6/16/24, 2:09 PM Some properties of 2-absorbing primary ideals in lattices - ScienceDirect

Eileillon g Sci Direct
{ ciencebirec
Lﬁ

AKCE International Journal of Graphs and

Combinatorics
Volume 16, Issue 1, April 2019, Pages 18-26

Some properties of 2-absorbing primary
ideals in lattices

Meenakshi P. Wasadikar =, Karuna T. Gaikwad 2 =

Show more v

‘= Outline | o Share 99 Cite

https://doi.org/10.1016/j.akcej.2018.01.015 A
Get rights and content 7

Under a Creative Commons license 7 open access

Abstract

We introduce the concepts of a primary and a 2-absorbing primary ideal and the radical
of an ideal in a lattice. We study some properties of these ideals. A characterization for
the radical of an ideal to be a primary ideal is given. Also a characterization for an ideal T
to be a 2-absorbing primary ideal is proved. Examples and counter examples are given

wherever necessary.
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1. Introduction

Badawi|[1] introduced the concept of a 2-absorbing ideal in a commutative ring. A proper

ideal I of a commutative ring R is said to be a 2-absorbing ideal, if whenevera, b,c € R,
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abc € I, then either ab € I orac € I or bc € I. Payrovi and Babaei[2] extended the
concept of 2-absorbing ideals in commutative rings.

Badawi[3] introduced 2-absorbing primary ideals in commutative rings. A proper ideal I
of a commutative ring R is said to be a 2-absorbing primary ideal, if whenever

a,b,c € R, abc € I, then either ab € I or ac € v/T or be € +/I. Mustafanasab and
Darani[4] extended the concepts of 2-absorbing primary and weakly 2-absorbing
primary ideals in commutative rings.

Manjarekar and Bingi[5] introduced 2-absorbing primary elements in multiplicative
lattices. They defined, a proper element g € L to be a 2-absorbing primary if for every
a,b,c € L,abc < gimplies either ab < gorbc < ,/gorca < ,/q.

Celikel etal.[[6], [7]] introduced and studied ¢-2-absorbing elements in multiplicative
lattices. Let ¢ : L — L U {0} be a function. A proper element g of L is said to be a ¢-2-
absorbing element of L if whenever a, b, ¢ € L with abc < g and abec £ ¢ (g) implies
either ab < gorac < gor be < gq. Celikel etal.[7] introduced ¢-2-absorbing primary
elements in multiplicative lattices as a generalization of ¢-2-absorbing elements. Let
¢ : L — LU {0} be a function. A proper element g of L is said to be a ¢-2-absorbing
primary element of L if whenever a, b, ¢ € L with abe < gand abe £ ¢ (g) implies
eitherab < gorac < ,/gorbc < ,/g.

Wasadikar and Gaikwad|[8] introduced the concept of a 2-absorbing ideal in a lattice. A
proper ideal I of a lattice L is said to be a 2-absorbing ideal, if whenever a, b, c € L,
aANbAcel theneitheraAbe IToraANce IorbAce I

In this paper we introduce the concepts of the radical of an ideal (denoted by +/I), the
primary ideal and the 2-absorbing primary ideal in a lattice. It is shown that for an ideal
I of alattice I, 4/I is a prime ideal of a lattice L if and only if 4/T is a primary ideal of L.
Similarly, it is shown that for an ideal I of a lattice L, VIisa 2-absorbing ideal of a
lattice L if and only if /7 is a 2-absorbing primary ideal of L. We prove that I; x L is a
2-absorbing primary ideal of L = Ly X Lo if and only if I is a 2-absorbing primary ideal
of L1, where I, is a proper ideal of L;.

The undefined terms are from Gratzer[9].

2. Preliminaries

We generalize the concepts of primary, 2-absorbing and 2-absorbing primary ideals from
ring theory to lattices.

Definition 2.1
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Let I be an ideal of a lattice L. We define the radical of I as the intersection of all prime
ideals containing I and we denote it as /1.

Remark 2.1
If there does not exist a prime ideal containing an ideal I in a lattice L then /T = L.
Remark 2.2

In a distributive lattice L, an ideal I is the intersection of all prime ideals containing it
see Gratzer [9, p. 75] i.e.] = /1.

However, this may or may not hold in a non distributive lattice.
Example 2.1

Consider the ideal I = (n] of the lattice shown in Fig. 1. The lattice is non distributive.
We observe that I = /T since v/I = (p] N (r] = (n].

The following example shows that I C +/1.

Download : Download high-res image (146KB)

Download : Download full-size image

Fig. 1.

Example 2.2

Consider the ideal I = (I] of the lattice shown in Fig. 1. We observe that I C +/T since

VI=(gN(r] = (o].
Definition 2.2

Let L be a lattice. A proper ideal I of L is called primary ifa,b € Landa A b € I imply
that either a € Torb € /1.
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Example 2.3

In the lattice L shown in Fig. 1, consider the ideal I = (m]. Then /I = (p]. The ideal I is
a primary ideal.

Consider the ideal I = (3] of a lattice shown in Fig. 1. Then v/T = (q] N (r] = (o]. The
ideal I is not a primary ideal since f A g = a € I but neither f € I nor g € I. Also,

neither f € \/Tnorg e /1.
Definition 2.3

Let L be a lattice. A proper ideal I of L is called 2-absorbing if for a, b, c € L,
aAbAce ItheneitheraAbe IoraAcelorbAce I

Example 2.4
Consider the lattice L shown in Fig. 1. Here the ideal (n] is a 2-absorbing ideal.

Consider the ideal I = (b] of a lattice shown in Fig. 1. The ideal I is not a 2-absorbing
ideal since4 A jAl =0 € I butneitheri Aj=a € Inori ANl =e € I nor
JNl=delL

Definition 2.4

Let L be a lattice. A proper ideal I of L is called a 2-absorbing primary if for a, b, c € L,
aAbAce ItheneitheraAbe IoraAce VIorbAce VI

Example 2.5
In the lattice shown in Fig. 1, the ideal (f] is a 2-absorbing primary.

Consider the lattice of divisors of 30. Let I = (0]. Then +/T = (6] N (10] N (15] = (0].
However,6 A10 A15 =0 € I,butneither6 AN10=2€ Inor6 A15 =3 € I nor
10 A 15 = 5 € I. Hence I is not a 2-absorbing primary ideal.

3. Some properties of 2-absorbing primary ideals

The proofs ofLemma 3.1, Lemma 3.2, Lemma 3.3 are obvious.
Lemma 3.1
If I'is a prime ideal of a lattice L, then I is a primary ideal of L.
Remark 3.1

The following example shows that the converse of Lemma 3.1 does not hold.
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Example 3.1

Consider the lattice L shown in Fig. 1. For the ideal I = (m], /I = (p] as (p] is the only
prime ideal of L containing I. I is a primary ideal. However k Al = e € I but neither
k € I'norl € I.Thus I is not a prime ideal.

Lemma 3.2

If I is a primary ideal of a lattice L, then I is a 2-absorbing primary ideal of L.
Remark 3.2

The following example shows that the converse of Lemma 3.2 does not hold.
Example 3.2

Consider the ideal I = (I] of the lattice shown in Fig. 1. Thus v/T = (g] N (] = (o]. Here I
is a 2-absorbing primary ideal. We note that g A h = 0 € I. However, neither g € I nor
h € I. Also, neither g € v/T nor h € +/I. Hence I is not a primary ideal of L.

Lemma 3.3

If I'is a 2-absorbing ideal of a lattice L, then I is a 2-absorbing primary ideal of L.
Remark 3.3

The following example shows that the converse of Lemma 3.3 does not hold.
Example 3.3

Consider the ideal I = (0] of the lattice shown in Fig. 1. Thus /T = (p] N (g] N (v] = (4.
Here I is a 2-absorbing primary ideal. However i A j Al = 0 € I, but neither
iNj=a€lnoriNl=ecInorjAl=de I Hencelisnota2-absorbing ideal of L.

The following lemma is from Wasadikar and Gaikwad[8].
Lemma 3.4

Let Py and Py be two distinct prime ideals of a lattice L, then P, N P, is a 2-absorbing ideal
of L.

Definition 3.1

Let I be an ideal of a lattice L. We define I as a P-primary ideal of L if P is the only
prime ideal containing I.

Example 3.4
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In the lattice shown in Fig. 1, the ideal (m] is a P-primary ideal, where P = (p] is the
only prime ideal containing (m].

The following result is an analog of[3, Theorem 2.4 (2)].
Theorem 3.1

Let L be a lattice. Suppose that I is a Py-primary ideal of L for some prime ideal P, of L
and I is a Py-primary ideal of L for some prime ideal P, of L. Then I, N Iy is a 2-absorbing
primary ideal of L.

Proof

Let I = I; N I,. Then /T = P; N P,. Now suppose that z A y A z € I for some
z,y,z€ L,xeNz& VTandyA z ¢ +/I.Thenz,y,z & /T = P, N P;. By Lemma 3.4,
VI = P, N P is a 2-absorbing ideal of L. Since ¢ A 2,y A z & v/ I, we have z Ay € V/I.

We show thatz Ay € I.Sincex Ay € VI C P;, we may assume that z € P;. As
x¢+Iandz Ay € /I C Py, we conclude thatz ¢ P, andy € P,.Since y € P, and
y &I, wehavey ¢ P,.

Ifx € I; and y € I, then x A y € I and we are done. We may assume that ¢ ¢ I;. Since
I, isa Py-primary ideal and ¢ ¢ I;, we have y A z € P;.Sincey € P, and y A z € P,
we havey A z € v/I, which is a contradiction. Thus z € I.

Since I is a P-primary ideal of L and ify ¢ I, thenz A z € P,. Since z € P; and
z A z € P, we have z A z € 4/I, which is a contradiction. Thus y € Ir,.Hencexz ANy € I.

|

Theorem 3.2

Let I be a proper ideal of a lattice L such that 4/1 is a prime ideal of L. Then I is a 2-
absorbing primary ideal of L.

Proof
Suppose thata Ab A ¢ € I for some a,b,c € Landa Ab & I.

(a) Suppose thata A b & +/I. Since +/T is a prime ideal of L, c € v/I and soa A c € /I
andbAce I

(b) Suppose that a A b € 4/I. As /T is a prime ideal, we have eithera € /T or b € /1.
Hencea A c € v/TorbA ¢ € /1. Thus I is a 2-absorbing primary ideal of L. o

Remark 3.4
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However, the converse of Theorem 3.2 need not hold.
Example 3.5

Consider the ideal I = (I] of the lattice shown in Fig. 1. Thus v/T = (g] N (] = (o]. Here I
is a 2-absorbing primary ideal. However, g A h = 0 € v/I, but neither g € v/I nor
h € v/I. Thus 4/T is not a prime ideal of L.

Theorem 3.3

Let I be an ideal of a lattice L. Then +/1 is a prime ideal of L if and only if v/ is a primary
ideal of L.

Proof

Suppose that +/T is a prime ideal of L. If a A b € /I then either a € v/IT orb € v/1. As
VI = +/+/1,eithera € v/T or b € v/+/I.Hence /T is a primary ideal of L.

Conversely, suppose that 4/7 is a primary ideal of L. Let a A b € v/I. As v/I is a primary
ideal, either a € v/T orb € v/+/I = +/I.Thus /I is a prime ideal of L. o

Similarly, we can prove the following characterization for 2-absorbing and 2-absorbing
primary ideals of a lattice L.

Theorem 3.4

Let I be an ideal of a lattice L. Then +/1 is a 2-absorbing ideal of L if and only if /T is a 2-
absorbing primary ideal of L.

Theorem 3.5

Let I be a 2-absorbing primary ideal of a lattice L and suppose thatx Ay A J C I for some
z,y € Land someideal Jof L.If e Ay & I, thenz AJ C /ToryAJ C /1.

Proof

Letxz Ay & I.Suppose that z A J ,i_ VIandyAJ ;(_ v/I. Then there exist some j; and
some j, in J suchthatz A j; € vVIandyAjy € VI.Asz Ay A j, € I, we have
YyAJj; € /T since I is a 2-absorbing primary ideal. Similarly, z A y A jo € I implies
TNjy € VI

Sincez Ay A (§; Vj,) € Tandz Ay & I, we have either z A (j; V j,) € v/ T or
y A (j; V js) € V1. Suppose that z A (j; V j,) € v/I1. Therefore,
(Aj)V(eAGy) <z Vi) €VIandso(xAj)V (zAjy) € +/I.Hence
z A j, € VIandz A j; € v/, which is a contradiction.
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Similarly, if y A (4, V 42) € VI then (y A j;) V (yAjy) € VI.Hence y A j; € v/Tand
y A j, € v/I, which is a contradiction. Hence z A J C v/Tory A J C /1. o

Remark 3.5
The converse of Theorem 3.5 does not hold.
Example 3.6

Consider the ideal I = (I] of the lattice shown in Fig. 1. Thus +/T = (o]. I is a 2-absorbing
primary ideal. Consider the ideal J = (e]. Now, ANt AJ =J CI,hAJ=J CIand
iNJ=JCIbuthAiel.

We give a characterization of a 2-absorbing primary ideal, which is an analog of[3,
Theorem 2.19].

Theorem 3.6

Let I be a proper ideal of a lattice L. Then I is a 2-absorbing primary ideal if and only if
whenever I I, I3 C I for some ideals Iy, I, I3 of L, then I I, C I or Iy I3 C /T or
LI; C VI

Proof

Let I be an ideal of L such that if I; Is I3 C I for some ideals Iy, I, I3 of Lthen Iy I, C I
or ;I35 C TorI,I; C TorI1I3 C +/T or I,I3 C +/I. We show that I is a 2-absorbing
primary ideal of L. Leta Ab A ¢ € I for a, b, c € L. This implies that (a] A (b] A (] C I.
Let I; = (a], I, = (b] and I3 = (c]. By hypothesis, either I; I, C I or I; I3 C v/T or

I, I; C +/I.HenceeitheraAbec IoraAc € v/IorbAce +/I.Thus I is a 2-absorbing
primary ideal of L.

Conversely, suppose that I is a 2-absorbing primary ideal. Let I; I3 I3 C I for some ideals
I, I, I of L. Suppose that I; I, ¢ I. We show that I; Iy C +/T or I, I3 C +/I. Suppose
that I; I3 ¢ v/T and I, I3 ¢ +/I. Then there exist ¢; € I and g, € I, such that

g NI € VIandg, ATz € VI Asq Agy ATz C I, wehave g A gy € IbyTheorem
3.5.Since I1 I gZ I, wehavea Ab ¢ Iforsomea € I;,b € I,.Sincea ANbA I3 C I and
aAb¢& I wehavea A I3 C+/TorbA I3 C+/IbyTheorem 3.5. We consider three
cases.

Case 1: Suppose thata A Iy C v/ Ibutb A I3 € +/I.Since gy AbA I3 C Iand
bAIL; ¢ v/Tand g, A I3 € +/I, we conclude that ¢; A b € I by Theorem 3.5. Since
(@V@)AbAIz CTanda ALz C+/T,butg A Iz € /1, we conclude that
(aVg )AL & v/I.SincebA I3 € v/Iand (aV q) A I3 € /1, we conclude that
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(aV g;) ANb e IbyTheorem 3.5.Since (a Ab) V (¢ Ab) < (aV g)Abe I, wehave
(aAb) V(g Ab) € I.Thusg; Abe Ianda Ab € I,acontradiction.

Case 2: Suppose thatb A Iy C +/I,buta A I3 & /T

Sincea Agy ANIs CTandaA I3 € v/Tand g, A I3 € +/I, we conclude thata A g, € T
by Theorem 3.5.Since a A (bV g;) AIs C IandbA I3 C /I, but gy A I3 € /1, we
conclude that (bV g,) A I3 € VI.Sincea A I3 € v/ITand (bV g) A3 & /I, we
conclude thata A (b V ¢,) € I by Theorem 3.5. Since

(aAb)V(aNg) <aA(bVgq,) €I, wehave (aAb)V(aAgy) € I.ThusaAg, €1
and ¢ A b € I, a contradiction.

Case3:a A I3 C+/TandbA I3 C /1.

Since b A Iy C /T and g, A I3 € +/I, we conclude that (bV g,) A I3 € +/I. Since

a ANBVag)AI3 CTandg AI3 € /Tand (bV g,) A I3 € v/, we conclude that

g; A (bV gy) € Iby Theorem 3.5.As (g; Ab)V (g1 Ngy) < ¢ A (bV gy) € I, we have
(g Ab)V (g Ag) € I.HencebA ¢, € I.SinceaAI3 C+v/Tandg AI; € /I, we
conclude that (@ V q;) A I3 € +/1.Since (aV g;) Agy A3 CTand gy A I3 € +/Tand
(aV g ) ATz € /T, we conclude that (a V q;) A g, € I by Theorem 3.5. As
(anNg)V(gNg)<(aVg)Ag € I,wehave (aAgy)V (g Ngy) € I.Hence

a gy, € I.Now,since (aV g ) A(BV g)AI3 CIand (aVq )AL € +/Tand

(bV g,) A Iz € +/T, we conclude that (@ V g;) A (bV g;) € I by Theorem 3.5. We
conclude thata A b € I, a contradiction. Hence I1 Is C /T or I, I3 C +/I. o

Theorem 3.7

Let f : L — L' be a homomorphism of lattices. Then the following statements hold:

(1)If P" is a prime ideal of L', then £~ (P') is a prime ideal of L.

(2)If £ is an isomorphism and P is a prime ideal of L, then f (P) is a prime ideal of L'.

Proof

(1)LetaAbe f! (P') fora,b € L. Then f(a Ab) € P'.Hence f(a) A f(b) € P'.This
implies that either f (a) € P’ or f(b) € P'. Thatiseithera € f ' (P')orbe f ! (P).
Thus £~ (P') is a prime ideal of L.

(2)Leta’ AY € f(P)fora’,b' € L'. Then there exist some a,b € L such that f (a) = a'
and f(b) = b'. Thus f (a) A f(b) =a’ AV € f(P).Thus f(a Ab) € f(P).Hence

a Ab € P.As Pis aprime ideal of L, either @ € P or b € P. That is either f ! (a’) € P
or f7* (¥) € P.Henceeithera' € f(P)orb € f(P). Thus f (P) is a prime ideal of L.

O
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Theorem 3.8

Let f : L — L' be a homomorphism of lattices. Then the following statements hold:
(VIf I' is an ideal of L, then £~ (\/7 )

=4/ ()
(2)If # is an isomorphism and I is an ideal of L, then f (\/T) =/f ().

Proof

(1) Let P{’s be all prime ideals of L' containing I’ where i € A. Then

i (\/f) = £ (N P!). Which implies that f~* (\/7) =Nf*(P)).As P’s are
prime ideals of L, f‘1 (P/)’s are prime ideals of L, by Theorem 3.7 (1) and as I' C N P/,
we have f~1 (I') € N f~* (P/). Which implies that () f* (P!) = 4/ f* (I'). Hence

(V) = ).

(2) Let P;’s be all prime ideals of L containing I where i € A. Then f (\/T) = f(NB)-

This implies that f (\/T) = f (B). As P;’s are prime ideals of L, f (P;)’s are prime
ideals of L', by Theorem 3.7 (2) and as I C (| B;, we have f (I) C () f (P;). Implies that

Nf(R) = F).Hence £ (VI) = /F(D). 0

The following result is an analog of[3, Theorem 2.20].
Theorem 3.9
Let f : L — L' be a homomorphism of lattices. Then the following statements hold:

(1)If I is a 2-absorbing primary ideal of L', then £~ (I') is a 2-absorbing primary ideal of
L.

(2)If fis an isomorphism and I is a 2-absorbing primary ideal of L, then f (I) is a 2-
absorbing primary ideal of L.

Proof

(1) Leta,b,c € Lsuchthata AbAc € f' (I'). Then

f@anbAc)= f(a)Af(b)A f(c) € I'.As I is 2-absorbing primary ideal, we have
either f (a) A f(b) € I' or f (a) A f(c) € VT or £ (b) A f(c) € VI'. That is either
anbe fr(I)orance ft (\/7) orbAce f! (ﬁ).As
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! (\/7) =/f 1 (I'),by Theorem 3.8 (1),aAbe€ f ' (I'Yoranc e 4/f* (I')or

bAc€/f ' (I'). Thus f7! (I') is a 2-absorbing primary ideal of L.

(2) Leta’,b',c € L' anda’ AV A € f(I). Then there exist a, b, ¢ € L such that
f@)=d, fo)=b,f(c)=cand f(a) AfF(B)Af(c)=a' ANV A € f(I). Thatis
F@ANFf®) Af(c)e f(I).Hencea AbAc € I.AsIisa2-absorbing primary ideal, we
have eithera Ab € Tora Ac € v/Torb A ¢ € +/I. That is either f* (o' AY) eTor

fla And)evTorf! () Ad) € I. Thus eithera’ Ab € f(I)ora' Ac € f(\/f)

orb A € f(\/f).Asf(\/T) = +/f(I),by Theorem 3.8 (2)a’ AY € f(I)or
a AN €/f(I)ort A € +/f(I). Hence f(I) is a 2-absorbing ideal of L'. o

4. 2-absorbing primary ideals in product lattices

In this section we prove some results on 2-absorbing primary ideals in product lattices.
The notion of the product lattice is from Gratzer[9, p. 27].

The proof of the following theorem is obvious.
Theorem 4.1

Let L = Ly x Ly, where Ly and Lo are lattices. Let P;’s and Q;'s be ideals of Ly and Ly
respectively, where i € Ay and j € Ap. Then () (P; x Q;) = NP x N Q;-

Theorem 4.2

Let L = Ly x Ly, where each L;, (i = 1,2) is a lattice with 1. Then the following hold:

(1)If I is an ideal of Ly, then \/I; X Ly = +/1.
X Lz

(2)If Iy is an ideal of Lo, then /Ly X Iy = L.
X I2

Proof

(1) Let (a,b) € v/I1 X Ly.Thus (a,b) € ();c4 (P x L2), where and P;’s are all prime
ideals of a lattice Ly containing I;. Thusa € ();c4 Pi,b € L2. Thusa € 4/I;,b € Ly and
so (a,b) € /I x L.

If (a,b) € v/I1 x Ly thena € v/T;,b € L. Thusa € (), 4 P;, b € Lz and so
(a,b) € N;cq (B X Lg).ie.(a,b) € /Iy x Ly. Hence /T X Ly = +/I1 x Ly.

(2) Proof is similar to that of (1). o
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The following characterization gives a relation between a 2-absorbing primary ideal of a
product of two lattices and a 2-absorbing primary ideal of one of the lattice in this
product.

Theorem 4.3

Let L = Ly x Ly, where Ly and Ly are lattices. Let I be a proper ideal of Ly. Then I X Lg is
a 2-absorbing primary ideal if and only if I is a 2-absorbing primary ideal of L.

Proof

Suppose that I x Ls is a 2-absorbing ideal of L. Leta Ab A ¢ € I for a,b,c € L;. Then
(aANbAc,x) € I x Ly forx € Ly. As I x Ly is a 2-absorbing primary ideal of L, either
(aAb,z) €I X Lyor(aAc,z) € +/IxLyor(bAc,z) €+/IX Ly. Then either
(aAb,z) €I x Lyor(aAc,z) €VIx Lyor(bAc,z) €I x Ly, by Theorem 4.2,
Hence eithera Ab e ToraAc e VIorbAce /I

Conversely, suppose that I is a 2-absorbing primary ideal of L;. Let (a Ab A ¢, z) € I for
a,b,c € Ly and x € Lq. As I is a 2-absorbing primary ideal of Ly, either

(aAb,z) €I x Lyor(aAc,z) €VIx Lyor(bAc,x) €I x Ly. That is either
(anbyz) €I x Lyor(aAc,z) €+/IXLyor(bAc,z) € +/I X Ly, by Theorem 4.2. o

Theorem 4.4

Let L = Ly x Lo, where Ly and L4 are lattices. Let I; and I, be proper ideals of L, and Lo
respectively. If I = I; x I is a 2-absorbing primary ideal of L then I; and I, are 2-
absorbing primary ideals of Ly and L+ respectively.

Proof

Leta AbAc e I forsome a,b,c € Ly. Then (a AbAc,z) € 1 x I forz € I5. As

I, x I is a 2-absorbing primary ideal, either (a A b,z) € I; x I, or

(aNe,z) € VI Xx Ly or (bAc,z) € \/T1 X Ip, thatis either (a Ab,z) € I} x I or
(aNc,z) € I} X \/I; or (bAc,z) € +/I1 X 4/I3, by Theorem 4.2. Hence a A b € I; or
a/Ac € +Ij orbAc € +/I . Thus I; is a 2-absorbing primary ideal of L;. Similarly, we
can show that I, is a 2-absorbing primary ideal of Ly. o

Remark 4.1
The converse of Theorem 4.4 need not hold.
Example 4.1

Consider the lattices Ly, Ly and L = Ly x L9 as shown in Fig. 2. Consider the ideals
I, = {0}, I, = {0} of the lattices L, and Ly respectively. Thus I; x I, = {(0,0)} and
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VI x I, = {(0,0)}. The ideals I; and I are 2-absorbing primary ideals of L; and Lo
respectively. But for (a,1) A (1,0) A (b,1) = (0,0) € I x I, neither

(a,1) A(1,0) = (a,0) € I; x I, nor (a,1) A (b,1) = (0,1) € I; x I nor

(1,0) A (b,1) = (b,0) € I x I;. Thus I; X I is not a 2-absorbing primary ideal of L.

Now we give a characterization of a 2-absorbing primary ideal in a product of two
lattices, which is an analog of[3, Theorem 2.23].

Download : Download high-res image (124KB)

Download : Download full-size image

Fig. 2.

Theorem 4.5

Let L = Ly x Lo, where Ly and Ly are bounded lattices. Let J be a proper ideal of L. Then
the following statements are equivalent:

(1) J is a 2-absorbing primary ideal of L.

(2)Either J = I; X Ly for some 2-absorbing primary ideal I of Ly or J = Ly X I for
some 2-absorbing primary ideal Iy of Ly or J = I; X I for some primary ideal I of Lq
and some primary ideal I of Ls.

Proof

(1) = (2). Suppose that J is a 2-absorbing primary ideal of L. Then J = Iy x I for
some ideal I; of L; and some ideal I of Ls.

Case 1:If [ = Ly then I} # L;.Thus J = I; X La.Leta Ab A c € I; for some
a,b,c€ Li.Then (a AbAc,x NyAz) € I} X Ly, where z,y,z € Ly. As J is a 2-
absorbing primary ideal, we have either (a A b,z A y) € I X Lo or

(aNc,xNz)€/I; x Lyor (bAc,yA z) € /I1 X Ly. By Lemma 3.1, either
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(anbzANy) €L x Lyor(aAe,z ANz) € /I1 x Lyor (bAc,yAz) € /I X L.
Thus I; is a 2-absorbing primary ideal of L;.

Case 2: If Iy = Ly then Iy # Ls.Thus J = Ly X I,. Similarly, as in previous case, Iz is a
2-absorbing primary ideal of L.

Case 3: Now if I # Ly and I, # L, then J = I} x I,.Thatis v/J = +/I{ x 4/I3.On the
contrary, suppose that I; is not a primary ideal of L;. Then there are a,b € L; such that
a A b € I but neithera € I norb € v/I1. Letz = (a,1),y = (1,0) and ¢ = (b,1). Then
zAyAc=(aAb,0)c Jbutneitherz Ay = (a,0) € Jnorz Ac= (aAb,1) € /J
nory Ac=(b,0) € v/J, which is a contradiction. Thus I; is a primary ideal of L;.
Suppose that I, is not a primary ideal of Ly. Then there exist d, e € Ly such that

d A e € I, but neitherd € I, nore € y/I;.Let z = (1,d), y = (0,1) and ¢ = (1, e). Then
xAyAc=(0,dAe)c Jbutneitherz Ay=(0,d) € JnorzAc=(l,dAe) €+/J
noryAec=(0,e) € v/J, which is a contradiction. Thus I, is a primary ideal of L.

(2) = (1). Suppose that J = I; x Lg for some 2-absorbing primary ideal I; of L; . Let
(a1,b1) A (az,b2) A (a3, bs) € I X Ly.Thenay Aag Aag € I. As I is 2-absorbing
primary ideal of L;, we have either a; Aay € I; ora; Aas € /Iy oras Aas € \/I.
That is either (a1,b1) A (a2,b2) € I X Ly or (a1,b1) A (as,bs) € /I; x Ly or
(az,b2) A (as,b3) € v/I1 x L. Hence either (a1, b;) A (az,bs) € I} X Ly or

(a1,b1) A (a3, b3) € /Iy X Ly or (ag,b2) A (a3, bs) € /Iy X Ly by Theorem 4.2. Thus
J = I; x Ly is a 2-absorbing primary ideal of L. Similarly L; x I is a 2-absorbing
primary ideal of L. Suppose that J = I; x I, for some primary ideal I; of L; and some
primary ideal Iy of Ly. Then P = I; x Lo and Q = L, X I, are primary ideals of L.
Hence PN Q@ = I; x I,.Thus J = I; x I is a 2-absorbing primary ideal, by Theorem
3.1. o

The following theorem is a generalization of Theorem 4.5, which is an analog of|3,
Theorem 2.24].

Theorem 4.6

Let L=L, X Ly--- x Ly, where2 < n < oo, and Ly, Ls, ..., L, are lattices. Let J be a
proper ideal of L. Then the following statements are equivalent.

(1) J is a 2-absorbing primary ideal of L.

(2)Either J = [];_, I such that for some k € {1,2,...,n}, I is a 2-absorbing primary
ideal of Ly, and I; = Ly forevery ¢t € {1,2,...,n} \ {k} or J =[]}, I; such that for
some k,m € {1,2,...,n}, I is a primary ideal of Ly, I,,, is a primary ideal of L,,, and
I, # Ly forevery t € {1,2,...,n} \ {k,m}.

https://www.sciencedirect.com/science/article/pii/S0972860017301135#:~:text=in commutative rings.-,A proper ideal of a commutative ring is s... 14117



6/16/24, 2:09 PM Some properties of 2-absorbing primary ideals in lattices - ScienceDirect

Proof

(1) < (2) We prove this theorem by induction on n. Assume n = 2. Then by Theorem
4.5, the result holds. Thus suppose that 3 < n < oo and assume that the result is valid
when K = Ly X Lg - -+ L,_1. Now we prove the result when L = K X L,. By Theorem
4.5, J is a 2-absorbing primary ideal of L if and only if either J = A x L,, for some 2-
absorbing primary ideal A of K or J = K x A,, for some 2-absorbing primary ideal 4,
of L, or J = A x A,, for some primary ideal A of K and some primary ideal A4,, of L,,.
Now observe that a proper ideal B of K is a primary ideal of K if and only if

B = H?:_]_l I such that for some k € {1,2,...,n — 1}, I} is a primary ideal of L, and
I # L forevery t € {1,2,...,n — 1} \ {k,m}. o
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