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Abstract

We introduce the concepts of a primary and a 2-absorbing primary ideal and the radical
of an ideal in a lattice. We study some properties of these ideals. A characterization for
the radical of an ideal to be a primary ideal is given. Also a characterization for an ideal T
to be a 2-absorbing primary ideal is proved. Examples and counter examples are given

wherever necessary.
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1. Introduction
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abc € I, then either ab € I orac € I or bc € I. Payrovi and Babaei[2] extended the

concept of 2-absorbing ideals in commutative rings.

Badawi[3] introduced 2-absorbing primary ideals in commutative rings. A proper ideal I
of a commutative ring R is said to be a 2-absorbing primary ideal, if whenever

a,b,c € R, abc € I, then either ab € I or ac € v/T or be € +/I. Mustafanasab and
Darani[4] extended the concepts of 2-absorbing primary and weakly 2-absorbing
primary ideals in commutative rings.

Manjarekar and Bingi[5] introduced 2-absorbing primary elements in multiplicative
lattices. They defined, a proper element g € L to be a 2-absorbing primary if for every
a,b,c € L,abc < gimplies either ab < gorbc < ,/gorca < ,/q.

Celikel etal.[[6], [7]] introduced and studied ¢-2-absorbing elements in multiplicative
lattices. Let ¢ : L — L U {0} be a function. A proper element g of L is said to be a ¢-2-
absorbing element of L if whenever a, b, ¢ € L with abc < g and abec £ ¢ (g) implies
either ab < gorac < gor be < gq. Celikel etal.[7] introduced ¢-2-absorbing primary
elements in multiplicative lattices as a generalization of ¢-2-absorbing elements. Let

¢ : L — LU {0} be a function. A proper element g of L is said to be a ¢-2-absorbing
primary element of L if whenever a, b, ¢ € L with abe < gand abe £ ¢ (g) implies
eitherab < gorac < ,/gorbc < ,/g.

Wasadikar and Gaikwad|[8] introduced the concept of a 2-absorbing ideal in a lattice. A
proper ideal I of a lattice L is said to be a 2-absorbing ideal, if whenever a, b, c € L,
aANbAcel theneitheraAbe IToraANce IorbAce I

In this paper we introduce the concepts of the radical of an ideal (denoted by +/I), the
primary ideal and the 2-absorbing primary ideal in a lattice. It is shown that for an ideal
I of alattice I, 4/I is a prime ideal of a lattice L if and only if 4/T is a primary ideal of L.
Similarly, it is shown that for an ideal I of a lattice L, VIisa 2-absorbing ideal of a
lattice L if and only if /7 is a 2-absorbing primary ideal of L. We prove that I; x L is a
2-absorbing primary ideal of L = Ly X Lo if and only if I is a 2-absorbing primary ideal
of L1, where I, is a proper ideal of L;.

The undefined terms are from Gratzer[9].

2. Preliminaries

We generalize the concepts of primary, 2-absorbing and 2-absorbing primary ideals from
ring theory to lattices.
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Let I be an ideal of a lattice L. We define the radical of I as the intersection of all prime
ideals containing I and we denote it as v/T.

Remark 2.1
If there does not exist a prime ideal containing an ideal I in a lattice L then /T = L.
Remark 2.2

In a distributive lattice L, an ideal I is the intersection of all prime ideals containing it
see Gratzer [9, p. 75] i.e.] = /1.

However, this may or may not hold in a non distributive lattice.
Example 2.1

Consider the ideal I = (n] of the lattice shown in Fig. 1. The lattice is non distributive.
We observe that I = /T since v/I = (p] N (r] = (n].

The following example shows that I C +/1.

Download : Download high-res image (146KB)

Download : Download full-size image

Fig. 1.

Example 2.2

Consider the ideal I = (I] of the lattice shown in Fig. 1. We observe that I C +/T since

VI = (g N(r] = (o).

Definition 2.2

Lot T haalattica Asroper ideal I of L is called primary ifa,b € Landa A b € I imply
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Example 2.3

In the lattice L shown in Fig. 1, consider the ideal I = (m]. Then /I = (p]. The ideal I is
a primary ideal.

Consider the ideal I = (3] of a lattice shown in Fig. 1. Then v/T = (q] N (r] = (o]. The
ideal I is not a primary ideal since f A g = a € I but neither f € I nor g € I. Also,

neither f € \/Tnorg e /1.
Definition 2.3

Let L be a lattice. A proper ideal I of L is called 2-absorbing if for a, b, c € L,
aAbAce ItheneitheraAbe IoraAcelorbAce I

Example 2.4
Consider the lattice L shown in Fig. 1. Here the ideal (n] is a 2-absorbing ideal.

Consider the ideal I = (b] of a lattice shown in Fig. 1. The ideal I is not a 2-absorbing
ideal since4 A jAl =0 € I butneitheri Aj=a € Inori ANl =e € I nor
JNl=delL

Definition 2.4

Let L be a lattice. A proper ideal I of L is called a 2-absorbing primary if for a, b, c € L,
aAbAce ItheneitheraAbe IoraAce VIorbAce VI

Example 2.5
In the lattice shown in Fig. 1, the ideal (f] is a 2-absorbing primary.

Consider the lattice of divisors of 30. Let I = (0]. Then +/T = (6] N (10] N (15] = (0].
However,6 A10 A15 =0 € I,butneither6 AN10=2€ Inor6 A15 =3 € I nor
10 A 15 = 5 € I. Hence I is not a 2-absorbing primary ideal.

3. Some properties of 2-absorbing primary ideals

The proofs ofLemma 3.1, Lemma 3.2, Lemma 3.3 are obvious.
Lemma 3.1
If I'is a prime ideal of a lattice L, then I is a primary ideal of L.

Remark 3.1
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Example 3.1

Consider the lattice L shown in Fig. 1. For the ideal I = (m], /I = (p] as (p] is the only
prime ideal of L containing I. I is a primary ideal. However k Al = e € I but neither
k € I'norl € I.Thus I is not a prime ideal.

Lemma 3.2

If I is a primary ideal of a lattice L, then I is a 2-absorbing primary ideal of L.
Remark 3.2

The following example shows that the converse of Lemma 3.2 does not hold.
Example 3.2

Consider the ideal I = (I] of the lattice shown in Fig. 1. Thus v/T = (g] N (] = (o]. Here I
is a 2-absorbing primary ideal. We note that g A h = 0 € I. However, neither g € I nor
h € I. Also, neither g € v/T nor h € +/I. Hence I is not a primary ideal of L.

Lemma 3.3

If I'is a 2-absorbing ideal of a lattice L, then I is a 2-absorbing primary ideal of L.
Remark 3.3

The following example shows that the converse of Lemma 3.3 does not hold.
Example 3.3

Consider the ideal I = (0] of the lattice shown in Fig. 1. Thus /T = (p] N (g] N (v] = (4.
Here I is a 2-absorbing primary ideal. However i A j Al = 0 € I, but neither
iNj=a€lnoriNl=ecInorjAl=de I Hencelisnota2-absorbing ideal of L.

The following lemma is from Wasadikar and Gaikwad[8].
Lemma 3.4

Let Py and Py be two distinct prime ideals of a lattice L, then P, N P, is a 2-absorbing ideal
of L.

Definition 3.1

Let I be an ideal of a lattice L. We define I as a P-primary ideal of L if P is the only
prime ideal containing I.
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In the lattice shown in Fig. 1, the ideal (m] is a P-primary ideal, where P = (p] is the
only prime ideal containing (m].

The following result is an analog of[3, Theorem 2.4 (2)].
Theorem 3.1

Let L be a lattice. Suppose that I is a Py-primary ideal of L for some prime ideal P, of L
and I is a Py-primary ideal of L for some prime ideal P, of L. Then I, N Iy is a 2-absorbing
primary ideal of L.

Proof

Let I = I; N I,. Then /T = P; N P,. Now suppose that z A y A z € I for some
z,y,z€ L,xeNz& VTandyA z ¢ +/I.Thenz,y,z & /T = P, N P;. By Lemma 3.4,
VI = P, N P is a 2-absorbing ideal of L. Since ¢ A 2,y A z & v/ I, we have z Ay € V/I.

We show thatz Ay € I.Sincex Ay € VI C P;, we may assume that z € P;. As
x ¢ +Tandz Ay € /I C Py, we conclude thatz ¢ P, andy € P. Since y € P, and
y &I, wehavey ¢ P,.

Ifx € I; and y € I, then x A y € I and we are done. We may assume that ¢ ¢ I;. Since
I, is a P,-primary ideal and x ¢ I,, we have y Az € P,. Since y € P, and y A z € P,, we have
y Az € /1, which is a contradiction. Thus x € I,.

Since I, is a P,-primary ideal of L and if y ¢ I, then x Az € P,. Since x € P, and x Az € Py,
we have x Az € /T, which is a contradiction. Thus y € I,. Hence x Ay € I. ©

Theorem 3.2

Let I be a proper ideal of a lattice L such that /T is a prime ideal of L. Then I is a 2-absorbing
primary ideal of L.

Proof
Suppose thataAb Ac € I for some a,b,ce LandaAb ¢ I.

(a) Suppose thataAb ¢ /1. Since /I is a prime ideal of L, c € /T and so a A c € /T and
bnce /.

(b) Suppose thataAb € /1. As /1 is a prime ideal, we have eithera € \/Tor b € ,/T.
Hence ance TorbAce /I.ThusIisa2-absorbing primary ideal of L. o

Remark 3.4
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Example 3.5

Consider the ideal I = (1] of the lattice shown in Fig. 1. Thus T = (¢| n (] = (o]. Here
I is a 2-absorbing primary ideal. However, g Ah = 0 € /I, but neither g € \/T nor h € /I.
Thus /T is not a prime ideal of L.

Theorem 3.3

Let I be an ideal of a lattice L. Then /T is a prime ideal of L if and only if \/T is a primary ideal
of L.

Proof

Suppose that /T is a prime ideal of L. If a Ab € /T then either a € \/Tor b € /1. As
JI = \[ﬁ eithera € \/Torb € \ﬁ Hence /7 is a primary ideal of L.

Conversely, suppose that /7 is a primary ideal of L. Let a Ab € /1. As /T is a primary ideal,
eithera e Torb € \/W = /1. Thus /1 is a prime ideal of L. o

Similarly, we can prove the following characterization for 2-absorbing and 2-absorbing
primary ideals of a lattice L.

Theorem 3.4

Let I be an ideal of a lattice L. Then /I is a 2-absorbing ideal of L if and only if \/1 is a 2-
absorbing primary ideal of L.

Theorem 3.5

Let I be a 2-absorbing primary ideal of a lattice L and suppose that x Ay A] € I for some
x,y € L and some ideal J of L. If x Ay & I, thenx AJ < \/Tory A] < /.

Proof

Let x Ay ¢ I. Suppose that x AJ & /T and y AJ & /1. Then there exist some j, and some j,
injsuchthatxAj, € JTandyAj, &€ JI.Asx Ay Aj, €I, we have y Aj, € /T sinceisa2-
absorbing primary ideal. Similarly, x Ay Aj, € I implies x Aj, € /.

Sincex/\y/\(jlvjz) eIandx/\y(,i_l,wehaveeitherx/\(jlvjz) €. /I or
yA (J'1 V]'2> € /1. Suppose that x A (jlvjz) € /1. Therefore,

(x/\jl) v(x/\jz) Sx/\(jlvjz) € /1 and so (x/\jl) v(x/\jz) € /1. Hence
x Nj, € JTand x Aj, € /I, which is a contradiction.
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Similarly, if y A (j1 vjz) € /I then (y/\jl) v (y/\jz) € /1.Hencey Aj, € T and
y Aj, € I, which is a contradiction. Hence x AJ € yToryAJ € /1. O

Remark 3.5
The converse of Theorem 3.5 does not hold.
Example 3.6

Consider the ideal I = (] of the lattice shown in Fig. 1. Thus /T = (o].Iis a 2-absorbing
primary ideal. Consider the ideal ] = (e]. Now,hAiA]J=] S, hAJ =] S Iand
iNJ=]CSI,buthAi€l

We give a characterization of a 2-absorbing primary ideal, which is an analog of|[3,
Theorem 2.19].

Theorem 3.6

Let I be a proper ideal of a lattice L. Then I is a 2-absorbing primary ideal if and only if
whenever 11,15 < I for some ideals I,1,,13 of L, then 1,1, < I or I113 S \/T or I3 < /.

Proof

Let I be an ideal of L such that if ;1,15 < I for some ideals I4,1,,15 of L then 111, € I or
IiI3 € 1or I3 S lorllz <. /Iorl,I3 < /1. We show that I is a 2-absorbing primary ideal
of L.LetaAbAcelfora,b,ce L. Thisimpliesthat (a|l A (b] A (c] € I.Letl; = (al,

I, = (b] and I3 = (c|. By hypothesis, either 1,1, < I or I1I3 < /T or I,I3 < /1. Hence
eitheraAnb elorance /1orbAce /1.Thus!isa2-absorbing primary ideal of L.

Conversely, suppose that I is a 2-absorbing primary ideal. Let ;1,15 € I for some ideals
I1,1,,13 of L. Suppose that 111, £ I. We show that 1,13 € /T or ;I3 < /1. Suppose that

I113 € T and I,13 € /1. Then there exist q, € I and q, € I, such that g, A I3 € T and
q,NI3 € 1.Asq, Nq, Al3 S I, we have q, Aq, € I by Theorem 3.5. Since 111, € I, we have
aAb¢lforsomeacely,bel,.SinceaAbAlz;STandaAb &1, wehaveaAlz S /Tor

b Al3 € /1 by Theorem 3.5. We consider three cases.

Case 1: Suppose thataAlz € \/Ibut b Al3 & /1.Since q, AbAIz; STand b Al € /T and
q, N1z € /1, we conclude that g, Ab € I by Theorem 3.5. Since (“V‘h) AbAI; CTand
aAl3z € /I,butq, Al3 & /T, we conclude that (qul) A3 & /1.Since b Al3 & /T and

(qul) A3 & /1, we conclude that (qul) Ab € I by Theorem 3.5. Since

(anb) Vv (‘h/\b) < (qul) Ab €l,wehave (aAb) V (‘h/\b) €L.Thusq, Ab €I

and a A b € I, a contradiction.
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Sinceanqg, NIz STand aAlz & ./Tand q, Al3 & /I, we conclude that a Aq, € I by
Theorem 3.5. Since a A (b Vv qz) Alz € land b Al € /1, but g, Al3 & /T, we conclude
that (bqu) A3 & /1.Since aAl3 € /T and (bqu) AI3 & /1, we conclude that
an (bqu) € I by Theorem 3.5. Since (aAb) V (aqu) <aA (bqu) € I, we have
(anb) Vv (a/\qz) € I.ThusaAgq, € Iand aAb € I, a contradiction.

Case3:anlzc/TandbAl3 < /1.

Since b A I3 < /T and g, A I3 & /T, we conclude that (b qu) A3 & /1. Since

q, A (bVqZ) Alz S land g, Al3 € T and (bqu) A3 & /1, we conclude that

q, A (bqu) € I by Theorem 3.5. As (‘h/\b) v (ql/\qz) <q,A (bVqZ) € I, we have
(‘h/\b) % (qlqu) € I.Hence b Aq, € 1.Since anlz € /T and q, A3 & /1, we conclude
that (qul) A3 & /1. Since (qul) Aq, NIz <Tandq, NIz & /T and

(qu1) A3 & /1, we conclude that (qul) Aq, € I by Theorem 3.5. As

(a/\qz) % (ql/\qz) < (qul) Agq, € I, we have (a/\qz) % (qlqu) € 1. Hence

aAq, € 1. Now, since (qul) A (bqu) Alz € Iand (qul) Az & /T and

(bqu) A3 £ /1, we conclude that (qul) A (bVqZ) € I by Theorem 3.5. We
conclude that a A b € I, a contradiction. Hence 1113 € /T or I;I3 € /1. O

Theorem 3.7

Let f:L — L' be a homomorphism of lattices. Then the following statements hold:

(1)If P is a prime ideal of L', then f* (P') is a prime ideal of L.

(2)If f is an isomorphism and P is a prime ideal of L, then f (P) is a prime ideal of L.

Proof

(1)LetaAb ef‘l(P') fora,b € L.Then f(aAb) € P.Hence f(a) Af(b) € P".This
implies that either f (a) € P or f (b) € P". Thatis either a ef‘l(P') orb ef‘l(P').
Thus f! (P) is a prime ideal of L.

(2)Letd Ab € f(P) ford,b € L. Then there exist some a,b € L such that f (a) = a and
f(b) =b.Thus f(a) Af(b) =d Ab € f(P).Thusf(anb) € f(P).HenceaAb € P.
As P is a prime ideal of L, either a € P or b € P. That is eitherf‘l(a') ePorf‘l(b') € P.
Hence eithera € f (P) orb € f(P).Thus f (P) isa prime ideal of L'. o

Theorem 3.8

Let f:L — L' be a homomorphism of lattices. Then the following statements hold:

Typesetting math: 26% | o0 f_1<\/7> = [f1 (1)
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(2)If f is an isomorphism and I is an ideal of L, then f (/1) = ./f (I).

Proof

(1) Let P;’s be all prime ideals of L’ containing I' where i € A. Then

f‘1<\/7> = f‘l( ﬂP;).Which implies thatf‘l(\/_> Nnf- ( ) As P;’s are prime
ideals of L', 7! (P'l- ) ’s are prime ideals of L, by Theorem 3.7 (1) and as I € N P;, we have
f‘l(l') c ﬂf‘l(P;).Which implies that ﬂf‘l(P;) = f‘l(l').Hence

(V) = (1),

(2) Let P;’s be all prime ideals of L containing  where i € A. Then f (/1) = f( NP; ). This
implies that f (/1) = Nf(P;).As P;’s are prime ideals of L, f ( P; ) 's are prime ideals of
L', by Theorem 3.7 (2)and as I < NP, we have f (1) € Nf(P;).Implies that

Nf(p;) =/f(I).Hence f(y1)=/f(I).o

The following result is an analog of|[3, Theorem 2.20].

Theorem 3.9

Let f:L — L be a homomorphism of lattices. Then the following statements hold:

(1)If I is a 2-absorbing primary ideal of L', then f* (1’ ) is a 2-absorbing primary ideal of L.

(2)If f is an isomorphism and I is a 2-absorbing primary ideal of L, then f (1) is a 2-
absorbing primary ideal of L.

Proof

(1) Leta,b,ceLsuchthata/\b/\cef‘l(l').Then

flanbnac) =f(a) Af(b) Af(c) €l.As ! is2-absorbing primary ideal, we have
either f(a) Af(b) €l orf(a) Af(c) e/Torf(b) Af(c) €+/I.Thatis either
a/\bef‘l(l') ora/\cef‘1<\/7) orbAcef‘l(\/T>.Asf‘1(\/7> = /f‘l(l') by

Theorem 3.8 (1), aAb € f* ora/\ce /f orb/\ce /f Thusf

a 2-absorbing primary ideal of L.

(2) Leta,b,c el andd Ab Ac € f(I).Then there exist a,b,c € L such that f (a) = a,
F(b)=b,f(c)=candf(a) Af(b) Af(c) =d Ab Ac € f(I).Thatis
fla)Af(b) Af(c) ef(l).HenceaAbAc€l Aslisa2-absorbing primary ideal, we
haveeithera/\beIora/\ceﬂorbAce\/T.Thatiseitherf‘l(a'/\b') €l or

1(a ac) e\/Yorf‘l(b'/\c') € 1. Thus eithera’ Ab € f (1) ora Ac € f( 1) or
Typesetting math: 26% | /T ) = JF (I, by Theorem 3.8 (2)a Ab € f(I) ora Ac € JF)
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4. 2-absorbing primary ideals in product lattices

In this section we prove some results on 2-absorbing primary ideals in product lattices.
The notion of the product lattice is from Gratzer[9, p. 27].

The proof of the following theorem is obvious.
Theorem 4.1

Let L = Ly x L,, where L, and L, are lattices. Let P;’s and Q, 's be ideals of L1 and L,
respectively, where i € A, and j € A,. Then N (Pl- X Qj) = NP;xNQ,

Theorem 4.2
Let L = L, X L,, where each L;, (i =1,2) is a lattice with 1. Then the following hold:
(1)If I, is an ideal of L4, then \/T; XL, = \/I; X L.

(2)If I, is an ideal of L,, then \/L{ X1, = L1 X/T,.

Proof

(1) Let (a,b) € yI; XL,.Thus (a,b) € N;e, (P;xL, ), where and P;’s are all prime
ideals of a lattice L, containing /1. Thusa € N;¢ 4 P;, b € L,. Thus a € \/I1, b € L, and so
(a,b) € \/EXLz.

If Ca,b) € /I{ xL,thena€e./I{,b€L,. Thusa€ N;ec,P; b €L, and so
(a,b) € Nyeyq (P;xLy).ie.(ab) €I, XL,. Hence \/T; XL, = /T; X L,.

(2) Proof is similar to that of (1). o

The following characterization gives a relation between a 2-absorbing primary ideal of a
product of two lattices and a 2-absorbing primary ideal of one of the lattice in this
product.

Theorem 4.3

Let L = L, X L,, where L, and L, are lattices. Let I be a proper ideal of L. Then I X L, is a 2-
absorbing primary ideal if and only if I is a 2-absorbing primary ideal of L.

Proof

Suppose that I x L, is a 2-absorbing ideal of L. Let aAb Ac € I for a,b,c € L;. Then
(aAbAcx) €IXL,forx € Ly. AsI XL, is a 2-absorbing primary ideal of L, either

- e ancx) €/ IXL,or (bAc,x) €/ TXL,.Then either
Typesetting math: 26%
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(anb,x) €IxLyor (ahcx) € IxLyor (bAcx) €./IXL,, by Theorem 4.2. Hence
eitheraAb elorance JIorbAce /I

Conversely, suppose that I is a 2-absorbing primary ideal of L. Let (a Ab Ac¢,x) € I for
a,b,c € L1 and x € L,. As I is a 2-absorbing primary ideal of L4, either (aAb,x) € I XL, or
(ancx) € JIxLyor (bAcx) €./1XL, Thatiseither (aAb,x) € IXL;,or

(aAnc,x) € IXL;or (bAc¢x) €./TXL,, by Theorem4.2. o

Theorem 4.4

Let L = L, X L,, where L, and L, are lattices. Let I, and I, be proper ideals of L, and L,
respectively. If I = I; x I, is a 2-absorbing primary ideal of L then I, and I, are 2-absorbing
primary ideals of L, and L, respectively.

Proof

Letanb Ace I, forsomea,b,c€ L;. Then (aAbAc,x) €1y x1,forx € I,. AsI; X1, isa 2-
absorbing primary ideal, either (aAb,x) € Iy xI;or (aAcx) € /I XI; Oor

(bAcx) €.I{ XI;, that is either (aAb,x) €I xIor (aAcx) €./{ X /I; or

(bAcx) €./I] x|/, by Theorem 4.2. Hence aAb € Iy oraAc € \/I; or b Ac € \/I;. Thus
I is a 2-absorbing primary ideal of L;. Similarly, we can show that I, is a 2-absorbing
primary ideal of L,. o

Remark 4.1
The converse of Theorem 4.4 need not hold.
Example 4.1

Consider the lattices Ly, L, and L = L X L, as shown in Fig. 2. Consider the ideals

Iy ={0},1I, = {0} of the lattices L, and L, respectively. Thus Iy xI, = { (0,0) } and
JI1 XT; = { (0,0) }.The ideals I; and I, are 2-absorbing primary ideals of L; and L,
respectively. But for (a,1) A (1,0) A (b,1) = (0,0) € I; xXI,, neither

(a,1) A(1,0) = (a,0) eIy xI,nor (a,1) A(bh,1) = (0,1) €14 XI, nor

(1,0) A (b,1) = (b,0) €1y xI,.Thus I; X I, is not a 2-absorbing primary ideal of L.

Now we give a characterization of a 2-absorbing primary ideal in a product of two
lattices, which is an analog of[3, Theorem 2.23].
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Fig. 2.
Theorem 4.5

Let L = L, X L,, where L, and L, are bounded lattices. Let | be a proper ideal of L. Then the
following statements are equivalent:

(1) ] is a 2-absorbing primary ideal of L.

(2) Either | = I X L, for some 2-absorbing primary ideal I, of L, or ] = Ly X I, for some 2-
absorbing primary ideal I, of L, or ] = I x I, for some primary ideal I, of L, and some
primary ideal I, of L,.

Proof

(1) = (2).Suppose that J is a 2-absorbing primary ideal of L. Then J = I; x I, for some
ideal I of L1 and some ideal I, of L,.

Case1:IfI, =L, thenl; # L1.Thus ] =1; xL,.LetaAb Ac € I, for some a,b,c € L,. Then
(aAnbAcxAyAz) €1y XLy where x,y,z € L,. As ] is a 2-absorbing primary ideal, we
have either (aAb,xAy) €1 XL, 0r (aAcxAz) €Iy XLy 0r (bAcyAz) € T; XL;.
By Lemma 3.1, either (aAb,xAy) €Iy XL,0or (aAc,xAz) €+/T; XL, or

(bAcynz) € I; X Ly. Thus I; is a 2-absorbing primary ideal of L;.

Case 2:If I; = L, then I, # L,. Thus J = L, xI,. Similarly, as in previous case, I, is a 2-
absorbing primary ideal of L,.

Case 3: Now ifI; # Ly and I; # L, then ] = I; xI,. Thatis /] = /I; x/T;. On the contrary,
suppose that I; is not a primary ideal of L;. Then there are a,b € L, suchthataAb € I;
but neithera € Iy norb € \/I;.Letx = (a,1),y = (1,0) andc= (b,1).Then

= J but neitherx Ay = (a,0) €/ norxAc= (aAb,1) € /] nor
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that I, is not a primary ideal of L,. Then there exist d,e € L, such that d Ae € I, but
neitherd e I, nore € \/I;.Letx = (1,d),y = (0,1) andc= (1,e).Then
xANyAc= (0,dAe) €]butneitherxAy= (0,d) eJnorxAc= (1,dAe) €./] nor
yAc= (0,e) €./],whichis a contradiction. Thus I, is a primary ideal of L,.

(2) = (1).Suppose that ] = I, X L, for some 2-absorbing primary ideal I, of L;. Let
(ai,b1) A (az,by) A (as bz) €13 XLy. Then a; Aay Aaz € I;. As I is 2-absorbing
primary ideal of L, we have either a; Aa; € I; or a; Aaz € \/T; or a; Aaz € /T;. That is
either (ay,b1) A (ap, by ) €11 XLy or (ay,by) A (as,bs) € I7 XL, or

(az,by ) A (a3 bs) € T X L,. Hence either (ay,b; ) A (a,by ) € 13 XL, OF

(ay,b1) A (az bs) € Ty XLy or (az by ) A (as, bz ) € /] XL, by Theorem 4.2. Thus

J =1y XL, is a 2-absorbing primary ideal of L. Similarly L; x I, is a 2-absorbing primary
ideal of L. Suppose that /] = I; x I, for some primary ideal I; of L, and some primary ideal
I, of L,.Then P =1, XL, and Q = Ly X I, are primary ideals of L. Hence PN Q = I; X I,.
Thus J = I x I, is a 2-absorbing primary ideal, by Theorem 3.1. o

The following theorem is a generalization of Theorem 4.5, which is an analog of[3,
Theorem 2.24].

Theorem 4.6

LetL =Ly XLy -+ XL, where2 <n< o, and L4,L,, ..., L, are lattices. Let | be a proper ideal
of L. Then the following statements are equivalent.

(1)] is a 2-absorbing primary ideal of L.

(2) Either J = [T} _ , I, such that for some k € {1,2, ...,n}, I is a 2-absorbing primary ideal

of Ly, and I, = L, forevery t € {1,2, ..,n} \ {k} or] = [I}_, I such that for some
kme {1,2, ...,n}, I, is a primary ideal of Ly, I,,, is a primary ideal of L,,, and I, # L, for

everyte {1,2, ..,n} \ {k,m}.

Proof

(1) < (2) We prove this theorem by induction on n. Assume n = 2. Then by Theorem
4.5, the result holds. Thus suppose that 3 < n < o« and assume that the result is valid
when K = Ly XLy -+ L, _ 1. Now we prove the result when L = K x L,,. By Theorem 4.5, J is
a 2-absorbing primary ideal of L if and only if either ] = A x L,, for some 2-absorbing
primary ideal A of K or ] = K x A, for some 2-absorbing primary ideal 4,, of L, or

] = Ax A, for some primary ideal 4 of K and some primary ideal 4,, of L,,. Now observe
that a proper ideal B of K is a primary ideal of K if and only if B = [T} _ } I, such that for
somek € {1,2, ..,n— 1}, I, is a primary ideal of L, and I, # L, for every
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