M., Ahmad, B.: The
existence and Ulam—Hyers stability results for
w-Hilfer fractional integrodifferential equations.
J. Pseudo-Differ. Oper. Appl. 11, 1757-1780
(2020). https://doi.org/10.1007/s11868-020-
00355-X

8. Agarwal, R.P., Benchohra, M., Hamani, S.: A
survey on existence results for boundary value
problems of nonlinear fractional differential

equations and inclusions. Acta Appl. Math.
109(3), 973-1033 (2010)

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4 67/77


https://doi.org/10.1007/s11868-020-00355-x
https://doi.org/10.1007/s11868-020-00355-x

6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

o} Ahmad, B., Alghanmi, M., Nieto, J.J., Alsaedi,
A.: On impulsive nonlocal integro-initial value
problems involving multi-order Caputo-type
generalized fractional derivatives and

generalized fractional integrals. Adv. Differ.

Equ. 2019(1), 247 (2019)

10. Ahmad, M., Zada, A., Wang, X.: Existence,
Uniqueness and Stability of Implicit Switched
Coupled Fractional Differential Equations of
w-Hilfer Type. Int. J. Nonlinear Sci. Numer.
Simul. 1(ahead—of—print) (2020)

11. Al-Mayyahi, S.Y., Abdo, M.S., Redhwan, S.S.,
Abood, B.N.: Boundary value problems for a
coupled system of Hadamard-type fractional
differential equations. IAENG Int. J. Appl.
Math. 51(1), 1—10 (2021)

12. Ali, A, Shah, K., Jarad, F.: Ulam—Hyers
stability analysis to a class of nonlinear implicit
impulsive fractional differential equations with
three point boundary conditions. Adv. Differ.
Equ. 2019(1), 7 (2019)

13. Ali, A., Shah, K., Jarad, F., et al.: Existence and
stability analysis to a coupled system of
implicit type impulsive boundary value
problems of fractional-order differential
equations. Adv. Differ. Equ. 2019, 101 (2019).
https://doi.org/10.1186/s13662-019-2047-y,

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4

68/77


https://doi.org/10.1186/s13662-019-2047-y

6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

14. Aljaaidi, T.A., Pachpatte, D.B.: The
Minkowski’s inequalities via y-Riemann—
Liouville fractional integral operators. Rend.
Circ. Mat. Palermo (2) Suppl. (2020).
https://doi.org/10.1007/s12215-020-00539-w

15. Almalahi, M.A., Abdo, M.S., Panchal, S.K.: On
the theory of fractional terminal value problem
with y-Hilfer fractional derivative. AIMS
Math. 5(5), 4889 (2020).

https://doi.org/10.3934/math.2020312

16. Almalahi, M.A., Abdo, M.S., Panchal, S.K.:
Existence and Ulam—Hyers stability results of
a coupled system of y-Hilfer sequential
fractional differential equations. Results Appl.

Math. 10, 100142 (2021).

https://doi.org/10.1016/j.rinam.2021.100142

17. Almalahi, M.A., Abdo, M.S., Panchal, S.K.:
Existence and Ulam—Hyers—Mittag-Leffler
stability results of w-Hilfer nonlocal Cauchy
problem. Rend. Circ. Mat. Palermo (2) Suppl.
70, 57—77 (2021).
https://doi.org/10.1007/s12215-020-00484-8

18. Almalahi, M.A., Panchal, S.K.: On the theory of
w-Hilfer nonlocal Cauchy problem. J. Sib. Fed.
Univ. Math. Phys. 14(2), 159—175 (2021).
https://doi.org/10.17516/1997-1397-2021-14-

2-161-177

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4

69/77


https://doi.org/10.1007/s12215-020-00539-w
https://doi.org/10.3934/math.2020312
https://doi.org/10.1016/j.rinam.2021.100142
https://doi.org/10.1007/s12215-020-00484-8
https://doi.org/10.17516/1997-1397-2021-14-2-161-177
https://doi.org/10.17516/1997-1397-2021-14-2-161-177

6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

19. Almalahi, M.A., Panchal, S.K., Jarad, F.:
Stability results of positive solutions for a
system of y-Hilfer fractional differential
equations. Chaos Solitons Fractals 147, 110931
(2021).

https://doi.org/10.1016/j.chaos.2021.110931

2. Almalahi, M.A., Panchal, S.K., Jarad, F.,
Abdeljawad, T.: Ulam—-Hyers—Mittag-Leffler
stability for tripled system of weighted
fractional operator with TIME delay. Adv.
Differ. Equ. 2021, 299 (2021).
https://doi.org/10.1186/513662-021-03455-0

21. Almeida, R.: A Caputo fractional derivative of a
function with respect to another function.
Commun. Nonlinear Sci. Numer. Simul. 44,
460—481 (2017)

13. Almeida, R., Malinowska, A.B., Odzijewicz, T.:
Fractional differential equations with
dependence on the Caputo—Katugampola
derivative. J. Comput. Nonlinear Dyn. 11(6)

(2016). https://doi.org/10.1115/1.4034432

23. Alsulami, H.H., Ntouyas, S.K., Agarwal, R.P.,
Ahmad, B., Alsaedi, A.: A study of fractional-
order coupled systems with a new concept of
coupled non-separated boundary conditions.
Bound. Value Probl. 2017, 68 (2017)

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4 70/77


https://doi.org/10.1016/j.chaos.2021.110931
https://doi.org/10.1186/s13662-021-03455-0
https://doi.org/10.1115/1.4034432

6/16/24, 2:35 PM

24. Atangana, A.: Fractal-fractional differentiation

25,

26.

25.

24.

29.

30.

and integration: connecting fractal calculus
and fractional calculus to predict complex

system. Chaos Solitons Fractals 102, 396—406
(2017)

Atangana, A., Baleanu, D.: New fractional
derivative with non-local and non-singular

kernel. Therm. Sci. 20(2), 757—763 (2016)

Atangana, A., Baleanu, D.: New fractional
derivatives with non-local and non-singular
kernel: theory and application to heat transfer
model. Therm. Sci. 20(2), 763—769 (2016)

Benchohra, M., Seba, D.: Impulsive fractional
differential equations in Banach spaces.
Electron. J. Qual. Theory Differ. Equ. 8(1), 14
(2009)

Benchohra, M., Slimani, B.A.: Existence and
uniqueness of solutions to impulsive fractional
differential equations. Electron. J. Differ. Equ.
2009, 10 (2009)

Deimling, K.: Nonlinear Functional Analysis.

Springer, New York (1985)

Derbazi, C., Baitiche, Z., Abdo, M..S.,
Abdeljawad, T.: Qualitative analysis of

Loading [MathJax]/jax/output/SVG/autoload/mtable.js ed

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4

Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

7177



6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

system with y-Caputo fractional derivative in
Banach spaces. AIMS Math. 6(3), 2486—2509
(2021)

31. Granas, A., Dugundji, J.: Fixed Point Theory.
Springer, Berlin (2013)

1. Guo, T.L.: Nonlinear impulsive fractional
differential equations in Banach spaces. Topol.

Methods Nonlinear Anal. 42(1), 221—232 (2013)

8. Jarad, F., Abdeljawad, T.: Generalized fractional
derivatives and Laplace transform. Discrete

Contin. Dyn. Syst., Ser. S 2019, 709 (2019)

17.J arad, F., Abdeljawad, T., Baleanu, D.: Caputo-
type modification of the Hadamard fractional
derivatives. Adv. Differ. Equ. 2012(1), 142
(2012)

35. Kharade, J.P., Kishor, D.K.: On the impulsive
implicit y-Hilfer fractional differential
equations with delay. Math. Methods Appl.
Sci. 43(4), 1938—-1952 (2020)

36. Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.:
Theory and Applications of Fractional

Differential Equations. Elsevier, Amsterdam
(2006)

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4

7277



6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

37. Oliveira, E., Sousa, J.V.C.: Ulam—Hyers—
Rassias stability for a class of fractional
integro-differential equations. Results Math.

73(3), 111 (2018)

38. Podlubny, I.: Fractional Differential
Equations. Academic Press, New York (1999)

39. Rus, LA.: Ulam stabilities of ordinary
differential equations in a Banach space.
Carpath. J. Math. 26, 103-107 (2010)

40. Samko, S.G., Kilbas, A.A., Marichev, O.1.:
Fractional Integrals and Derivatives. Gordon
& Breach, Yverdon (1993)

41. Sousa, J.V.C., de Oliveira, C.E.: On the y-
Hilfer fractional derivative. Commun.

Nonlinear Sci. Numer. Simul. 60, 72—91
(2018)

42. Sousa, J.V.C., de Oliveira, C.E.: On the Ulam—
Hyers—Rassias stability for nonlinear
fractional differential equations using the -
Hilfer operator. J. Fixed Point Theory Appl.
20(3), 96 (2018)

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4

7377



6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

43. Sousa, J.V.C., de Oliveira, C.E.: A Gronwall
inequality and the Cauchy-type problem by

means of yw-Hilfer operator. Differ. Equ. Appl.

11(1), 87—-106 (2019)

44. Wang, J., Feckan, M., Zhou, Y.: A survey on

impulsive fractional differential equations.

Fract. Calc. Appl. Anal. 19(4), 806—831 (2016)

Acknowledgements

The authors would like to thank the referees for
their careful reading of the manuscript and
insightful comments. We would also like to
acknowledge the valuable comments and
suggestions from the editors, which vastly
contributed to improvement of the presentation of

the paper.

Funding

Not applicable.

Author information

Authors and Affiliations

Department of Mathematics, Dr. Babasaheb
Ambedkar Marathwada University, Aurangabad,
(M.S), 431001, India

Mohammed A. Almalahi & Satish K. Panchal

Department of Mathematics, Hajjah University,
Hajjah, Yemen
Mohammed A. Almalahi

Loading [MathJax]/jax/output/SVG/autoload/mtable.js
Contributions

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4

74177



6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text
MAA: Writing original draft, conceptualization,
writing review and editing, methodology. SKP:
Supervision, review, and editing. All authors read

and approved the final manuscript.

Corresponding author

Correspondence to Mohammed A. Almalahi.
Ethics declarations

Ethics approval and consent to participate

Not applicable.

Competing interests

The authors declare that they have no competing

interests.

Consent for publication

Not applicable.

Rights and permissions

Open Access This article is licensed under a
Creative Commons Attribution 4.0 International
License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or
format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to
the Creative Commons licence, and indicate if
changes were made. The images or other third party
material in this article are included in the article’s
Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material
is not included in the article’s Creative Commons
licence and your intended use is not permitted by

statutory regulation or exceeds the permitted use,
Loading [MathJax]/jax/output/SVG/autoload/mtablejs ym the

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4 7577


mailto:aboosama736242107@gmail.com

6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

copyright holder. To view a copy of this licence, visit

http://creativecommons.org/licenses/by/4.0/.

Reprints and permissions
About this article

Cite this article

Almalahi, M.A., Panchal, S.K. Some properties of implicit
impulsive coupled system via ¢-Hilfer fractional operator.
Bound Value Probl 2021, 67 (2021).
https://doi.org/10.1186/s13661-021-01543-4

Received Accepted Published
17 January 2021 21 June 2021 29 July 2021
DOI

https://doi.org/10.1186/s13661-021-01543-4
Share this article

Anyone you share the following link with will be able to

read this content:

Get shareable link

Provided by the Springer Nature SharedIt content-sharing initiative

MSC

34A08 34B15 34A12 47H10

Keywords
@-Hilfer FDEs Terminal conditions
Impulsive coupled system Existence theory

Fixed point theorem

Loading [MathJax]/jax/output/SVG/autoload/mtablejs conditions

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4 76177


http://creativecommons.org/licenses/by/4.0/
https://s100.copyright.com/AppDispatchServlet?title=Some%20properties%20of%20implicit%20impulsive%20coupled%20system%20via%20%CF%86-Hilfer%20fractional%20operator&author=Mohammed%20A.%20Almalahi%20et%20al&contentID=10.1186%2Fs13661-021-01543-4&copyright=The%20Author%28s%29&publication=1687-2770&publicationDate=2021-07-29&publisherName=SpringerNature&orderBeanReset=true&oa=CC%20BY
https://boundaryvalueproblems.springeropen.com/search?query=34A08&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=34B15&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=34A12&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=47H10&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20-Hilfer%20FDEs&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=%0A%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20%20-Hilfer%20FDEs&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=Terminal%20conditions&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=Impulsive%20coupled%20system&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=Existence%20theory&facet-discipline=%22Mathematics%22
https://boundaryvalueproblems.springeropen.com/search?query=Fixed%20point%20theorem&facet-discipline=%22Mathematics%22
https://support.biomedcentral.com/support/home
https://www.springeropen.com/terms-and-conditions

6/16/24, 2:35 PM Some properties of implicit impulsive coupled system via @-Hilfer fractional operator | Boundary Value Problems | Full Text

Jobs Privacy statement

Language editing for authors  Accessibility

Scientific editing for authors  Cookies

Leave feedback

Follow SpringerOpen

®®

By using this website, you agree to our Terms and Conditions, Your US state

privacy rights, Privacy statement and Cookies policy. Your privacy choices/Manage
cookies we use in the preference centre.

SPRINGERNATURE

© 2024 BioMed Central Ltd unless otherwise stated. Part of Springer Nature.

Loading [MathJax]/jax/output/SVG/autoload/mtable.js

https://boundaryvalueproblems.springeropen.com/articles/10.1186/s13661-021-01543-4 77177


https://www.springeropen.com/about/jobs
https://authorservices.springernature.com/language-editing/
https://authorservices.springernature.com/scientific-editing/
https://biomedcentral.typeform.com/to/VLXboo
https://www.springeropen.com/privacy-statement
https://www.springeropen.com/accessibility
https://www.springeropen.com/cookies
https://twitter.com/springeropen
https://twitter.com/springeropen
https://www.facebook.com/SpringerOpn
https://www.facebook.com/SpringerOpn
https://www.springeropen.com/terms-and-conditions
https://www.springernature.com/ccpa
https://www.springernature.com/ccpa
https://www.springeropen.com/privacy-statement
https://www.springeropen.com/cookies
javascript:void(0);
javascript:void(0);
https://www.springernature.com/

